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The energy distributions of deuterons and protons and the energy pobondences of the ratios 
of the deuteron to proton yields in the photodisintegration of C!* and Be® are presented. 
Bremsstrahlung from a synchrotron was used, with Eymax = 80 Mev in the case of oH? 


and Emax = 90 Mev in the case of Be’. 


The angular distributions of deuterons and pro- 


tons from Be’ are also given. A semi-empirical analysis of the results for deuterons is 
carried out on the assumption that the deuterons are formed in the so-called “pick-up” 


process. 


1. INTRODUCTION 


lyvesticaTtions of deuterons produced in photo- 
nuclear reactions usually establish the ratio of the 
deuteron yield to the proton yield over a single and 
often quite broad energy range.'»? Only reference 3 
has reported the ratio of the deuteron yield to the 
proton yield as a function of the energies of these 
particles for a few elements. We possess extremely 
scanty information on the angular distributions of 
photodeuterons. 

In the investigations that have been mentioned 
it was determined that the ratio between the photo- 
deuteron and photoproton yields ranges from a few 
percent to a few tens percent. Such large ratios 
cannot be accounted for by the statistical theory 
of nuclear reactions. The authors of reference 3 
suggest without obtaining numerical estimates that 
the experimental results may be accounted for if 
deuterons are produced by the so-called pick-up 
process.* 

It was necessary to make a detailed study of 
the relative photodeuteron yields as a function of 


*The term “pick-up” is used in the foreign literature to 
designate the capture of a nucleon. 


The experimental results obtained by other investigators are also analyzed. 


energy, as well as of the energy and angular dis- 
tributions. We shall give these relations for deu- 
terons produced through the photodisintegration 

of C? by pcb ea ens) with Ey max = 80 Mev 
and of Be? with Ey max = 90 Mev. The results 
are interpreted by means of the pick-up deuteron 
reaction, which means that a two-stage mechanism 
is assumed for the (y,d) reaction. In the first 
stage the quantum is absorbed by a single nucleon 
in the nucleus. In the second stage, this nucleon, 
which is now regarded as free, snatches a comple- 
mentary nucleon from the same nucleus with suf- 
ficient momentum so that a deuteron can be formed 
and escape from the nucleus as a bound system. 


2. EXPERIMENTAL TECHNIQUE AND RESULTS 


Particles ejected from nuclei as a result of 
photodisintegration were detected and identified by 
means of two independent telescopes, each of which 
consisted of two scintillation counters connected in 
coincidence and serving as spectrometers. In each 
recorded event, therefore, a particle passed through 
the thin crystal of the first counter, losing the en- 
ergy AE ~ dE/dx, and lost its residual energy E 
in the second crystal. The pairs of pulses, which 


239 


240 V. P. CHIZHOV and L. Av RUE CHIIeRT) 


i ! ae = yl aie Fy E 
10 2 30 40 &0 60 ) 80 99 


FIG. 1. Relation between energy AE absorbed in first tele- 
scope crystal and energy E absorbed in second crystal for 


particles of different masses: p—protons, d—deuterons, t —tri- 


tons. 


were proportional to AE ~ dE/dx and E, respec- 
tively, were separated in time by a delay line, after 
which they passed to the oscilloscope plates and 
were finally photographed. The switching circuit 
provided for triggering of the oscilloscope beam 
only when a gamma-ray beam was associated with 
coincident pulses from the telescope counters. 

When the energy resolution of the scintillation 
counters is sufficiently good, rapid and reliable 
particle identification results from an analysis of 
pulses proportional to E and AE, respectively. 
Adequate energy resolution for this purpose was 
achieved only by using NalI(Tl) crystals as scin- 
tillators. The thin crystal of the first counter had 
a thickness of about 0.8 mm and the energy reso- 
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FIG. 2. Energy distributions; o — photoprotons and o— photo- 


deuterons from Be® with Ey max = 90 Mev. The scale of the 
ordinate axis for deuterons is enlarged by a factor of 4. 


lution for alpha particles from a polonium source 
was better than 10%. The crystal of the second 
counter was thick enough to stop protons with en- 
ergy ~60 Mev and the energy resolution for the 
gamma-ray line of the Cs'*" source was 10 —12%. 
Figure 1 gives a typical picture of the separation 
of protons and deuterons from Be®. Each point 
represents a particle which lost the energy AE 
in the first crystal and its entire residual energy 
E in the second crystal. The solid curves were 
calculated for protons, deuterons and tritons. 
Points representing electrons differ markedly 
from all other points and are not shown in the 
figure. It is evident that points which can be as- 
scribed to tritons make an extremely small con- 
tribution. In this experiment protons with ener- 
gies above 50 Mev and deuterons with energies 
above 18 Mev are analyzed; these thresholds make 
it unnecessary to supply a correction for the ab- 
sorption of energy in the target, air and materials 
protecting the NaI(T1) crystals. 

Some of our experimental data were reported 
at a conference on nuclear reactions at low and 


intermediate energies.’ Figure 2 shows the energy 


distributions of deuterons and protons from Be? 
with the telescope at 90° to the direction of the 
gamma-ray beam. The abscissas are particle 


energies E in Mev and the ordinates are the num- 


bers of protons Np(Ep, 9 = 90°) and of deuterons 
Nq(Eg, 9 = 90°) in arbitrary units per 1-Mev en- 
ergy interval and per unit radiation dose. Analo- 


gous data for C’* using the same notation are shown 
in Fig. 3. In both figures the heights of the rectan- 


gles represent the maximum statistical errors 
while the widths represent the particle energy in- 
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FIG, 3. Energy distributions: 0 — photoprotons and o— photo- 


deuterons from C’? with Ey max = 80 Mev. The scale of the 
ordinate axis for deuterons is enlarged by a factor of 10. 
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FIG. 4. Ratio of the 
number of photodeuterons 
to the number of photo- 
protons with the same en- 
ergy, as a function of en- 
ergy: O—for C’? and 
e — for Be’. 
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tervals. The continuous lines are smoothed curves 
of experimental proton energy distributions. 
Figure 4 gives the ratio 


Na(Ea, 8 = 90°) 
Np(Ep, 8 = 90°) 


with E) = Eg, as a function of the energy E=E 
=Eq of these particles for Be® and C!2. The rela- 
tive yield of deuterons from Be? is seen to be con- 
siderably greater than that from C!*. Figure 5 
gives three points of the angular distributions of 
photodeuterons and photoprotons from Be? in the 
laboratory coordinate system. Normalization was 
performed by superimposing the points for deuteron 
and proton emission at 90° to the gamma-ray beam. 
The measurements include deuterons with Eg > 18 
Mev and protons with Ep > 16 Mev. Figure 5 shows 
that the angular distributions of deuterons and pro- 
tons are similar with their peaks shifted to at least 
50 — 60°. 


3. DISCUSSION OF EXPERIMENTAL RESULTS 


As has been stated in Sec. 1, we are assuming 
a two-stage mechanism for the (y,d) reaction 
with a gamma quantum absorbed by a single nu- 
cleon of the nucleus in the first stage, after which 
this nucleon is regarded as free. We may then 
represent the second stage of the deuteron pro- 
duction process as the pick-up by the free proton 
or neutron of its complement in the same nucleus, 
following Chew and Goldberger,° who give the an- 
gular dependence of the pick-up cross section and 
the dependence on incident nucleon energy. Fol- 
lowing these authors we can write the cross sec- 
tion ddpd /dQ for nucleon pick-up by another 
nucleon to form a deuteron as 


dsp dQ ~ % N (n) F (q), (1) 


where K and k are, respectively, the momentum 
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of the outgoing deuteron and of the incident nucleon, 
N(n) is the distribution function of nucleon momen- 
tum n inside the nucleus and F(q) is a function 
of relative nucleon momentum in the outgoing deu- 
teron. The last factor possesses much weaker 
angular and energy dependence than N(n) and will 
represent a constant in our subsequent applications 
of (1). The energy distribution of deuterons pro- 
duced through the bombardment of light nuclei by 
monoenergetic protons and neutrons®»" indicates 
that in (p,d) and (n,d) reactions deuteron pro- 
duction mainly leaves the residual nucleus in its 
ground state or in weakly excited states (roughly 
speaking, up to 5 or 6 Mev). The cross section 
for the production of deuterons which leave the 
nucleus in higher excited states falls off sharply, 
and, as the excitation energy of the residual nu- 
cleus increases, it reaches an approximately con- 
stant value at xk » 0.1—0.5 of the cross section 
for the production of deuterons that leave the nu- 
cleus in its ground state or a weakly excited state. 
Equation (1) has been confirmed experimentally to 
a certain extent.®»’ At present we have no detailed 
experimental data showing the dependence of the 
pick-up cross section on incident nucleon energy 
and shall use (1) as a rough approximation. In 
our case of continuous bremsstrahlung (also 
giving the proton energy distributions in the form 
of the continuous spectra shown in Figs. 2 and 3) 
the deuterons in any narrow energy interval from 
Eg, to Eq, + AEg detected by a telescope at 
6 = 90° to the gamma-ray beam are formed by 
protons and neutrons emitted from nuclei at all 
angles and at all energies above some minimum. 
There is no ground for assuming that the (y, n) 
cross section® is very different from the (vy, p) 
cross section or that the (n,d) cross section’ 
is very different from the (p, d) cross section.® 
We shall also assume that the energy distribu- 
tion of high-energy photoneutrons does not differ 
greatly in shape from that of the photoproton en- 
ergy distribution and we shall hereinafter speak 
only of (y, p) and (p,d) reactions. In virtue 
of the foregoing we can then estimate the (y, d) 
cross section and the deuteron energy distribution 
from the following expressions: 
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FIG. 6. Experimental and calculated energy distributions of 
photodeuterons from C’?: 0 — experimental values for Ey max = 
300 Mev (lower abscissas), rectangles —for Eymax = 80 Mev 
(upper abscissas); the heights of the rectangles represent the 
statistical errors and the widths represent the energy intervals. 
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Here Ppq is the pick-up probability, dopq( Ep, Eq)/ 
dQdEq is the cross section for the production of 
deuterons of energy Eg emitted at the angles , 
gy’ by nucleons with energy Ep emitted at angles 
3, g~; kK =1 when the residual nucleus is in its 
ground state or is weakly excited (up to 5 Mev). 
For more strongly excited residual nuclei k ~ 
0.1—0.5. Epmin is determined from the equation 
for the Q reaction.’ It has been shown exper imen- 
tally® that « is more or less constant for the angles 
between proton and deuteron directions that are es- 
sential for our calculations. Making the arbitrary 
assumption that x is independent of proton energy, 
and using (1) as the pick-up cross section in (2) 
with N(n) given experimentally,® we obtain roughly 
the expected energy distribution of photodeuterons 
from the (y,d) reaction in C!?. Figure 6 gives 
the calculated and experimental deuteron energy 
distributions from the (y,d) reaction in carbon 
for our case Eymax = 80 Mev (the lower solid 
curve for x =0.5 and the dashed curve for k = 
0.25) and for Eymax = 300 Mev (the upper solid 
curve for K = 0,5). Experimental values were ob- 
tained from references 3 and 10 for the last case. 
The calculated curves were arbitrarily normalized 
to correspond to the experimental results, which 
were plotted on an arbitrary scale for each case. It 
is evident from Fig.6 that the calculated and ex- 
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perimental deuteron energy distributions are in 
agreement. 

From (2) we can calculate the ratio of the (y, d) 
and (y,p) reactions, Nq(Eq), 9 = 90°)/Np(Ep,, 
@=90°) for Eg) =Ep,, which is usually obtained 
experimentally. Then after arbitrarily normalizing 
the calculated ratio for Eymax = 80 Mev to the 
experimental results obtained by using gamma rays 
with Ey max = 80 Mev we determine uniquely the 
ratio of the number of deuterons to the number of 
protons for Eymax = 300 Mev. Figure 7 gives 
Nqg(Eq, 9= 90°)/Np (Ep, 6 = 90°) for equal proton 
and deuteron energies as a function of particle en- 
ergy E. The lower continuous and dashed curves 
represent the calculated ratios for Eymax = 80 
Mev using xk = 0.5 and 0.25, respectively. These 
curves were normalized at an arbitrary point. The 
upper continuous and dashed curves represent, 
after the first normalization, the uniquely deter- 
mined ratio Nq(Eqg, 9 = 90°)/Np( Ep, 6 = 90°) for 
Ey max = 300 Mev with x = 0.5 and 0.25, respec- 
tively. The experimental values for Ey max = 300 
Mev were taken from reference 3. It is evident 
from Fig. 7 that the calculation based on the two- 
stage (y,d) mechanism that Nq/Np shows a 
considerable tendency to grow as the maximum 
gamma-ray energy increases, which is also in 
agreement with experiment. 

A more direct test of the pick-up mechanism in 
(y, d) reactions would be provided by comparing 
with experiment the ratio Ng/Np calculated from 
(2) after substituting the experimental values of the 
pick-up cross section dopq /dQdEq. This would 
require experimental values of the pick-up cross 
section over broad intervals of proton energy val- 
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FIG. 7. Experimental and calculated ratios of the number of 
photodeuterons to the number of photoprotons from C2? as func- 


tions of particle energy: 0 — with Eymax = 80 Mev and e — with 


Eymax = 300 Mev. 
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ues and angles, which we unfortunately do not yet 
possess. However, we may attempt a rough esti- 
mate of the (y,d) cross section in C!*, using 
experimental values of the (p,d) reaction from 
reference 6 or reference 11 extrapolated by means 
of (1) to the proton energies and angles required 
in (2). If (1) represents the actual energy and an- 
gular dependences of the (p,d) cross section 
even roughly, we may expect that the calculated 
and experimental values of the ratio Nq/Np for 
CM awl agree in order of magnitude. Some indi- 
cation that this extrapolation may be justified lies 
in the fact that when we use (1) to extrapolate the 
cross sections obtained from references 6 and 11 
to the cross sections for the same proton energy 
and deuteron emission angle the numerical values 
are very close. The accompanying table gives the 
experimental values of Nq(Eqg, 9 = 90°)/Np(Ep, 
= 90°) which were represented in Fig. 7 and the 
corresponding calculated ratios using the experi- 
mental value of the (p,d) cross section!! with 
k= 0.25 and r9=1.4x107'3 cm. The average 
statistical error of the experimental ratios is 
+ 20%, while the minimum of the (p,d) cross 
section taken from Ref. 11 is +50%. Assuming 
identical photoproton and photoneutron contribu- 
tions to deuteron production, it is better to com- 
pare the calculated ratios given in the table with 
halved values of the experimental results in the 
table. The calculated and experimental ratios are 
seen to be of the same order of magnitude. 

All of the foregoing estimates agree qualitatively 
with experimental results. Further study of the 
angular distributions of photodeuterons may pro- 
vide additional information on the (y,d) reaction. 

The authors wish to thank the synchrotron group 
of the Physico-Technical Institute of the Academy 
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A method is described for measuring the lifetime of nuclear excited states, using the recoil 
nuclei, together with an experiment to find the lifetime 7 of the 3.37-Mev excited state in 


a4 


Be!®, An upper limit for Tt of 8 x 10 


1. INTRODUCTION 


fee er aan investigation of y-ray transition 
probabilities are an important source of information 
about nuclear structure. For light nuclei, the exci- 
tation energies of even the lowest states are rather 
large and the lifetimes of these states usually less 
than 107!°sec, so that direct methods of obtaining 

T, based on decay schemes, are not applicable. To 
measure short lifetimes, indirect methods must be 
used, such as measuring widths I in resonance 
reactions, resonance scattering of y-rays, and 

the Doppler shift method. 

Unfortunately, none of these methods can be 
applied over a wide range of conditions. Thus, in 
the first of those mentioned above the width [I can 
be measured only for levels close to the dissocia- 
tion energy of the nucleus. Resonance scattering 
of y rays can be used only with stable isotopes 
occurring naturally with a reasonable abundance. 
The Doppler-shift method can be more generally 
applied, but technical difficulties limit its useful- 
ness. 

A new method has recently been proposed! for 
measuring the lifetimes of excited states in light 
nuclei. It has about the same range of applicability 
as does the Doppler shift method, but the technical 
difficulties involved are less. 

The present paper is devoted to a theoretical 
exposition of this method and a description of an 
experiment to measure the lifetime of the first 
excited state in Be!®. 


2. DESCRIPTION OF THE METHOD 


The distinguishing characteristic of reactions 
involving light nuclei is that the kinetic energy of 
the recoil nucleus is comparable with the kinetic 
energy of the lighter component. This circum- 
stance, together with the fact that light nuclei un- 
dergo little multiple scattering in thin targets, has 


sec is obtained. 


the consequence that in a reaction both the direction 
in which the light component is emitted and the di- 
rection in which the nucleus recoils can be fixed. 

If the light particle is observed to be emitted 
in a certain direction, there is a discrete spectrum 
of angles in which the nucleus could have recoiled, 
each angle corresponding to a definite energy level 
of this nucleus. For the ground state, the direction 
of recoil is uniquely determined. Nuclei recoiling 
in an excited state had a momentum py given to 
them during the reaction, and then get some more 
momentum py when the y ray is emitted. Usually, 
the condition py «K po holds. Nuclei recoiling in a 
definite excited state will then be emitted in a cone 
with angle ¢)=p,/po. The fact that @) depends 
on the speed of the nucleus when the y ray was 
emitted can be used to find the lifetime of the ex- 
cited state in question. 

Let us assume that just after passing through a 
thin target the recoil nuclei must pass through an 
absorbing layer of material where they slow down 
and lose energy. Two cases must be considered: 
(1) The lifetime T is small, so that decay occurs 
before the nuclei slow down; then the size of the 
cone will be determined by the angle 49. (2) The 
lifetime T is large,” so that decay occurs after the 
nuclei have been slowed down. In this case the 
angle of the cone @q will be determined by the re- 
lation @g = py/Pa where pg is the momentum of 
the recoil nucleus upon emerging from the absorb- 
ing layer. 

It is clear that if the y ray is emitted while the 
nucleus is slowing down, the angle of the cone and 
the angular distribution of recoil nuclei within the 
cone will be connected in some unique way with the 
value of T. 


The value of t can be determined experimen- 


*Actually we consider only values of t which are small 


compared to the time of flight of the nucleus from the target to . ~ 


the detector (about 20 cm.). 
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FIG. 1. Schematic of the ex- 
periment: 1~— incident beam; 
2—light particle; 3-—recoil nu- 
cleus; 4—target; 5— backing; 

6 — compensating layer. 


tally as follows: We count the number of nuclei 
passing through a small slit on the axis of the cone 
both when the decelerating layer is present and 
when it is absent. Since the ratio 6 of these two 
counting rates is a function of 7, the value of the 
latter can then be calculated. As a decelerating 
layer we can use the target backing. Then 6 is 
the ratio of the counting rates observed in two 
target positions differing by 180°. 

The considerations above are valid only when 
we can neglect multiple scattering and the energy 
straggling in the nuclei due to the backing. If these 
effects cannot be neglected, the experimental setup 
must be changed so that these effects are the same 
in the two positions of the target. This can be 
achieved by putting a second layer of material, of 
the same thickness and composition as the target 
backing, a short distance from the target and par- 
allel to it (see Fig. 1). 

Let the target position shown in Fig. 1 be A, 
and let position B be obtained from A by rotation 
through 180°. For lifetimes T = 107!° sec the re- 
coil nuclei travel a distance ~0.01 mm. Hence 
all the decays occur before the compensating layer 
is reached and the number of nuclei counted in po- 
sition A will remain independent of lifetime. In 
this case, 6, the ratio of the counting rate in posi- 
tion B to that in position A, is still a suitable 
quantity to measure for finding T. 

From the qualitative considerations above, it is 
clear that the range of lifetimes 7 which can be 
measured is determined by how long the nuclei are 
decelerated in matter (10-!*—107'* sec). As is 
well known, the range of lifetimes covered by the 
Doppler-shift method is about the same. There is, 
however, a difference between the cases to which 
the two methods can be applied. Thus, the Doppler- 
shift technique can be applied to transitions between 
excited states. The method described here can be 
applied only to transitions to the ground state. On 
the other hand, if we differentiate between the vari- 
ous energy particles produced in the reaction, we 
can investigate transition probabilities for levels 
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lying close together, which is very difficult to do 
with the Doppler-shift method. 

The purpose of the following argument is to ob- 
tain the functional relation between 6 and T. Sup- 
pose that just before the y ray was emitted the 
recoil nucleus had momentum p and that the y 
ray gave it an extra momentum Py: The distribu- 
tion function of the nuclei within the cone can then 
be found from Fig. 2. From this drawing it is 
clear that the ends of the vectors P=p+ Py will 
lie on the surface of a sphere of radius py. Since 
the y rays are emitted more or less isotropically, 
the fraction of nuclei scattered through an angle @g 
into the solid angle dg will be given by the ratio 
of the total area of the shaded spherical surface 
in the figure to the total area of the sphere: 


GN] N ==4Gs) = Gs,) Amps (1) 


Remembering that py «K po, the distribution func- 
tion w(qy) of the recoil nuclei in the cone can 
easily be found, Normalizing w(@) so that 

OD 

\ 2x (e)'sin odo = I, 

0 
where @= Py /p, we find that the distribution func- 
tion has the form 


9(—) = 1/2O VO? — ¢?. (2) 


Let the lifetime tT be comparable with the time 
of deceleration, and let the target be in position B. 
Then the distribution function will have two compo- 
nents, one due to nuclei decaying in the target back- 
ing, and the second due to nuclei that emit y rays 
after leaving the backing. Neglecting multiple scat- 
tering for the time being, let us find these two dis- 
tribution functions, which we denote by f; and fp. 

Assume that the total range R ofa particle in ° 
matter is proportional to its speed, R= av.’ Then 
from the exponential character of the decay it is 
easy to show that the probability that a nucleus de- 
cays in a layer of the backing having thickness dx 
and distant x from the target is given by the for- 
mula 


U (x) dx = (ha / R)(1 — x] R)** “dx, (3) 


where A =I1n 2/t. Since p=py(1-x/R), formula 
(2) gives the distribution of recoil nuclei decaying 
in the layer dx: 


(x, @) = (1—x/R)2/ 2D, VOX—@(1—x/RP. (4) 


FIG. 3. Dependence of 
6 on Q/®, for various val- 
ues of the parameter d/R. 
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From (3) it is easy to show that the probability a 
nucleus decays after passing through a backing of 
thickness d is (1—d/R)*@; hence 


fa=(d, 9)(1—d/R)”. (6) 


Denote the total distribution by fp =f, +f,. If the 
target is in position A, the distribution function 
fa can easily be found from fp by going to the 
limit + — , It has the form: 


| |) 86, QU Ga for BO <9< 


( R(1—®,/¢) 


fa = 1/2n®, V D2—@?. (7) 


Now let us take into account multiple scattering 
in the backing. The distribution function for multi- 
ple scattering with dispersion Q? can be written 


w = (1 / 2x02?) exp {— ¢? / 20?}. (8) 


The functions fg and fa should be replaced by 
Fp and Fa, which take on the following values 
at gy =0: 
D,/(1—a/R) 
Fe(0)=2=  \ fe (9) we) ¢de, (9) 
: 0 
D, 
Fa (0) = 2x \ fa (9) w (9) ¢d¢. 


10) 


(10) 


The slit in front of the counter has previously been 
assumed small enough that we can take 6 = Fp(0)/ 
FA (0). tT enters the expression for 6 through 
the decay constant A appearing in (5) and (6). The 
integral in (9) cannot be expressed in terms of ele- 
mentary functions and must be found by numerical 
integration. 

To get an idea how sensitive the method is, we 
can consider the values of 6 in two extreme cases: 
(1) The lifetime 7 is small compared with the 

deceleration time. Evidently, for this case 6 =1. 
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(2) The lifetime Tt is large compared with the 
deceleration time. In this case, taking 7~—0, we 
obtain 


zd 29 
qe (1 od <) ae ( ott | emt \ et'dt, 
0 


0 


(11) 


where 
2 = Dy/ V2, 24 = D, | VY 2Q(4 —d/R). 


(the integrals occurring in (11) are tabulated? ). 

Figure 3 shows 6 as a function of Q/%) cal- 
culated from formula (11) for various values of 
d/R. From this figure it is clear that 6 is most 
sensitive to changes in 7 for large values of d/R 
and small values of Q/#). These quantities are 
not independent. At present, the relationship be- 
tween them cannot be written down in the general 
case. This can be done, however, for light nuclei 
when the recoil nuclei and the nuclei in the decel- 
erating layer have masses about 20 and the energy 
of the recoil nucleus is of order 1 Mev. 

With an accuracy sufficient for our purposes, 
the theory of multiple scattering® gives the relation 


aR (12) 


/ zy 
2 9 yanpiaa me HIB 
In this formula, N is Avogadro’s number, p is 
the density of the decelerating material, Z7 is its 
atomic number, v and Zyye are the speed and 
charge of the recoil nuclei, Ey is the energy of 
the y ray, c is the velocity of light, and h is 
Planck’s constant. From (12) we see that the rela- 
tion between Q/%) and d/R depends critically on 
the value of E,,. It is the value of E, which gives 
the fundamental limitation on the applicability of 
this method. Substituting values into (12) typical 
for light nuclei it is easy to see that in order for 
6 to be less than 0.8 it is necessary that Ey be 
more than 1.2 Mev. This is not a serious limita- 
tion. 

The analysis carried out above shows that for 
sufficiently large excitation energies, 6 varies 
over a fairly wide range. 


3. APPARATUS AND MEASUREMENTS 


We measured the lifetime of the first excited 


state in Be!®, as formed in the reaction Be*(d, p)Be!”. 


To our knowledge, the lifetime of this state had not 
been measured before. It is possible to calculate 
the wave functions of the ground and first excited 
states of the Be’? nucleus in various nuclear mod- 
els, and from these wave functions the matrix ele- 
ment for the transition between them, so that an 
experimental measure of the lifetime would have 
theoretical interest. 


PIE TIME OPSTHE FIRST EXCITED STATE IN Be!? 


FIG. 4. Angles 
used in measuring (). 


The incident beam of 4 Mev deuterons was ob- 
tained from the cyclotron of the Scientific Research 
Institute for Nuclear Physics, Moscow State Univer- 
sity. Near the target the beam had a diameter of 
6 mm and intensity about 107" amp. The target was 
a layer of beryllium on an aluminum backing situ- 
ated at the center of the scattering chamber. The 
positions of the detectors used to count the protons 
and recoil nuclei could be varied continuously with- 
out breaking the vacuum.® The recoil nuclei were 
detected by an electron multiplier. The protons 
were registered by a proportional counter. 

Pulses from both counters were fed into a coin- 
cidence circuit. There was a large unwanted count- 
ing rate in the multiplier, due to slow particles 
coming from the surface of the target’ and to recoil 
nuclei from deuteron scattering on aluminum. To 
minimize the number of accidental coincidences, 
thin organic films were placed before the entrance 
to the multiplier. The thickness of the films was 
chosen so that aluminum recoil nuclei were ab- 
sorbed while Be!® nuclei were transmitted. 

The backing and absorbing layers were of alu- 
minum stretched on suitable frames. The frames 
were mounted so as to make the aluminum foils 
accurately parallel. The mounting was also such 
that either foil could be removed at will. The dis- 
tance between the foils was 1 mm. The angle be- 
tween the target and the beam could be adjusted to 
a fraction of a degree. The aluminum layers were 
prepared by evaporating aluminum in ae onto 
an organic film glued to a thin rubber ring.® After 
the aluminum had been deposited, half of its surface 
was covered by a shield and beryllium deposited on 
the other half. The organic film was then dissolved 
in amyl acetate. The aluminum foil was glued onto 
two frames so that one carried a layer of aluminum 


and beryllium while the other carried only aluminum, 


the aluminum layers being of about the same thick- 
ness. The thickness of the compensating layer was 
measured by comparing the number of deuterons 
elastically scattered from it with the number scat- 
tered from a thicker foil of known thickness. The 
thickness of the beryllium target was determined 
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FIG. 5 Angular distribu- 
tion of recoil nuclei in the 
elastic scattering of deuter- 
ons on Be’ nuclei. 
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by comparing it with a control sample which could 
be weighed. Particular aitention was paid to the 
uniformity of the layers. Only films with mirror- 
like surfaces were used. 

The experiment was carried out in two steps. 
First we measured the mean angle of multiple scat- 
tering 2, which is required for the calculations, 
and compared the thicknesses of the backing and 
compensating layers. To do this we used the elas- 
tic scattering of deuterons from Be® nuclei. The 
second stage was the measurement of 6. This used 
the reaction Be?(d, p) Be!®. In order that the quan- 
tity Q, which was measured for Be® nuclei, could 
be used with Be!® it was necessary to choose the 
angles at which deuterons, protons and recoil nuclei 
were emitted so that the energies of the Be’ and 
Be! nuclei were the same. The geometry used in 
the experiments is shown in Fig. 4. The Be’ and 
Be?” nuclei had energy 550 kev. In both cases the 
angle between the plane of the target and the direc- 
tion of the recoil nuclei was 42°30’. 

Figure 5 shows the measured angular distribu- 
tion of Be® nuclei after elastic scattering. The 
sharp peak corresponds to target position A with- 
out the compensating layer. The wide peak was 
obtained with the compensating plate in place, the 
crosses referring to position A and the circles to 
position B. The thickness of the compensating 
layer was (55 + 2) ug/cm?. The thickness of the 
beryllium target was 10 ug/em?. Since the target 
was at an angle 42°30’ to the direction of the recoil 
nuclei, we conclude that the recoil nuclei passed 
through a compensating layer of effective thickness 
82 wg/em?. The slit in front of the counter had di- 
mensions 4x4 mm., which corresponded to a solid 
angle (1X1)°. The slit in front of the multiplier 
had dimensions 2X36 mm (0.5x9)°. The width 
of the high peak was determined essentially by the 
size of the slits and the width of the beam, i.e., 
by factors that are unaffected by the presence of 


As Ne “BOYARARINE: 


FIG. 6. Angular distribu- 
tion of the recoil nuclei in 
the reaction Be’ (d, p) Be’*. 
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the scattering aluminum layer. The mean angle 
of multiple scattering can be obtained approximately 
from the relation 


Oe V OF — 0: 


In our case 20) = (1.5 + 0.2)°; 2Q, = (64 0.5)°, 
so that Q = (2.9 + 0.3)°. To compare the thick- 
nesses of the backing and compensating layer, we 
measured the coincidence counting rate at the peak 
(61°30’) for the two target positions A and B. The 
results of several reversals of the target showed 
that the difference was less than 5%. 

The angular distribution of recoil nuclei from 
the reaction Be’ (d, p) Be!™* with target position 
B is shown in Fig. 6. The slit in front of the 
counter was 8X8 mm, that in front of the multiplier 
was 4X20 mm. From the diagram it is evicent that 


the peak has a full width of about 8°, which is approx- 


imately what was expected. The distribution shown 
corresponds to nuclei recoiling in the first excited 
state of Be!®; nuclei recoiling in the ground state 
travel in directions around B = 62°. There could 
have been little admixture of nuclei in the higher 
excited states because of the absorber in front of 
the counter for slow protons. 

The angle 8B = 49° was chosen to measure 6. 
The slits in front of the counter and multiplier 
were of the same size, 8X8 mm (2X2°). The 
number of coincidence counts in positions A and 
B were measured for the same number of counts 
in the beam integrator. The results are shown in 
column 1 of the table. This was repeated at the 
angles used to compare the thicknesses of the 
aluminum layers. The results are shown in col- 
umn 2. The whole procedure was then repeated 
with the results shown in columns 3 and 4. The 
number of counts in the integrator for each col- 
umn was arbitrary. 

From the table we can see that sithin the sta- 
tistical errors the thicknesses of the layers are 
the same. From columns 1 and 3 we get 


6 = 0.93 + 0.08. 


Figure 7 shows the functional dependence of 6 
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FIG. 7. Determina- 
tion of limiting value of 
of Aa. 


on Aa, as calculated from formulas (9) and (10) 
with the parameters Q = 2.9°; ®) = 2°; d/R=0.6. 
The range R of the recoil nuclei was found from 
the formula R= av, where a@ was taken to be 
4x 107!3 sec. The value 6 = 0.93 corresponds 
to A@=7.2, but the statistical errors in measur- 
ing 6 are such that we can only say Aa@>5. This 
gives an upper limit to the lifetime T < 8 x L0s'4 
sec. 


4. DISCUSSION OF THE RESULTS 


Inglis!® and Kurath' have shown that for the 
lightest nuclei (up to O!*) the shell model gives 
a satisfactory account of the level schemes, mag- 
netic dipole moments of the ground states, and the 
probabilities of magnetic dipole y ray transitions. 
The constant in the spin-orbit interaction increases 
monotonically with increasing number the nucleons 
in the nucleus. For Be!? we have a/K ~ 5 where 
a is the constant in the spin-orbit coupling and K 
is the exchange integral for the central interaction 
between two nucleons. The first excited state in 
Be’? (3.37 Mev) has spin J = 2, isotopic spin 
T=1, while the ground state has J=0 and 
T =1." Both states have positive parity so the 
transition is pure E2. 

To calculate T we use the relation T = 6.58 x 
1071*/T, where I’ is the width of the excited state 
in electron volts and Tt is in seconds. For an E2 
transition the formula for I can be put in the 
form!’ 


Fie 8,1 105E IT pH Ieee. 


where E is the energy of the transition in mev 
and <JT||H™ || J’T’> is the reduced matrix ele- 
ment for an electric quadrupole transition from a 
state J, T toastate J’, T’. Denote the wave func- 
tions of the’ J; T and J’, TI” ‘states in the b=s 
representation by {cj} and {bj} respectively, 
where i and j are indices labelling the super- 
multiplet state. Then the expression for I has 
the form 


Dae te tO ee 


devs (LiS)IT | H® |) (LjSi) UTP. 8) 
ij 
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To calculate the reduced matrix elements in (13) 
we use the relations given in reference, !3 and 
<r?> =107% cm?. The wave functions were cal- 
culated for a centrally symmetric interaction con- 
sisting of 80% Majorana and 20% Bartlett forces, 
the ratio of the integrals for the central interaction 
being L/K=6.8. a/K was taken to be 4.75. For 
these values of the parameters, T = 2.1 x 107!8 sec, 
Decreasing the strength of the spin orbit interaction 
decreases the value of Tt, which reaches a value 
1.4 x 107'8 sec in the extreme case of L-S coup- 
ling. For the limiting case of j-j coupling the 
corresponding matrix element is zero. 

In view of the difference between the measured 
and computed values of 7 for all possible values 
of a/K, it becomes interesting to look at the agree- 
ment between experimental and theoretical values 
for other E2 transitions. 

Experimental values of t for pure E2 transi- 
tions in the P-shell are known for C!? (4.43 mev 
—0), Cl (16.1 mev—0) and B! (0.72 mev 
— 0). The experimental value Texp for the 
4.43 mev — 0 transition in C” is 5.25 x 1074 sec.! 
With the reasonable value for the strength of the 
spin-orbit coupling a/K *¥6 andwith <r*> = 
5.7 X 10778 em? !® the shell model gives the value 
Ttheor © 2.5 x 1073 sec. For the transition 16.1 
Mev — 0 in C??, Texp = 9X 107** sec!® while 
Ttheor = 1.2107 sec. For the case B"”, Texp = 
1.05 x 107? sec!® while for a/K>4 and the larger 
Palio. = 1007) cm’. Theor 28 KL07° 
sec.'! 

Thus in the third and first cases Texp is sub- 
stantially smaller than Ttheor, While in the sec- 
ond case the two values agree. 

The suggestion has been made!! that the small- 
ness of Texp compared to Ttheor is due to col- 
lective motions in the nucleus. In reference 17 it 
is pointed out that collective motions should have 
an effect on Tt only for transitions where the iso- 
topic spin does not change. The transitions Cr 
(4.43 Mev ~ 0) and B!°(0.72 Mev — 0) are just 
of this type. The isotopic spin changes in the tran- 
sition C!#(16.1 Mev — 0) and accordingly the 
values Texp and Ttheor agree. In our case, the 
isotopic spin does not change in the Beye (3:37 
Mev — 0) transition (T = T’ =1), sce the dis- 
crepancy between the experimental and theoretical 
values of the lifetime is not surprising and sup- 
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ports the conjecture that collective effects exist 
in light nuclei. 

In conclusion the authors would like to express 
their gratitude to S. S. Vasil’ev and V. G. Neu- 
dachin for fruitful discussions, and to Yu. V. 
Koshelyaev, A. A. Danilov, and V. P. Khlapov for 
their assistance in carrying out the experimental 
part of this work. 
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The spectrum of conversion electrons accompanying the alpha decay of Pu 


238 240 


and Pu 


was studied by means of a high-transmission magnetic spectrometer with toroidal field 
shape, which measured a@-e coincidences. Transitions from the 6+ excited levels were 
detected, and the multipolarity and more precise energy values were determined for 


transitions from the 4+ and 2+ levels. 


‘Tue decay of nonspherical even-even nuclei is of 
especially great interest for the theory of alpha 
decay because of its simplicity. Exact energy 
values for excited levels are essential for the 
theory of nonspherical nuclei. The decay of Pie 
and Pu4? are especially interesting because these 
nuclei lie in a region of almost constant eccentric- 
ity and reveal alpha decay to a well-developed sys- 
tem of rotational levels. The alpha decay of these 
nuclei (and of the levels of daughter nuclei result- 
ing from alpha decay) was studied by means of 
alpha spectrometry, y-y coincidences, and internal 
conversion electrons accompanying alpha decay. The 
last method gives the most exact values of the en- 
ergy levels and permits determination of radiation 
multipolarity but has thus far been applied only to 
the strongest transitions. In the present work we 
have investigated the conversion electron spectra 

of Pu?8 and Pu4?, 


EXPERIMENTAL TECHNIQUE 


Measurements were performed by means of a 
beta spectrometer with a toroidal magnetic field 
utilizing a-e coincidences.! The only difference 
from the procedure described in references 1 and 
2 was that in studying weak lines we obtained more 
rigorous amplitude discrimination of beta-counter 
pulses (using a scintillation counter with a stilbene 
crystal). This strongly reduced the background of 
scattered electrons resulting from the basic tran- 
sitions. Electron energies were determined by 
comparison with the energies of conversion elec- 
trons associated with the transitions 2+ — 0 
(43.5 kev) and 4+— 2+ (99.8 kev) in U?#4 
(daughter nucleus Pu?%*), Accurate values of 
these energies have been given in reference 3. 


CONVERSION SPECTRUM OF Pu?*8 


In studying the conversion spectrum of putes 


we used a 40 uc source of 1 cm diameter. Our 
conversion spectrum (which is actually the spec- 
trum of the daughter nucleus u234) is shown in 

Fig. 1, where the lines are interpreted. Figure 2 
shows the level scheme of U?*4 and Table I gives 
previously available as well as new numerical data. 
The intensities of peaks 4 and 5, which are associ- 
ated with the conversion of 99.8-kev radiation in 
the Lyy and Ly subshells, as well as the ab- 
sence of conversion in the Ly subshell, provide 
reliable evidence of the electric quadrupole char- 
acter of this transition. We also attempted to de- 
tect a direct transition from the 143.3-kev level to 
the ground state, the intensity of which is less than 
2x 107* of the intensity of the transition to the 2+ 
level. These data provide reliable evidence that 
the 143.3-kev level possesses spin 4 and positive 
parity. We also investigated the conversion elec- 
trons associated with the 6+ — 4+ transition, 
which had previously been known only through 
gamma emission and alpha spectrometry. The de- 
tected transition energy was 152.6 + 0.3 kev, giving 
a level of 295.9 + 0.4 kev. Although the Ly and 
Lyyq conversion lines of this transition were poorly 
resolved the statistics are adequate for the resolu- 
tion of peak 8 into its components. This is un- 
doubtedly an E2 transition. The intensity of con- 
version emission from the 6+ level is about 0.025 
of that from the 4+ level to the 2+ level. Consid- 
ering the energy dependence of the conversion co- 
efficients and taking the value 0.13%! as the inten- 
sity of alpha decay to the 4+ level, we obtain (4.3 
+ 0.4) x 107% for the intensity of alpha decay to 
the 6+ level, which is in good agreement with ref- 
erences 3 and 4. 
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234 a : mee 
TABLE I. U** energy levels and Pu2%8 alpha line intensities 
From gamma x 
From alpha spectroscopy spe nee opy From conversion electrons 
So ; Intensit ; 
Seincand | Line intensity, % Level energy, kev ao y, rik Energy, kev Intensity,% 
Alpha line | parity of 
level 4 6 4 5 
[‘] (°)] (J (*) C] CJ C'] Our data Our data 
Qo oo ae ol 72 0 0 0 0 0 
Aga + a 28 43,.7+1 43 43 8 43.50 4 dl 
dhas a 23, 9.5-40-2 | 144.544 145 143 143, 34 a3 
296 -10- 288 +5 4.40-3 y q = 
ce ae es Boe 295.9-+0.4 |(4,3-40,4)-10-8 


*These values were taken from reference 3 and were used to calibrate the spectrometer. 
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FIG. 1. Spectrum of conversion 


electrons accompanying the alpha de- 
cay of Pu**, (Different portions of 
the spectrum were plotted on different 50 
scales.) Abscissas represent the 
current I through the spectrometer 
coil (in arbitrary units) and electron 
energy E,. Ordinates represent the 


100 
number of e—«a coincidences. Line 
1 represents the conversion of 51.7- 
kev radiation in the N shell. 
50 
1000 1250 
FIG. 2. Level 


scheme of U?**. *—ac- 
cording to reference 4 
(alpha spectrum) ; 

** — according to re- 
ference 3 (y—y coin- 
cidences). 
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CONVERSION SPECTRUM OF Pu?!? 


We had at our disposal only a rather weak (5c) 
thick Pu?4° source, so that recording of the spec- 
trum required a relatively long time. Figure 3 
shows the spectrum of conversion electrons in the 
20 — 220 kev region accompanying alpha decay. 
Figure 4 shows the level scheme of the daughter 
nucleus U*2°, and Table II gives the numerical data 
taken from the literature and that obtained in the 
present work. 

Conversion intensities in the Ly and Ly sub- 
shells indicate that transitions from the first ex- 
cited level to the ground level and from the second 
to the first excited level are of the E2 type. The 
transition energies are 45.3 + 0.2 kev and 103.6 + 
0.3 kev, respectively. 

The high transmission and the low background 
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TABLE II. U?8* energy levels and Pu” alpha line intensities 


| 


ion elect 
| From alpha-particle spectroscopy From ea aiee ee 
| 
Alpha-line in- | Level energy, Level energy, kev Intensity, 
fe So a tensity, % kev % 
3 . @ He |- 
ge | S30 | J Our 
a2 |e8 " (1 C4 (1 [1 data | Our data 
| ee ade: | | ; 
ao O-- 70.0 pays) 0 0 0 0 
ree 24.5 24.4 45 45 45.6 | 45.3+0.2 
Gan | ee 04 0.094 151 14742] 149.6 |148.940.4 
Qo? | 1—? | 2.7-10-3 210-8 
Gay? | 3—? Ags 239+8 Bit , 
dis09 | 6+ 3,2-40-3 313-45 309441.5 | (2-+4)-10-3 


FIG. 3. Spectrum of conversion 
electrons accompanying the alpha de- 
cay of Pu’*°, (Different portions of 
the spectrum were plotted on different 
scales.) The upper right-hand corner 

_ shows the spectrum around 140 kev 
summed over all exposures. The ex- 
posure times were 24 min in a and 
60 min in b. Coordinates represent 
the same quantities as in Fig. 1. 
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level of our spectrometer permitted the detecting 
ofa 6+— 4+ transition. We were unable to de- 
termine the multipolarity of this transition, but the 
value 6+ for the spin is confirmed by the absence 
of transitions to lower excited levels. We measured 
the transition energy at 160 + 1.5 kev, which gives 
309 + 1.5 kev for the energy of the excited 6+ level. 
The intensity of this transition is 1/60 of the inten- 


sity of the 4+— 2+ transition. Taking the intensity dd Kev 
of alpha decay to the 4+ level as 9.1 x 1072%, we FIG. 4. Level 
obtain (2 +1) x 107°% for the intensity of alpha scheme of U”**. 239" kev 
decay to the 6+ level. *— according to 

Two more alpha lines (1) and O39) were re- references: 210" tev 
ported in reference 6, where it was suggested that 
they belonged to Pu*4°, We were unable to detect 1488 eu 
any conversion electrons associated with radiation 
from such levels, but it must be noted that if these 453 BV 


are actually 1— and 3- levels, as was suggested 
in reference 6, they would emit El radiation and 
we would have been unable to detect conversion 
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electrons because of the small conversion coeffi- 
cients for El transitions. 
Comparison of Tables I and II indicates a “loss 


of individuality” of even-even nuclides that is char- 
acteristic of this portion of the periodic table. En- 


ergy levels are given by the familiar formula 
Exot = al ( ae 1) =P b[ IT + aR yin 


where the first term is the principal one and the 
second term serves as a correction. The best 
values of the constants a and b for U?*4 are: 
a= 7.29 kev and b= -—0.006 kev; for U2*; 
a= 7.60 kev and b= —0.0075 kev. 

The authors wish to thank G. I. Grishuk, V. F. 
Konyaev, and Yu. N. Chernov for assistance with 
the experiments. 


1 Tretyakov, Gol’din, and Grishuk, IIpu6ops1 u 
TexHuka 9kcnepumenta (Instruments and Meas. 
Engg.) 6, 22 (1957). 


253 


2 Tretyakov, Grishuk and Gol’din, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 811 (1958), Soviet 
Physics JETP 7, 560 (1958). 

3 J. Perlman and J. O. Rasmussen, U.C.R.L. — 
3424. 

4Kondrat’ev, Novikova, Dedov, and Gol’din, 
Izv. Akad. Nauk SSSR, Ser. Fiz. 21, 907 (1957), 
Columbia Tech. Transl. p. 909. 

5F. Asaro and J. Perlman, Phys. Rev. 94, 381 
(1954). 

® Kondrat’ev, Novikova, Sobolev, and Gol’din, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 771 (1956), 
Soviet Phys. JETP 4, 645 (1957). 

™P. S. Samoilov, Aromuaa aueprua (Atomic 
Energy ) 4, 81 (1958). 


Translated by I. Emin 
64 


SOVIET PHYSICS JETP 


VOLUME 36(9), NUMBER 2 


AUGUST, 1959 


CASCADE a-PARTICLES IN STARS PRODUCED BY 360 and 660 Mev PROTONS 


V. I. OSTROUMOV, N. A. PERFILOV, and R. A. FILOV 


Radium Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor June 28, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 367-375 (February, 1959) 


Stars containing tracks of a@ particles with energies above 30 Mev were studied in nuclear 
emulsions irradiated by 360 and 660 Mev protons. The effective cross section for production 
of these stars, the angular distribution of fast a particles, and the relative probability of 
their emission from light and heavy emulsion nuclei were determined. A similarity was 
found between the emission of cascade a particles and of fragments from nuclei as a result 
of bombardment with protons, which seems to indicate that both processes have an identical 


mechanism. 


INTRODUCTION 


ii a series of experiments on the interaction of 
high-energy protons with nuclei of emulsion, it was 
found that a particles are emitted in stars with an 
energy and angular distribution which contradicts 
the assumption that we are dealing with an evapora- 
tion process.!?? The energy spectrum of these par- 
ticles has a long tail in the high-energy region. The 
direction of emission of a particles is correlated 
with the direction of the primary protons. The ma- 
jority of them are emitted in the forward direction, 
and the degree of anisotropy increases with increas- 
ing kinetic energy of the a particles. As is well 
known, a similar picture is valid for nucleons 
ejected from the nucleus during the cascade stage 
of the nuclear interaction with the primary proton. 
The appearance of fast a particles is therefore 
also connected with the development of the nuclear 
cascade in the nucleus, although the mechanism of 
the transfer of considerable kinetic energy to a 
complex consisting of our nucleons is unclear. 

Even heavier particles, called fragments, are 
observed in nuclear disintegrations, the cross sec- 
tions of these events being smaller by approximately 
one order of magnitude.?~° At present, there are no 
well-founded ideas about the fragmentation process 
which could explain all experimental facts. It is 
reasonable to assume that the process of emission 
of all multi-charged particles (among them a 
particles) is basically similar. There are no 
special reasons to believe that the emission of a 
He nucleus in the cascade process has different 
causes and is connected with a basically different 
mechanism, than the emission, let us say, of a Li 
and Be nucleus. The study of inelastic interac- 


tions between high-energy nucleons with nuclei, 
which give rise to cascade a particles, will there- 
fore be helpful for the study of the fragmentation 
mechanism, and has, of course, its own intrinsic 
interest. Experiments with a particles can be 
carried out in better conditions, and their results 
can be interpreted more exclusively, than experi- 
ments on the study of fragments since, in the latter 
case, the observed variety of particles, the identi- 
fication of which is not always possible, makes it 
difficult to reduce the experimental data. 

In the present work, we studied stars in a nu- 
clear emulsion containing tracks of fast @ parti- 
cles. The results of observations were, whenever 
possible, compared with the corresponding data on 
fragments given in reference 5. 


EXPERIMENTAL METHOD 


Fine-grain nuclear emulsion P-9, sensitive to 
protons in the energy range 30 —40 Mev, was used 
in the experiment. The emulsions were irradiated, 
using the Joint Institute for Nuclear Research syn- 
chrocyclotron, by the collimated external proton 
beam incident perpendicularly to the surface of the 
emulsion. The energy of the protons was 660 and 
360 Mev. The lower energy value was obtained by 
slowing the protons down in a copper absorber. 

Stars containing tracks of a particles with 
energy higher than 30 Mev were noted in scanning 
the emulsion. Only those cases where the particles 
stopped in the emulsion and where the inclination 
of their tracks with respect to the plane of emul- 
sion was not larger than 7° (in undeveloped emul- 
sion) were selected for further analysis. The 
visual selection of such tracks did not cause any 
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difficulties, since the type of emulsions chosen had 
good discriminating power for singly- and doubly- 
charged particles. However, our data contained a 
certain number of tracks of fast Li nuclei which 
could not be easily distinguished from the tracks 
of a@ particles. Checking 70 randomly-chosen 
tracks of particles with charge larger than unity 
over the length of 300 by the method of counting 
the number of intervals of the ocular scale ob- 
scured by grain,’ it was found that the admixture 
of triply charged particles in our experiment 
amounted to less than 15%. The energy of a 
particles was determined from the track length 
using the range energy curves for protons.® The 
transition coefficient from the range in air to the 
range in emulsion was taken as 2000. 

In the observed stars, we measured the angle 
between the projection of the track of a fast @ 
particle on the emulsion plane and the direction 
of the bombarding beam. Since the chosen tracks 
have a small inclination to that plane, such a pro- 
cedure gives the angular distribution of cascade 
a@-particles per unit solid angle accurately enough. 
Necessary corrections for the finite thickness of 
the chosen spherical zone were applied. 

For the lower energy limit of recorded a par- 
ticles (30 Mev), it could be confirmed that the 
majority of found tracks were not related to the 
process of evaporation of nuclei, which substan- 
tially simplifies the analysis of experimental re- 
sults. For the estimate of the cross section for 
the production of q@ particles with energy larger 
than 30 Mev in nuclear interactions of fast protons, 
we measured the frequency of occurrence of such 
cases among all stars found in the emulsion. The 
eross section for star production for 360-Mev pro- 
tons was taken from the work of Bernardini et al.,° 
and that for 660-Mev protons from the work of 
Grigor’ev and Solov’eva.!° 


EXPERIMENTAL RESULTS 


All observed cases were divided into three 
groups. All stars having the track of the recoil 
nucleus were ascribed to the first group. We as- 
sumed that these represent the result of disinte- 
gration of heavy nuclei of the emulsion. For brev- 
ity, we shall call these cases H stars. To the 
second group belong stars without a visible track 
of the recoil nucleus, with total charge of emitted 
particles smaller than 8e, and which contained at 
least one track of an a-particle with energy 
smaller than 8 Mev, or of a proton with energy 
smaller than 4 Mev. These stars were assumed 


to represent events involving light nuclei (L-stars). 


Finally, the third group contains disintegration not 
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360} 397 68 203 668 85+15 | 17-6 
660, 863 dit 160 600 | 120+25 | 18-+6 


falling within anycne of the two former groups. The 
number of stars in each of the three groups is given 
in Table I. 

Observations of the disintegrations in the gela- 
tine layer, produced by fast protons, indicate that 
the fraction of stars involving light nuclei showing 
a track of the residual nucleus is smaller than 
20 — 25%.1!>42 If we assume that about 20% of all 
stars visible in the emulsion involve light nuclei, 
it is found that the admixture of L-stars in the 
first group is smaller than 10%. It is obvious that 
a certain number of stars involving Ag and Br 
nuclei is present in the second group. From the 
data of references 2 and 3, the fraction of H stars 
with less than seven prongs containing sub-barrier 
particles amounts to about 5 to 10% of the total 
number of heavy nuclei disintegration. All of these 
corrections therefore compensate roughly each 
other, and the intensities of the first and second 
group represents accurately enough the real rela- 
tion of probabilities of appearance of L and H 
stars containing a fast q@ particle. 

The number of L stars in the third group can 
be estimated by the following methods: 

(1) From the angular distribution of fast q@ par- 
ticles. We shall assume that the distribution is 
identical for all L stars of the second and third 
groups. Such an assumption is not correct for H 
stars, since, the presence or absence of the visible 
track of the recoil nucleus may be due to a change 
of direction of the emission of a fast particle. 

"To determine the fraction k of a@ particles 
emitted in the forward direction in H stars of the 
third group, we plotted the dependence k(R) for 
H stars of the first group (R is the length of the 
recoil nucleus track). Extrapolation of this plot 
to the value R=0 gives the value of K for H 
stars of the third group. The fraction of L stars 
in this group will then be equal to 


x = (Ry — Rr) / (Ru — kr), (1) 


where the indices O, L, and H refer corre- 
spondingly to the stars of the third, second, and 
first groups. 

(2) From the multiplicity distribution of stars. 
The multiplicity distribution of stars of the third 
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360 | 34 | 34 | 54) —| (40+10)% 
660 45 46 | 44] 47) (145+ 3)% 


group represents a mixture of two distributions 
(for L and H stars), having statistical weights 
equal to x and 1—x respectively. The value of 
x is formed by simple calculation under the as- 
sumption that the multiplicity of L and H stars 
is independent of the above criterion of dividing 
the stars into groups. 

(3) Form the value of the ratio a/p of the num- 
ber of doubly-charged particles to the number of 
singly-charged particles in L and H stars. In 
writing this expression, it is also assumed that 
the value of a/p is similar to that in stars pro- 
duced on nuclei of one type (L and H), independ- 
ently of the number of the group. It is easy to 
obtain the formula for x: 

[(@/ p)o—(%/p)p] [1+ (4/ Py} Ay 


Wen (2) 


[(a/ p)y —(@/ p)o) (1 + (a / P)z] ay 


where n is the mean multiplicity of a star, and 
where the indices O, L, T, have the same sense 
as in Eq. (1). 

(4) In the experiment with 660-Mev protons it 
was possible to estimate the fraction of L stars 
containing tracks of low-energy particles from the 
ratio to the total number of stars involving C, O, 
and N nuclei, and making use of the observations 
of Serebnikov, who studied stars in a layer of gela- 
tine.!2 The fraction of light L stars with sub-bar- 
rier particles is probably not changed markedly in 
the case of the emission of an a particle with 
energy > 30 Mev. 

Results of the calculations of the fraction of L 
stars in the third group, as obtained by each of the 
three methods, are given in Table II. 
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FIG. 1. Angular distribution of « particles with E > 30 
Mev, calculated per unit solid angle (H nuclei) a — for 
660-Mev protons, b — for 360-Mev protons. Black dots — data 
of reference 5. 
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FIG. 2. Same as Fig. 1 for L nuclei. 

Knowing the values of x, it is possible to dis- 
tribute all stars of the third group statistically 
among the L and H’ groups, and to determine 
the relative cross sections for the production of 
fast q@ particles on heavy and light nuclei of the 
emulsion. 

The cross section for the production of stars 
containing qa particles are given in Table I (last 
two columns), calculated as averages of our data 
and the data of reference 2. The given errors in- 
clude the errors in the determination of x and 
the error in the identification of stars according 
to the tracks of the recoil nuclei, assumed to be 
equal to 10%. 

Apart from stars with one fast a particle (in 
the following we shall callthem a stars, while 
the cases with emission of a fragment will be called 
f stars), five cases with two tracks of a particles 
of more than 30 Mev, satisfying the assumed crite- 
rion of selection, were found for 660-Mev incident 
protons, and four such cases for 360-Mev protons. 
If we assume the total star production cross section 
on T nuclei to be equal to unity, then the cross 
sections for the production of @ and 2a stars 
relative to it equal 0.11 and 0.008 respectively. 
Among a stars, cases are found in which a track 
of the fragment may be observed (af stars). In 
the course of the experiment, 28 and 15 such stars 
were found for proton energies of 660 and 360 Mev, 
respectively. Two stars of the type 2af were 
found with the 660-Mev proton beam. Consequently, 
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FIG. 3. Multiplicity distribution of « stars (H nuclei): 
a — for 660-Mev protons, b — for 360-Mev protons. Black 
dots — the same for f stars (data of reference 5).° 
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FIG. 4. Multiplicity dis- 
tribution of « stars for L 
nuclei: solid curve — for 660- 
Mev protons, dashed curve — 
for 360-Mev protons. Trian- 
gles — multiplicity distribu- 
tion of f stars for 660-Mev 
protons. 


the ratio of the production cross sections for stars 
of the type a, af, and a2f by 660-Mev protons 
is 1:0.04:0.003. The angular distribution of @ 
particles is given in Figs. 1 and 2. 

The multiplicity distribution of a-stars for H 


and L nuclei separately are given in Figs. 3 and 4. 


It is interesting to note that the mean multiplicity 
in q@ stars produced on H nuclei is apparently 
decreasing with increasing energy of the q@ par- 
ticles (Table III). 

For L stars, the mean multiplicity remains 
constant in all cases, and is equal to 2.8 + 0.2 for 
660-Mev protons, and to 3.0 + 0.2 for 360-Mev 
protons (without the fast a particle). 

Data on the relative emission probability of a 
fast a-particle from H and L nuclei for a 
different number of black prongs in the star are 
given in Figs. 5 and 6. This probability wq is 
determined from the formula 


Wel Th) = Fan | So, (3) 


where dq and oy are the cross section for the 
production of a-stars and the total star produc- 
tion cross section respectively, and Qy is the 
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FIG. 5. The relative probability of emission of o particles 
(light circles) and fragments (filled circles) and the depend- 
ence on the number of prongs in the star (H nuclei) for a— 
660-Mev and b — 360-Mev protons. 
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TABLE III. Multiplicity of a-stars 


Proton Ear Mein. | Mean number 
energy, Total for of black 
Mey 30+50 50-+80 >80 a stars prongs innor- 
mal H stars 
360 2.6-+0,1* 2,3+0.1 2.0-+0.4 2.5-+0,1 2,5+0,1 
660 3.7+0,1 3.6+0.1 3.2+0.3 3,6+0.1 3,6+0,1 


*The fast « particle is not counted among the black prongs. 


fraction of @ stars with the multiplicity n among 
all q@ stars. (Here and throughout, the fast a 
particle is not included in the number of tracks.) 
The values of Qa, are taken from the graphs in 
Figs. 3 and 4, and the multiplicity distribution of 
normal stars is taken from reference 13 (H nuclei 
and 660-Mev protons), from referenge 9 (360-Mev 
protons, H nuclei), reference 12 (660-Mev pro- 
tons, L nuclei) and reference 11 (360-Mev pro- 
tons, L nuclei). The errors shown in the figures 
correspond to statistical errors, and do not include 
the error in the determination of og and 0p. 


DISCUSSION OF RESULTS 


The data on q@ stars obtained in the course of 
the experiment were compared with the results of 
an investigation of the fragmentation process car- 
ried out in reference 5 for the same energies of 
bombarding protons. Such a comparison has mean- 
ing only under the condition that the observed a@ 
particles are not due to evaporation of the excited 
nuclei. Estimates based on the energy spectrum 
of q@ particles show that the number of evaporated 
particles among all those detected is not larger than 
10%. The angular distribution of particles with en- 
ergy > 30 Mev indicates also a small admixture of 
evaporated component. 

With increasing proton energy, the effective 
cross section for the emission of fragments form 
H -nuclei increases sharply.® The cross section 
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FIG. 6. Same as Fig. 5 for L nuclei. 
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for the emission of a@ particles increases less 
markedly, as can be seen from Table I. The cross 
section for fragment production on light nuclei does 
not vary with increasing energy of the beam, and 
this is the case also for the cross section for emis- 
sion of fast @ particles. Evidently, such differ- 
ence in the energy dependence of the cross section 
for light and heavy nuclei is connected with differ- 
ent transparency of the nuclei for fast protons and 
with a different degree of development of the inter- 
nal cascade process. It can be noted that the ratio 
of the cross section for the production of 1, 2, etc. 
fragments in @ stars is approximately the same 
as that given in reference 5 for f stars, if we as- 
sume that the emission of a fast a particle is 
equivalent to the emission of a fragment. 
The multiplicity distributions of @ and f stars, 
. similar to each other, are markedly different from 
the distribution of normal stars which do not con- 
tain tracks of a fast q@ particle or fragment. It 
can be seen from Figs. 5 and 6 that the relative 
probability of the production of an @ particle on 
a H nucleus increases with increasing dimensions 
of the star, attaining a maximum and then falling 
off slowly. To a lesser extent, a similar behavior 
may be observed for the emission of fragments as 
well. An increase of the relative probability of the 
emission of a particles and fragments is due, we 
believe, to the increased number of collisions be- 
tween nucleons in the cascade stage of the disinte- 
gration process, and to the increase in the number 
of the secondary nucleons responsible for the ap- 
pearance of these multiply-charged particles. The 
fall-off in the curves wWq(n) and w¢(n) for large 
n is due to the fact that, in a strongly developed 
cascade, colliding nucleons have, on the average, 
small energies which are not sufficient for impart- 
ing to the a particles or to the fragment the nec- 
essary energy. The relation between the energy 
of a-particles and the mean multiplicity in an 
a-star (Table II) indicates also that the more 
energetical qa particles are emitted under the 
action of cascade nucleons of higher energies. 
The maximum of curve wq(n) should therefore 
shift to the left with increasing energy of detected 
@ particles. An experimental check showed that 
the shift of the curves wq(n) constructed for 
@-particles of various energies really takes place. 
Data of reference 5 indicate that the mean multi- 
plicity of f stars increases slightly if we consider 
events with emission of fragments having a long 
range. Such a conclusion should, however, yet be 
verified, since the observed variation of the mean 
multiplicity in f stars with varying range of the 
fragments lies within the limits of statistical fluc- 
tuations. 
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Special attention should be given to the practic- 
ally identical angular distributions of a-particles 
and fragments in all four compared cases. Such a 
similarity is hardly due to chance, and the fact un- 
doubtedly should be taken into account in consider- 
ing any hypothesis proposed for the explanation of 
fragment emission. Observation also shows that 
the angular distribution of cascade a particles 
depends on their kinetic energy. In our experiment, 
the angular distribution of cascade a -particles 
with energy > 30 Mev was measured. It is prob- 
able, that in varying the energy limit, the angular 
characteristics of a particles will also change. 
The question therefore arises as to why the angu- 
lar distribution of a-particles with energy > 30 
Mev and of fragments with kinetic energy >1 to 2 
Mev per nucleon® are identical. 

One can attempt to explain this fact by assum- 
ing that the observed particles are emitted from 
the nucleus as a result of an elastic (quasi-elas- 
tic) collision of a fast nucleon with a nucleon com- 
plex.!4 We shall assume that nucleons of the same 
energies are responsible for the emission of a- 
particles and fragments (consequently the angular 
spread of these nucleons with respect to the direc- 
tion of the beam is the same in both cases). The 
ratio of the kinetic energies of the particles emitted 
at the same angle to the beam will then be equal to 


ef / 8. = 25 /[(M;/m) + 1), 
(sy = E;/My, & = E2/M,). (4) 


where Mg and Mg are the masses of q@ par- 
ticles and fragments respectively, Eq and Ef 
their energy, and m the nucleonic mass. 

In our experiment, the minimum value of €q 
is equal to 7.5 Mev. We have then for a particle 
with a mass Mf=9 (Be nucleus), e¢ = 2 Mev; 
for the B'° nucleus we have ef =1.6 Mev, etc. 
The values of the lower limit of the recorded 
multi-charged particles calculated according to 
formula (4) will be 1 to 2 Mev per nucleon, which 
corresponds to the conditions of the experiments 
of reference 5. 

On the basis of the available experimental data, 
it is of course impossible to maintain that the 
mechanism of fragment production is essentially 
due to collisions. Keeping the hypothesis of elastic 
ejection of nucleon complexes from the nucleus, it 
should, for instance, be explained why there is no 
unique dependence of the energy of multi-charged 
particles on the angle of their emission. Alpha 
particles as well as fragments have a markedly 
smaller kinetic energy than they should possess 
at a given angle of their emission. The contribu- 
tion of secondary nucleons does not remove the 
difficulty, since, in that case, the deviations would 
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be spread uniformly both towards smaller and 
longer angles. 

To determine the mechanism of emission of 
fragments and fast a particles, further work is 
necessary. In particular, it would be interesting 
to have data on the energy and angular distribution . 


of fragments with a given charge, to find the connec- 


tion between the emission of a multiply-charged 
particle and of a fast proton, etc. Analysis of the 
results of experiments of similar type, and com- 
parison with the data on the emission of fast a 
particles, will make it possible to approach the 
solution of this problem. 

The authors would like to express their grati- 
tude to O. V. Lozhkin, and U. I. Serebrennikov, 
who helped in carrying out the work and took part 
in discussing the results. 
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Especially pure (99.98%) beryllium single crystals were deformed at 20° and 77°K. Slip- 
ping along the basal plane (0001) has been detected at 20° as well as at 77°K. Two detor= 
mations stages are discerned: an initial stage, when the displacement occurs in a thin 
layer adjacent to the slip band, and a later stage when the deformation is localized at the 
slip band. In regions between the bands, twisting has been detected which increases with 
the deformation. The twist of the blocks in the early stages may be ascribed to the effect 
of residual strains. In the later stages, when the rotation reaches 3°, one is forced to as- 
sume that twinning takes place during slip. The large magnitude of the relative displace- 
ment in the second stage may be explained by violation of continuity with subsequent heal- 


ing of the contacts. 


Ws have shown elsewhere!” that single crystals 
of commercial beryllium, 99.7% pure, have a plas- 
ticity, particularly basal slip along (0001) plane, 
not only at room temperature but also at lower 
temperatures. We have found as the results of 
these investigations that the first microcracks 
(along the planes of the prisms and second-order 
pyramids) are formed as a consequence of non- 
uniform shear along individual basal slip bands. 
At low temperature, the non-uniformity of the 
shear increases, leading to an increase in brittle- 
ness. The non-uniformity in shear can be assumed 
to be due to impurities and that the shear would be 
more uniform in pure beryllium. 

In this project we have investigated basal slip 
of single crystals of especially pure beryllium 
(99.98%) at low temperatures (20 and 77°K), at 
which brittleness of this metal manifests itself 
most. 


1. SPECIMENS AND INVESTIGATION PROCEDURE 


Single crystals were grown from the melt by 
slowly cooling pre-purified beryllium in vacuo.T 
The method of preparation of single-crystal spe- 
cimens was described in detail in earlier papers. !»? 

The samples were oriented in such a way that 
the basal plane (0001) made an angle of 45° to the 
direction of the deforming forces, while the direc- 
tion of the shear in the case of basal slip — the 
first-order diagonal [1120] was parallel to one 


*For parts I and II see references 1 and 2. 
+The pre-purified beryllium was graciously furnished to us 
by V. E. Ivanov and V. M. Amonenko. 
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of the side faces of the specimen (Fig. 1). The 
specimens were deformed by uniaxial compression 
in a machine provided with a special fixture for low— 
temperature testing.*** The speed of deformation 
was constant at 0.03 mm/sec. The compression 
was carried out in sequence to 6=0.1, 0.3, 0.7, 
0.9, 1.7, and 6%. The sample was subjected after 
each step to x-ray, micro-interference, and elec- 
tron-microscopic investigation by methods de- 
scribed in references 1, 2, and 5. In addition, it 
was possible to determine the overall picture of 
the slip at various stages of deformation from the 
displacement of scribe marks scratched beforehand 
on one of the lateral faces of the specimen, coin- 
ciding with the (1100) shear plane. These data 
were compared with the profile of the face of the 
specimen, perpendicular to shear plane (face ah, 
Fig. 1). To draw the profile of this face, use was 
made of an electron-microscopic photograph with 
a lacquer replica contrasted with chromium. 
Usually the angle and the direction of contrast- 


FIG. 1. Crystallographic 
orientation of the slip elements 


(CE=145>) 


SLIPPING OF BERYLLIUM 


ing are determined from the shadows produced by 
the magnesium-oxide crystals that settle on the 
replica that during the combustion of a magnesi- 
um ribbon.® In this case, however, an exact de- 
termination of the length of the shadow is difficult 
because of the arbitrary placement of the cubic 
crystals of the replica. To increase the accuracy 
of the drawn profile, spherical particles were de- 
posited on the replica. These particles were ob- 
tained from a 1% solution of coloxylin in amyl 
acetate by atomizing the solution in air.* 

Drops of the solution, suspended in air, con- 
tract into spheres on the order of 0.1 in diam- 
eter after the evaporation of the amyl acetate. 
Under suitably chosen conditions one or two 
spheres settle on the replica within the field of 
view of the electron microscope. By measuring 
the radius of the sphere R and the length of the 
shadow H it is possible to determine the con- 
trasting angle from the following formula 


a, = 2 tan! (R/H) (1) 


2. RESULTS AND DISCUSSION 


Unlike technical beryllium, in which slip is ob- 
served only at 77°K and above,f basal slip in pure 
beryllium occurs even at 20°K. It manifests itself 
in the form of thin straight-line tracks on the lat- 
eral faces of the specimen. The appearance of the 
first band is preceded by a stage of block formation, 
which is observed from the fragmentation of the 
Laue dots and deformation without formation of slip 
tracks. However, in pure beryllium this process is 
weakly pronounced. For example, it was noted with 
the aid of an electron-microscope that in pure beryl- 
lium the first bands appear at 77°K after 0.3% com- 
pression, while in technical beryllium the bands 
arise only after 3% compression. Furthermore, 
in pure beryllium the yield point is more than 10 
times lower. The lower resistance of single-crys- 
tal pure beryllium to shear combines with the weak 
development of the block formation in the initial 
stage of deformation. The table lists the mechan- 
ical characteristics of beryllium crystals of vari- 
ous purity at 20 and 77°K. 

Purification of beryllium leads to a reduction of 
deformation in block formation and to an increase 
in the overall plasticity. The slip tracks of pure 
beryllium at low temperatures are similar in ex- 
ternal appearance to the slip tracks of technical 


*The procedure of determining the angle of contrasting 
with the aid of coloxylin small spheres was developed by I. M. 
Fishman, and will be described in detail elsewhere. 

tAt 77°K only weak basal slip occurs in technical beryl- 
lium. 
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urity of Deforma- Total 
Test tem- | beryllium | tion prior to residual 
perature (percent- appearance com- 
(degrees age) of bands pression | Ultimate 
K) by weight) | (percent) (percent) strength 


No slip bands 
observed. 


beryllium at 200°C and above. This is explained 
by the fact that the deformation by block forma- 
tion, which precedes the basal slip, is sufficiently 
small in either case. The prismatic slip which 
occurs in technical beryllium at 400°C is observed 
in pure beryllium at 77°K. As the compression 
stress increases, the number of slip bands and 

the displacement in each band also increase. Lines 
scratched beforehand on a polished lateral face of 
the specimen bend and shift during the compression 
process. 


8. INVESTIGATION OF THE PROFILE OF THE 
SPECIMEN SURFACE 


Figure 2a shows an electron-microscope photo- 
graph of a portion of the face parallel to the (1100) 
shear plane of the specimen, deformed 0.3% (at 
77°K) by a compression stress of 3.4 kg/mm?. 
The black lines at 45° to the vertical axis of the 
specimen are the tracks of basal slip bands. The 
scribe marks intersect the slip track. At the ini- 
tial stage of the deformation, the shear is not ob- 
served directly on the slip band. As the distance 
from the track of the band increases, the shear in- 
creases and reaches a maximum at a distance of 
0.4u. The remaining portion of the crystal shifts 
as a whole and therefore the scratch remains 
straight. Thus, the curved portion of the scribe 
mark near the slip plane shows a region in which 
the shear deformation, usually ascribed to the slip 
band, is concentrated. Figure 2b shows schemat- 
ically details of an electron-microscope photograph 
(Fig. 2), in which the reproduction does not show 
the scribe marks with sufficient contrast). The 
residual relative shear in this region is 


1 = S/d, = 0.63, 


where by is the thickness of the shear region, and 
Sn the displacement of the scribe mark in the di- 
rection of the shear. The straight sections of the 
seribe marks on both sides of each slippage band 
are no longer parallel after the deformation. This 
could be explained by the influence of the remain- 
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FIG. 2. a) cracks of the basal slip bands on the shear 
plane (1100) (See Fig. 1). Temperature 77°K. Deformation 0.3%. 
The curved lines near the slip bands are the scratch marks. 

b) arrangement of the details of the photograph. Dotted line 
illustrates the region of the localization of the shear, 1—1 and 
2—2 are the scribe marks. 


ing elastic stresses which have opposite signs on 
both sides of each band.’ In this case the elastic 
relative shear is 


y, = tan vy, —tan(g;,— 4), 


where ¢, is the angle between the normal (N-N) 
to the slip band and the initial direction of the 
scribe mark (B-B), and ay, is the angle of rota- 
tion of the scribe mark, which equals approximately 
half the angle between the directions of the straight 
segments of the scribe mark (B,-B,) on both sides 
of the band after deformation (see Fig. 3). From 
Fig. 2a we obtain @, * 1° when , = 35°, which 
yields y, = 0.026. This value of a, corresponds 
approximately to the yield point. 

Further deformation leads to localization of 
the shear on the slip band. The scribe marks 
break and the tracks of the slip band shift a con- 
siderable distance from each other. Figures 4a 
and 4b show an electron-microscope photograph 
and a diagram of a portion of the lateral face of 
the specimen, deformed by 6% at 77°K.* The com- 
pression was 8.5 kg/mm? before unloading. The 


*The specimen was repolished after 1.7% compression and 
fresh scribe marks were scratched on the side surface. Thus 
the shift of the marks on Fig. 4 corresponds to a deformation 
of 4.3% of a specimen previously deformed by 1.7%. 
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FIG. 3. Illustrating the calculation of the residual elastic 
stress. A—A) tracks of slip bands on the (1100) shear plane; 
N—N) normal to the slip plane; B—B) initial position of 
scribe mark; B, —B,) position of scribe mark after a small 
plastic deformation (6 = 0.3%); +) direction of shear. 


shear along the slip plane reached a considerable 
value (2.54). Distortions near the slip plane man- 
ifests themselves more sharply. The photograph 
shows clearly the complicated relief of this region. 

A striking fact is that the sections of the scribe 
marks adjacent to the band are less curved in Fig. 
4 than in Fig. 2. This is apparently due to locali- 
zation of the shear in the band. The relative ro- 
tation of the straight sections of the marks indi- 
cates an increase in the residual stress.* The 
residual relative shear at this stage of basal slip 
is difficult to estimate, since the thickness of the 
deformed layer is very small. It is found thus 
that, in sufficiently pure beryllium, a shear that 
is concentrated in the slip band occurs at 77°K. 

In commercial beryllium, a similar shear is ob- 
served only at temperatures exceeding 400°C.? 

From the data obtained it follows at in beryl- 
lium the initial stage of the basal slip is localized 
in the region adjacent to the slip band and covers 
a layer several hundreds or thousands atomic dis- 
tances thick. Starting with a certain stress, the 
slip is concentrated in the slip band and is charac- 
terized by a large relative shear. 

The slip should result in a change in the profile 
of the lateral face of the specimen (face ah of 
Fig. 1). Rosenhain® has observed in a single crys- 
tal of iron a sawtooth contour., corresponding to 


*Large local distortions occur in certain sections of the 
face bh (see Fig. 1), leading to a considerable increase in 
the angle of rotation of the scribe marks, o, (see Fig. 3). 
Figure 5 shows the corresponding electron-microscope photo- 
graph. In this case a, ~ 3°, corresponding to y, ~ 0.067. So 
large a value cannot be atributed to the influence of the resid- 
ual stress alone. The rotation of the marks may reflect in 
addition to the residual stress, also the rotation of the crystal 
through twinning in slip, similar to that described by Brilliantov 
and Obreimov.8 It is important to note that in our case we deal 
with slip along the basal plane of a hexagonal crystal, slip 
considered by most authors as purely translational. In refer- 
ence 8, however, the substance investigated was rock salt, in 
which the slip may be more complicated. 
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FIG. 4 (A, B). Tracks of the basal slip bands at 77°K. 
Deformation 6%. The shear is localized on the slip plane and 
amounts to 2.5. AA, ~ BB,. 


“pure” slip. Greenland,!” however, found in a 
mercury single crystal a profile that evidences 
non-uniform shear of various layers of the crystal. 
In beryllium one can observe two types of profiles, 
a smooth one at the start of the deformation and a 
rough (sawtooth) one at a certain stage of defor- 
mation. Micro-interference investigations confirm 
this statement (Fig. 6). In a specimen compressed 
by 0.3% at 77°K, the interference bands curve 
smoothly along the slip track, and the absolute 
shear displacement amounts to, on the average, 
one interference fringe (0.22) (Fig. 6a). Ina 
specimen compressed by 6% at 77°K, the interfer - 
ence fringes break up on the slip tracks, the abso- 


FIG. 6. Interference fringes on the ah face (Fig. 1). Tem- 
perature 77°K. A—A) track of slip band, a) deformation 0.3%, 
b) deformation 6% (x 1000). 


FIG. 5. Illustrating mechanical twinning in basal slip. +d 
A—A) tracks of the basal slip band; B, —B,) position of the 
scribe mark after plastic deformation (6 = 6%). 


lute shear displacement amounts to 9 or 10 inter- 
ference fringes (2—2.25yu) (Fig. 6b). 

It was shown earlier? that one of the causes of 
brittle fracture of single-crystal commercial 
beryllium is non-uniform shear along the basal 
slip band. The uneven shear manifests itself in 
the different displacement of the scribe marks 
that cross one slip band. In the case of pure 
beryllium no unevenness in shear is observed even 
if the shear is in the slip band and amounts to 3 to 
5u. The elimination of impurities from the beryl- 
lium contributes to the greater uniformity of the 
shear in basal slip, eliminates the appearance of 
microcracks along the planes of the second-order 
prisms and pyramids at various stages of defor- 
mation, and consequently raises the plasticity of 
the crystal. 

The plasticity of purified beryllium single crys- 
tals manifests itself also in the fact that at 77°K, 
along with single slip bands, stacks consisting of 
many closely-spaced slip bands are produced. The 
appearance of such stacks is observed even at 0.7% 
deformation. The stack is 10 to 15y thick, and the 
shear displacement is 0.5 to 0.8u. Figure 7 shows 
electron-microscope photographs of a stack of 
basal slip bands in a specimen deformed 0.7% at 
77°K. An electron-microscope investigation of the 


FIG. 7. Group of basal slip 
bands on the ah face (Fig. 1) 
at 77°K and 0.7% deformation. 
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FIG. 8. Illustrating the determination of the profile. i, — 
contrast direction, je, — direction of electron beam, «, = 
15° — angle between the contrast direction and the undeformed 
face. OO, — undeformed face, S — surface element of the re- 
plica, N — normal to the surface element of the replica, p— 
angle between the normal to the surface element and the con- 
trast direction. 


structure of the stack was made with the aid of 

chrome-stained lacquer replicas. A photograph 
of Fig. 7 was used to draw a profile of the slip- 
band stack. 


4. INVESTIGATION OF THE PROFILE BY PHO- 
TOMETRY OF THE ELECTRON-MICROSCOPE 
PICTURE 


Let an element S of the surface of the replica 
be arbitrarily oriented relative to the beam ig of 
the contrasting substance (Fig. 8). The amount of 
substance condensing on the surface element is 
determined from the expression 


q = dQ/dS = Qcos ¢/4nR%, (2) 


where Q is the total amount of evaporating sub- 
stance, R is the distance from the evaporator to 
the surface element S of the replica (R is con- 
siderably greater than the linear dimensions of the 
replica), and ¢g is the angle between the direction 
of ig and the normal to the surface element S. 

If the replica is examined in an electron micro- 
scope, the electron beam passes through a stained 
layer of thickness 


= d — Q cos 9 
~ cos (9 — 9) 4x R*p cos (9 — 9)? (3) 


where d is the thickness of the layer of stained 
substance in the normal direction to the surface 
element S of the replica, and R is the density 
of the stained substance. 

The electron beam is partly absorbed in the 
layer A and is scattered (one can neglect the 
absorption in the lacquer replica compared with 
the absorption in the chromium). The intensity 
of the electron beam after passage through a layer 
NSS 


GARBER, GINDIN, and SHUBIN 


Ja = Sey (4) 
where pw is the absorption coefficient. Since 
dh / dx = tan(}— 9), (5) 
(cf. Fig. 8), the ordinates of the profile h can be 


determined from 


h-= + \f (x)dx, (6) 


Se & 


where 6 = Q/4mR’%p is a constant, and 


sin (9 — 9) (7) 


cosp ” 


ea Inj 


which follows from (2), (3), and (4). 

It is not necessary to determine f in order to 
calculate h, since ¥=gq for a horizontally-placed 
element S of the replica (see Fig. 8), i.e., we 
have from (8) and (4) 


In (Jo / Jan) =P COs 3. (8) 


Here Jap is the intensity of the electron beam 
passing through the horizontal portion of the rep- 
lica. 

Inserting into (6) the value of 8 from (8), we 
get 


h =cot9 {| (may 


—t\dx]. 


The density D of the photographic plate is por- 
tional, within a definite exposure interval, to the 
intensity of the electron beam. One can therefore 
express the integrand f(x) in (9) as follows: 


0 


[nat D eee 1/2) 


f(x) ain (ep) ais (10) 


It must be noted that Dax is the density pro- 
duced in an electron-microscope plate by an elec- 
tron beam that has experienced no scattering or 
absorption, i.e., that has passed through a section 
of the replica on which there is no contrasting sub- 
stance. In our case such a spot is the shadow re- 
gion produced by the coloxylin sphere, placed on 
the replica to determine the direction and angle of 
contrast. Dp is the density on the horizontal por- 
tion of the replica, while D is the density of the 
replica at the point with the given value of x. Thus 
to determine the profile of the face it is enough to 
carry out a photometric measurement of the elec- 
tron-microscope plate, find f(x), and integrate 
(9). In other words, the area bounded by the curve 
at f(x) for various values of x will yield all the 
points of the sought profile of the individual slip 
band. 

Figure 9 shows the profile of a stack of slip 


’ 
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bands in pure beryllium. It is seen that the 
profile is smooth (as in the case of single 
bands during the earlier stage of deforma- 
tion). The thickness b of an elementary band 
in the stack, in the case of a 0.7% deformation, is 
estimated to be 700A, while the absolute shear 
(AS =b-—a) on the band is approximately 200A. 
Consequently, the relative shear in the region ad- 
jacent to the slip band is y = AS/b = 0.3. In the 
case of a single band, y=0.6 at 6= 0.3%. For 
a uniform overall deformation in the stack, the 
shear at each band is somewhat smaller than in 
individual slip bands, this being compensated for 
by the closer placement of the bands in the stack. 


5. INTERPRETATION OF THE PHENOMENA 


It is interesting to compare the data obtained 
with the results of investigations on the fine struc- 
ture of slip bands of the following plastic metals; 
mercury,!? zinc,!! and aluminum.!? In these metals 
the profile is believed by the authors to be smooth 
and the average shear per band is believed to be 
several thousands of angstroms. The relative 
shear per band is several units. Since these data 
pertain to the initial stage of deformation, one can 
conclude that pure beryllium exhibits typical plas- 
tic properties at low degrees of compression. 

The observed phenomena can be interpreted in 
terms of the dislocation theory as follows. In the 
initial stage shearing occurs of an entire stack of 
glide planes, which leads to bending of the lines 
near the future slip bands, as can be seen from 
Fig. 2. The resolving power of the electron- 
microscope would permit observation of steps not 
less than 100A on the curved portion of the scribe 
line. Judging from Fig. 2a, no such steps appear, 
and consequently we can assume that the adjacent 
glide planes does not exceed 100A. This corre- 
sponds to a linear density of 10° per centimeter of 
the edge dislocations in a direction perpendicular 
to the glide planes. Assuming that the distance 
between the dislocations in each glide plane is of 
the same order, we obtain a figure of 10'? per cm? 
for the dislocation density in this zone. 

As the relative shear reaches 0.6, correspond- 
ing, under these assumptions, to an emergence of 
20 dislocations on the lateral surface of the crys- 
tal at each glide plane, the active planes become 
stronger, since some of the dislocation stick to- 
gether. As the stresses increase further, this 
leads to localization of the deformation on one the 
glide planes. The region of localization of large 
shear displacements is usually called a slip band, 
as was done in the present paper. 
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FIG. 9. Profile of a stack of slip bands in pure beryllium 
(cf. Fig. 7). b) thickness of elementary band in the pocket, 
equal to 700 A, AS) absolute shear in band, equal to 200 A. 
The relative shear is y = 0.3. 
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The shear localized in a slip band at 77°K 
reaches several microns, which amounts to ap- 
proximately 104 atomic distances. It is hard to 
believe that a regular motion of so large a number 
of dislocations is possible without a noticeable 
strengthening. It is therefore more probable that 
the localized shear is due to damage to the conti- 
nuity with subsequent healing of the contacts.'8 


6. CONCLUSIONS 


1. In crystals of 99.98% pure beryllium a clearly 
pronounced slip is observed along the (0001) basal 
plane, beginning with the temperature of liquid hy- 
drogen (20°K). 

2. The character of the slip differs substantially 
at different stages of deformation. At small de- 
gress of compression, there is no shear directly 
on the band, and the slip takes places in layers 
adjacent to the band. The remaining part of the 
crystal, between the two bands, moves as a whole. 
The residual stresses produce an elastic shear of 
opposite sign in the layers of the crystal adjacent 
to the band. At considerable degrees of compres- 
sion, the slip is concentrated on the band and is 
characterized by a large relative shear. A charac- 
teristic feature of this stage is the development of 
a sawtooth profile in the crystal face, which, in the 
case of basal slip,® can be considered as the result 
of twinning along planes with large indices which 
combines with the break in the continuity and a 
subsequent healing of the contacts over the slip 
surface.'8 

3. The non-uniformity of the shear is due to 
the presence of impurities; purification of the be- 
ryllium makes for more uniform shear along each 
slip band, leading in turn to an increase in the 
plasticity of the metal. At 77°K one observes a 
formation of stacks of basa! slip bands. 

A method was developed for plotting the face 
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profiles of deformed crystals, which makes it pos- 
sible to determine the principal parameters of the 
fine structure of single and multiple slip bands. 
The authors expressed their gratitude to I. M. 
Fishman for preparing and contrasting of the rep- 
licas and taking the electron-microscope photo- 


graphs. 
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We have measured the cross section gat for proton production resulting from the disso- 
ciation of molecular hydrogen ions Hp in einele collisions occurring in helium, argon, 


hydrogen and air. 


The energy T of the Hp ions varied between 5 and 180 kev. 


For 


hydrogen and helium the oy+(T) curves possess two maxima, while age argon and air 
they rise monotonically. The angular distribution of primary 24-kev Hp ions scattered 
in patece without change of e/m was investigated as well as the angular distributions of 


H* and H™ ions resulting from dissociation. 


It is concluded that with decrease of the 


distance of closest approach between the nuclei of the colliding particles the relative 
probability of scattering with dissociation increases. 


INTRODUCTION 


In investigations of inelastic collisions associated 
with changes of e/m for the molecular ion Hp the 
following possible processes must be considered: 


H} > H9; (1) 
H} > H® + H° (II) 
Ht> H +H"; (IIT) 
H}—> H + H°; (IV) 
H}>H +H; (V) 
H} > H* + H°; (VI) 


(VII) 


Process (I) is ordinary charge transfer with the 
capture of a single electron from the target atom. 
Processes (II) — (VII) are different dissociation 
modes of the molecular ion Hp resulting in the 
formation of the atomic particles H*, H’, and-H’; 
(II) — (V) are dissociation processes with electron 
capture; (VI) is dissociation without clecires trans- 
fer and (VII) is dissociation with the Hp ion losing 
an electron. 

The sum of the cross sections for processes 
(II) — (VII) gives the total dissocation cross section 
og. The cross section for proton production opt 
is the sum of the cross sections for the processes 
(III), (VI), and (VII). oo, the cross section for the 
production of neutral particles, is the sum of the 
cross sections for processes (I), (II), (IV), and (VI). 
Oy,-, the cross section for the production of H™ 
ions, is the sum of the cross sections for processes 
(III), (IV), and (V). 


The principal role in the dissociation of the Hy 


Hy} > H’ +H’. 
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ion at kilovolt energies is evidently played by the 
processes (II), (VI), and (VII). Processes leading 
to the production of fast negative ions possess small 
cross sections.! The energy expended in each of 
processes (I) — (VII) varies depending on the elec- 
tronic and vibrational excitation energies of the 

two colliding particles. 

The theory of molecular ion dissociation through 
collisions with atoms is not highly developed. The 
cross sections for (VI) and (VII) at high velocities 
in the Born approximation have been estimated only 
in a brief paper by Salpeter.” Effat’s experimental 
results,® obtained with a cyclotron, are in satisfac- 
tory agreement with Salpeter’s theory. The total 
cross section oy+ for proton production from the 
dissociation of Hp ions in nitrogen, argon, neon, 
and hydrogen has been measured by Fedorenko‘ at 
5 —25 kev. Damodaran*® measured oy and opt in 
a few gases at 100 — 200 kev. Very little informa- 
tion is available regarding the cross sections for 
H} dissociation at low energies.®! 

In the present work we measured the proton- 
production cross sections at energies intermedi- 
ate between those used in references 4 and 5, in 
the atomic gases helium and argon and molecular 
gases hydrogen and air. 


1. DESCRIPTION OF APPARATUS 


Measurements were obtained with the mass- 
spectrometric apparatus which was described in 
earlier papers by our group.%*? We shall give a 
brief description of the present experiment. A 
monoenergetic Hy ion beam obtained by means 
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FIG. 1. Diagram of collision chamber and analyzer. AC — 
analyzing chamber; O — geometric center of rotation of anal- 
yzer; S, — entrance slit of collision chamber; S, — exit slit of 
collision chamber; S, — collimating slit for investigating ion 
scattering; S, — exit slit of analyzer; F, — collector of pri- 
mary ions; F, — collector of analyzer; F, — collector of fast 
neutron particles; B — bottom of collector F,; EM — electron 
multiplier; VV, and VV, — vacuum-tube voltmeters; GC — guard 
condensers; P — diffusion pump; G and V — tubes for gas inlet 
and vacuum gauge connection. 


of a magnetic monochromator entered a collision 
chamber filled with the investigated gas and was 
subjected to e/m analysis in the magnetic field. 
The primary beam entering the collision chamber 
possessed initial divergence less than 0.5° in both 
the horizontal and vertical directions. A schematic 
horizontal section of the collision chamber and ana- 
lyzer are shown in Fig. 1. For investigations of 
ion scattering the analyzer can be rotated around 

a vertical axis passing through the geometric cen- 
ter of the collision chamber through the angular 
range —17.5°< @<17.5° from the primary-beam 
direction. The entrance slit S, of the collision 
chamber was 1 mm wide and 3 mm long. Slits S, 
and S3 served for collimation of scattered ion 
beams. The analyzer was rotated and the widths 

of the slits were varied without affecting the vac- 
uum. Variation of the magnetic field strength in 
the analyzer can be used to send to collector Fy, 
either primary H3 ions or H’ and H™ ions re- 
sulting from Hy dissociation in the collision cham- 
ber. The adjustable slit S,; was used to determine 
the geometric widths of spectral lines, which were 
considerably smaller than the inlet aperture of col- 
lector F,. The current to F, was measured by a 
vacuum -tube voltmeter of sensitivity 1 x 107'4 amp 
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per scale division. Sensitivity was increased by the 
use of a measuring scheme which consisted of an 
open electron multiplier connected to the input of 
a vacuum-tube voltmeter; the sensitivity of this 
system was 1 X 107!” amp per division. For the 
measurement of very small currents the bottom 

of F, was raised by means of flexible bellows and 
the ion beam entered the electron multiplier. A 
similar measuring scheme was previously used by 
the authors of the present paper to investigate the 
scattering of secondary ions! and in the present 
instance was used to investigate the scattering of 
fast ions. The primary beam passing through the 
collision chamber was measured by Fy, with rota- 
tion of the analyzer through the angle 9 =+5°, in 
which position practically the entire primary beam 
was captured by F,. The primary current of 1 x 
10-8 —1 x 10-* amp was measured by a galvanom- 
eter. Collector F3 was used to detect fast neutral 
particles produced from Hj ions. 


2. INVESTIGATION OF SCATTERING 


For the investigation of scattering we used a 
procedure similar to that described in references 
11 and 12. The first collimating slit S, was 1.5 
mm wide and 6 mm long; the dimensions of the 
cecond collimating slit S3; were 0.25 and 2.0 mm, 
respectively. The angular resolution of the measur- 
ing scheme as a whole was ~ 2.3°. 

After the collision chamber was filled with gas 
we observed some broadening of primary Hy ion 
lines and the appearance of atomic H*t and H7 
ions resulting from Hp dissociation. We investi- 
gated (1) the angular distribution of primary Hp 
ions with the collision chamber pumped down to its 
ultimate vacuum, i.e., the shape of the beam; 

(2) the angular distribution of H} ions and the 
angular distributions of H* and H”™ ions after the 
collision chamber was filled with gas. For each 
case separately we determined the angular distri- 
bution 


f (8) as bo /ty, (1) 


where @ is the angle of ion deflection due to rota- 
tion of the analyzer, i, is the primary current in 
the collision chamber and i, is the current to Fy. 
We used the data to compare the angular distribu- 
tions for Hj, H* and H™ obtained with completely 
identical geometry. 


3. TOTAL CROSS SECTIONS Oyt+ FOR PROTON 
PRODUCTION 


Preliminary scattering experiments showed that - 
a large fraction of the protons resulting from H> 
dissociation are deflected through small angles 
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FIG. 2. Proton pro- 
duction cross section in 
helium as a function of 

+ 
H, energy; 4 — data 
from reference 5. 
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from the primary beam direction. Therefore, as 
in references 4, 5, and 8, oyt was determined by 
means of a collision chamber with a wide entrance 
slit. The second collimating slit S; was removed 
and the width of slit S, was increased to 4.5 mm. 
It was determined experimentally that further in- 
crease of the slit width does not produce an appre- 
_ ciable increase of the proton current to F,. For 
the measurement of oy+ the analyzer was set in 
the position 9 =0°. Proton production cross sec- 
tions were determined from the formula 


cut = tp /iynlk, (2) 


where n is the atomic concentration of the given 
gas in the collision chamber; i, is the proton cur- 
rent measured by F,; i, is the primary H3 ion 
current in the collision chamber; 7 is the length 
of the collision chamber (16 cm); k is the so- 
called “penetration coefficient” of the analyzer, 
_ which is the ratio of primary beam currents meas- 
ured by F, and Fy, when the collision chamber is 
filled with gas. The value of k characterizes the 
attenuation of the primary ion beam through elastic 
and inelastic scattering; in our work k varied 
from 0.85 to 0.95. The conditions for single colli- 
sions between primary ions and gas ions, resulting 
in dissociation, were established by investigating 
the ratio i,/i;=y(p) for protons entering Fy. 
The principal measurements were obtained at the 
pressure p # 1.5 x 10° mm over a linear portion 
of this relation. Differential pumping maintained 
the pressure below 5 X 1078 mm in other portions 
of the apparatus. 

The purity of the investigated gas was monitored 


FIG. 4. Proton pro- 
duction cross section in 
hydrogen as a function of 
H} energy a — data 
from reference 5; dashed 
line — curve from refer- 
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by a separate analyzer, which was previously used 
to investigate the charges of secondary ions pro- 
duced through the ionization of gas atoms by the 
ion beam.!? Random errors in determining oy+ 
are estimated at +12%, combining errors in meas- 
uring the gas pressure (+6%) and the ion current 
(+ 6%). 

Equation (2) was also used to determine oy-, 
but we regard the value obtained for the latter as 
approximate since the oy-(p) curve did not pos- 
sess a well-defined linear portion. 


4, EXPERIMENTAL RESULTS AND DISCUSSION 
1. Proton and H™ Production Cross Sections 


The dependences of o}+ on H; ion energy in 
helium, argon, hydrogen, and air are shown in Figs. 
2, 3, 4, and 5. The cross sections were calculated 
for a single primary molecular ion per gas mole- 
cule. All of the figures also show the values of 
oyz+ taken from Damodaran’s data®* and Figs. 3, 
4, and 5 give the corresponding curves taken from 
Fedorenko’s work.’ All of the experimental data 
for argon show satisfactory consistency, whereas 
for the other gases the spread of experimental re- 
sults somewhat exceeds the limits of the random- 
measurement errors indicated in the respective 
papers. The curves obtained in the present work 
give higher values of the cross sections for a single 
Hp energy. We note that in reference 4 the pene- 
tration coefficient of the analyzer did not exceed 
0.35, so that, as indicated in the present work, the 
values of oy+ could be too low. The same inade- 
quacy of the experimental procedure could have 
existed in reference 5 because of the relatively 
narrow entrance slit of the collision chamber. 

It is evident from Figs. 3 and 5 that ot in 
argon and air increases continuously over the en- 


*Using the data of reference 5, o,,, can be determined 


from the ratio 0434/74: However, in determining the total 
dissociation cross section og in reference 5 the experimental 
data are interpreted inaccurately, since the author neglects 
the possibility that H} molecules resulting from ordinary 
charge transfer can enter the neutral-particle detector together 
with H° atoms. 


FIG. 5. Proton pro- 
duction cross section in 
air as a function of Ht 
energy; 4 — data from 
reference 5 for nitrogen; 
dashed line — curve 
from reference 4 for 
nitrogen. 
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tire investigated energy range. For hydrogen and 
helium Opt (T) shows a broad peak between 100 
and 160 kev. Also, the same curves reveal an ad- 
ditional narrow peak, at ~15 kev for hydrogen and 
~ 30 kev for helium. These narrow peaks are not 
very sharply defined and in general fall within the 
limits of error mentioned above. However, fre- 
quent repetition of measurements in this range 
confirmed without exception the existence of these 
peaks of oy+(T) for hydrogen and helium. 

The cross section for the production of negative 
ions was measured only in argon, giving oy- ~ 1.6 
sale em vate12, keys eA: rapid continuous reduction 
of oy- is observed as the energy is increased up 
to 180 kev. 

According to general theoretical concepts, the 
dissociation of molecular ions possessing energies 
of thousands of volts in collisions with atoms should 
proceed mainly through electron transitions to ex- 


cited levels, observing the Franck-Condon principle. 


Dissociation due to the excitation of vibrational 
states plays an essential part at lower energies. It 
is known from the most recent work on the ioniza- 
tion of atoms by ionic impact®:!4~"" that in the kilo- 
volt range ionization cross sections in heavy gases 
can attain values ~1 x 107!° cm? and the excitation 
of both colliding particles is observed. Therefore 
large cross sections for the dissociation of the 
molecular ion Hp are not unexpected. 

It appears to us that some characteristics of the 
oyt+(T) curves can be explained qualitatively from 
a consideration of the theoretical potential energy 
curves for electron states of He. The narrow 
first peak of the 0y+ curves for hydrogen and 
helium can be attributed to a transition from 75 g> 
the ground state of H3, to the repulsive state Soe 
with the production of a proton and of a hydrogen 
atom in an unexcited state. The broad second peak, 
at a higher energy, can be associated with a transi- 
tion of Hj to various excited states or to a fully 
ionized state with the production of two protons 
and an electron. The cross sections opt in argon 
and air are considerably larger than in hydrogen 
and helium; this apparently results from the rela- 
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tively large probability of Hp excitation in pass- 
ing through the complex electron cloud of a target 
atom. 


2. Angular Distributions 


In the light gases hydrogen and helium Hp ions 
with energies T 2 100 kev are scattered without 
dissociation, and the atomic ions H* and H™ re- 
sulting from the dissociation are deflected very 
little from the primary beam direction. We shall 
therefore give only the clearest data for scatter- 
ing in argon at 24 kev, the curves for which are 
shown in Fig. 6. A logarithmic scale is used for 
the angular distribution f{(@). 

The angular distribution curves were compared 
more conveniently by making them coincide at 
6 = 0°. The small amount of broadening of the Hp 
angular distribution for a gas-filled collision cham- 
ber is evidence that H3 ions are scattered without 
change of e/m. It is quite evident that the angular 
distributions of Ht and H™ ions resulting from 
dissociation are flatter. Similar results were pre- 
viously obtained by Fedorenko!! in a study of Nz 
scattering in neon and of H} and Hj scattering 
in krypton. 

These results permit the general conclusion that 
the relative probability of scattering with dissocia- 
tion increases with reduction of the distance of 
closest approach between a molecular ion and gas 
atom. This conclusion is supported by the follow- 
ing considerations. Classical concepts can be used 
to interpret data on the scattering of atomic par- 
ticles at kilovolt energies outside of the small- 
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FIG. 6. Angular distributions: 0 — for primary Hy ions, 
with the collision chamber at a pressure of 5 x 107° mm; 
e,@, 0 — for H{, H* and H, with the collision chamber 


filled with argon at 1.5 x 10‘ mm. 
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angle region.!0-!2,19,20 Snecifically, increase of 

the deflection angle corresponds to reduction of the 
impact parameter and of the distance of closest ap- 
proach of the colliding particles. In addition, elas- 
tic and inelastic scattering angles differ very little 
when the inelastic energy loss is small compared 
to the kinetic energy of relative motion of the col- 
liding particles. 

The two atomic particles resulting from the dis- 
sociation of Hy during their separation acquire 
additional kinetic energy as the Hp ion makes its 
transition to a repulsive state; however this energy 
does not exceed 10 ev per particle even when two 
protons are produced. The magnitude of the addi- 
tional energy can be used to determine a corre- 
sponding change of direction, which in our case is 
computed to be less than 1.6°. Therefore the dif- 
ferent shapes of the angular distribution curves in 
Fig. 6 cannot be attributed only to mutual repulsion 
of the atomic particles produced by dissociation. 
Indeed, it is evident that as the deflection angle is 
varied a redistribution of the relative probabilities 
of different types of scattering is observed. Inelas- 
tic scattering with dissociation becomes relatively 
more probable as @ increases. Ionic scattering 
without dissociation, which is elastic when unac- 
companied by excitation, occurs principally at 
small angles. 

In our earlier studies of primary ion scattering 
with the loss of electrons,’ and of the scattering 
of secondary ions derived from gas atoms,'" it was 
determined that a reduction of the distance of clos- 
est approach of the colliding nuclei is accompanied 
by increased relative probability of inelastic proc- 
esses requiring the expenditure of relatively large 
amounts of energy. The results of the present 
work show that this phenomenological law can evi- 
dently be extended to the dissociation of molecular 
ions and we presume that it is a general property 
of atomic collisions. 

In conclusion it is a pleasant obligation to thank 
O. B. Firsov and V. M. Dukel’skiY for discussions. 
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The relative intensities of the K, Ly+Ly, Lyyy and M+N photoelectric lines produced 
in various targets by y rays from several radioactive isotopes were measured by a y 
ray spectrometer of resolving power 0.4%. The results are compared with theoretical 


calculations. 
1. INTRODUCTION 


lie spite of the considerable amount of work on the 
photoeffect, there is up to now no formula for accu- 
rate calculation of the probability of this process 
for arbitrary energy of the x-rays or y rays. The 
process of emission of an electron from the K 
shell has been considered in greatest detail. For 
the nonrelativistic case, Heitler! gave a formula 
for the photoelectric cross section in Born approx- 
imation. Stobbe* and Hall® obtained more accurate 
results. Using relativistic wave functions, Sauter‘ 
and Hulme? obtained formulae for the photoeffect 

in Born approximation. A simple formula was 
derived by Hall® for the case hv > mc?. The most 
accurate calculations of Tx have been carried out 
by Hulme et al.’ for three elements and two y -ray 
energies. Formulae for the coefficients of photo- 
absorption in the Ly, Lyy+Lyyy and M shells have 
been given by Stobbe and Hall.?? 


2. SURVEY OF EXPERIMENTAL DATA 


In so far as experimental results for the rela- 
tive probabilities of the photoeffect will be given in 


this article, we first consider similar investigations. 


We know of three projects carried out with the view 
of checking theoretical predictions about the rela- 
tive probabilities of the photoeffect, as well as a 
series of studies in which relative probabilities of 
the photoeffect in the K and L shells of the atom 
were obtained from the study of y-ray spectra of 
radioactive elements. A general feature of these 
works is insufficient resolving power of the appa- 
ratus and rather thick targets, 

(a) Marty® measured the ratio of absorption co- 
efficients Tk /T,, for energies of 140 and 411 kev, 
and drew conclusions concerning the agreement of 


experimental results with those calculated from 
Hall’s formula for the relativistic case. Our own 
investigation of the influence of target thickness 
makes us believe that the results for tK/TL, Ob- 
tained there are too low. 

(b) Davidson and Latyshev! determined the ratio 
TK /T,, for 2614-kev y rays. This value was 4.8 
for Pb and 5.3 for Ta. Later?!»!2 Latyshev gave 
slightly different values, 4.9 and 5.4 respectively. 
Since the error in the experiments, according to 
our estimate, constitutes ~ 20%, this difference is 
not meaningful. 

(c) Bazin!? measured the photoabsorption coeffi- 
cients for the Kg, -line of molybdenum, hy = 17.5 
kev, in several targets. 

The results of this investigation were as follows: 


9 


tk /(t.+tm) = 11.3 for sulphur 
tx /(t. +m) = 9.4 for chromium 
t./(tm +tw) = 1.8 for selenium 

t_/tm = 2.6, t1/(tm-+-tw) = 2-1 for silver. 


Unfortunately, the probable errors in these num- 
bers are not given, but clearly they are appreciable. 

(d) Of the works in which the main object was not 
the study of the photoeffect, the article of Navakov, 
Hultberg and Anderson should be noted. Here the 
y vays coming from the decay of Bi?"° were studied. 
A uranium target of thickness 3 mg/cm? was em- 
ployed. For 516 and 880 kev y rays the ratios 
TK /TI, were the same and equal to 5.5. 

It should be noted that in the works considered, 
comparison of the results obtained with theoretical 
ones was somewhat loosely carried out. This was 
because the influence of the angular distributions 
of photoelectrons from the various shells and sub- 
shells of the atom was not taken into account. This 
remark applies, to some extent, to our work as well. 
A complete answer to the problem of the probabili- 
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FIG. 1. Arrangement of the 
z source of photoelectrons: 
oy sone =: 1 — radioactive material (0.3 < 
ii og $ < 0.5), 2 — cylindrical am-_ 
\ 39° poule (1.0 < ¢ < 3.0), 3—back- 
ing of the target (d = 0.2), 
4 — target, 5 — usual position 
of the source of conversion 
electrons. The height of the 
source was 35 mm, the width 
1 mm. 


ties of the photoeffect in various shells of the atom 
would be provided by measuring the intensities of 
the photoelectron lines at various angles, and av- 
eraging the results, after which they could be com- 
pared with theoretical predictions. 


3. EXPERIMENTAL CONDITIONS 


The results of the study of the photoeffect given 
below were obtained by us in continuing during the 
past five years work on the study of the decay of 
various isotopes. The measurements were carried 
out using a 6 spectrometer with a relative half- 
width of 0.4% for the spread coming from the appa- 
ratus.!° 

In our experiments, the photoelectron lines aris- 
ing as a result of absorption of monochromatic y 
rays inthe K, Ly yy yyy and M+WN shells of vari- 
ous elements were studied. The half-width of the 
photoelectron lines was measured to within 0.4 — 
0.8%, depending upon the energy of the photoelec- 
trons. In our experiments, a source with axial 
symmetry!®:!” was employed (see Fig. 1.) anda 
thin target. 

From comparison of our relative y-ray inten- 
sities with the data obtained by other methods, we 
conclude that, within a wide energy interval (0.1 — 
2.0 Mev), the angular distribution of the photoelec- 
trons — which changes with the y-ray energy — 
does not affect the results to more than 15%. From 
this it follows that if there is any difference in the 
angular distribution of photoelectrons, for example, 
from the Ly and Ly subshells in comparison 
with Ly one, then it does not show up in our experi- 
ments. We note that the theory indicates that the 
angular distribution of photoelectrons from the K 
and Ly shells will be similar, and that those oy 
the Ly; and Ly ones will be more isotropic.° 

In the study of the photoeffect from the L shell 
of medium atoms (Z ~ 50), andfrom M and N 
shells of heavy atoms (Z ~ 80), difficulties arise 
in the behavior of the background behind the lines, 
since it is influenced by the photoelectrons emitted 
from the K shells of the atoms of the material 
used either as backing of the target or in the ampule 


CES PHOTO e en iCcr 


273 


875 800 925 950 I75 Hp 


FIG, 2. L, + Lj, and L111; Photoelectron lines from the 
86.6-kev Tb’®° y rays. The target was 0.25 mg/cm? Bi. 


containing the radioactive source. Thus, in our use 
of a brass cylindrical ampule with wall-thickness 
0.6 mm and superimposed target backing of 0.2 mm 
thick aluminum, a noticeable jump occurred in the 
background in the places where the K peaks of the 
photoelectrons of copper and zine should occur. 

In our experiments, we usually measured the 
background behind the peaks of the photoelectrons, 
and we used aluminum both in the ampule and back- 
ing. The thickness of the targets was varied from 
0.03 to 13 mg/cm?, to avoid distortion in the rela- 
tive intensities: Targets with surface thickness 
< 0.3, <1, and 3—13 mg/cm? were used in the 
region of photoelectron energies 30 — 100 kev, up to 
to 200 kev, and above 500 kev, respectively. 


4. THE RATIO (TL, + T7Ly))/TLyy 


Up till now, none of the experimental data in the 
literature can be compared with the theoretically 
predicted relative probabilities of the photoeffect 
from the Ly, Ly and Lyyy subshells of the atom 
for y rays of energy greater than 20 kev. The 
high resolving power of the spectrometer and the 
use of thin targets made it possible to differentiate 
either partially or completely, Ly, Ly, and Lyyy 
lines in measurement with the bismuth target. Since 
the Ly line of Bi is energetically nearer to the 
Ly than Lyyy line, we can make a very reliable de- 
termination of the ratio (TL, + TLy AT Lt We 
choose this ratio to compare rie the (oes of 
Stobbe,” considering the ratio of photoabsorption 
coefficients TLy and TLyy, to be 0.45; 1 corre= 
sponding to the number of electrons in p states 
in the Ly and Ly subshells of the atom, and 
following the theoretical work of Phillips, 18 which 
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FIG. 3. L; + Ly and Lin photoelectron lines from the 
265 kev Se” y rays. The target was 0.1 mg/cm’ Bi. 


determined this ratio as a function of Z, using 
relativistic wave functions. The validity of this 
formula was checked by Patten!? for energies near 
to the threshold for absorption by the L subshells 
and for large Z of order 79—83. Examples of 
measured Ly+Lyy and Ly photoelectron lines 
are given in Figs. 2 and 3. From the formulae of 
Stobbe it follows that 


TLy __ Ay 143 (hy/hy) 

Wann + Lin ~ hyg 3+ 8 (Aye/hy)’ 
where hv is the y-ray energy, hv, =4(Z-—s,)*Ry, 
S, is the Slater screening constant for 2s or 2p 
electrons, equal to 4.15 for all Z larger than 10, 
Ry is the Rydberg constant, (13.61 ev), and Z 
is the charge of the element in which the photo- 
effect takes place. With TL, /T La = 0.45, we 
obtain 


Gis + 55; [ea = 0.45-+-1.45t,,/ Gir -. TL 14): 


In Table I we give calculated and experimental 
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TABLE I. Experimental and 
theoretical values of 
(TL + Thy) /T Lay for 
Z=83 (0.1 mg/cm? 

Bi target, Se’ and Tb'® 
y-ray sources) 


hv | Theory | Experiment 
86.6 Pee tsul 2.6+0.5 
124.2 3,03 3.8+0.8 
136.2 3.66 3.9+0.3 
265.0 6.28 5.00.5 


ratios for four cases. 

Comparison of these numbers shows that the ex- 
perimental values coincide with the theoretical ones 
for small energies, but already at an energy of 265 
kev, they diverge more than the limits of experimen- 
tal error. 


5. THE RATIO T,/Ty 


We did not succeed in establishing any regular- 
ity in the ratio ty,/T. The mean value from ex- 
periments carried out with y rays of various en- 
ergies and with various targets was equal to t,,/TM 
= 3.5 +0.5. It was obtained from very careful meas~ 
urements of the: photoelectron lines from 411-kev y- 
rays from Au!®® on a thorium target, of 364-kev. y- 
rays from J'*! on a bismuth target, etc. The ratios 
Ti,/TM, Obtained with large errors, did not go out- 
side the limits of the magnitude indicated, which is 
in agreement with the value t,,/tTmM =4 used in 
other work. The value TL,/ty = 3.5 was used by 
us where it was not possible to separate the M 
line from the L line. 


6. THE RATIO ty /T1, 


Our experimental data on the ratio TK /T,, for 
various targets and hv are collected in Table II. 


FIG. 4. K, L and M+N_photoelec- 
tron peaks from the 364 kev J** y rays. 
The ampoule was of aluminum. A 3 
mg/cm? Bi target was used. 
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TABLE II. Experimental values of TK /T , and of the proportion 
of the absorption coefficient coming from the K -shell to the 
total photoabsorption coefficient as a function of target material 
and y-ray energy 


Ss OE Deg 

7) eo 3 Y/ KH ry o i > 

Se MNP NRCL US HAE BA PE SE |. S| och | Ered Ea lee 
8 tS x Selec ei) ss 

Ag | 0.25 |121] 8.344.0] 86.542.2 || Au | 7.7] 118015.4 41.0 | 79.844.0 
Ag | 0.25 126] 7.0+0.8] -84.6+2.0 Pb | 13 549 | 4.7 +0.2* | 82.54+0,8 
Ag EO) 121) 7.8+0.8)/ 86,0+1,9 Pb | 13 1696 | 5.4 +0.3* | 83.841.0 
Ag | 1.0 |136) 7.14+0.6} 84,4-+1.9 Bi Oe | AVA) er! SEO). 5) 78.3+3.0 
Ag 1.0 265] 9.0+0.9] 87.4-+1.8 Bi 0.4 136 | 5.0 +0.4 79.6+2,0 
Ag | 4.0 401] 8,841.0] 87.2421 | Bi | 0.4 | 265| 4.9 40.5 | 79.1426 
Ag 3.0 |280)10.24-1.0] 90.7+1.3 Bi 3 364 | 5.9 +0.2 82,2+0.4 
Sb 1.0 280] 9.8+-0.3] 88.5-+0.9 Bi 3 637 | 6.0 +0.2 82.4+0.7 
Pt 3,0 |603}) 5,840.5] 81.8-+2.0 Th 3 441 | 5.2 +0.6 80.2+2.5 
Au 7.7 298) 5.641.0) 841.2+4,0 Th 3 013 | 4,85-+-0,1* | 83,.040,4 
Au 7.7 |878] 5,7+1.0] 81.5+4.0 Th 3 603 | 6.9 +1.2 84.4434 
Au | 7.7 |967) 5,941.0] 82.1+4.0 


* — More accurate values of the ratio T/T + Ty are given. 
**—Here t, /7,, has been taken as 3.5 


Figure 4 shows the results. son with values calculated from both nonrelativistic 
From the experimental results, the dependence and relativistic formulae is given. The latter for- 
of tK/TI, on Z was constructed (Fig. 5). The mula predicts the ratio TK Hanes: to be independent 
mean value of TK /tTj, for given Z and for ener- of energy. In the region of low y-ray energy, the 
gies greater than 200 kev is plotted along the ordi- _— calculated ratio Tx /TL+Ly+ Ly should decrease 
nate. The growth in this ratio with decreasing Z somewhat on account of the contribution of the Lyy 
shows up very clearly. For comparison, a curve and Ly subshells, which grows with decreasing 
‘for TK Pag obtained from Hall’s relativistic for- energy. The experimental points lie between the 
mula® is given. For the ratio TK /Thy +TLyz+TLyy two calculated curves, and not along either. A sim- 
this curve would be somewhat lower because the ilar picture is obtained for silver (Z=47) and an- 
contribution of the Ly; and Ly subshells to the timony (Z=51) (see Fig. 7). In both this case and 
photoeffect is not very large. The experimental the former one, the ratio TK /T], is noticeably 
points begin to deviate strongly from the curve in lower in the energy region 100 — 200 kev; this ef- 
the region Z~ 50. In Fig. 6 we show the depend- fect cannot be explained by experimental error. 
ence of TK /TI, on y-ray energy for a group of Thus, it is established that the experimental ratio 
heavy elements of nearly equal Z, and a compari- TK /TL, disagrees with the theoretical one both in 


FIG. 5. t,/t, asa function of Z. 
The points represent mean values for y 
rays of energies greater than 200 kev; 
© — our results, X — results of Latyshev’® 
with hy = 2614 kev, 0 — results of Bazin’’ 
with hv = 17.5 kev, A — results of Marty® 
with hy = 411 kev, % — results of Navakov 
et al.14 with hy = 516 and 880 kev. In the 
results of Marty® and Bazin}3 corrections 
have been introduced for the M shell. The 
values of t,/7, in the work of Bazin 
may change at higher energies. 
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“/%, Nonrelativistic formula 
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160 200 dua 400 Irv, kev 
FIG. 7. veifas’s as a function of y ray energy for silver 
(Z = 47) and antimony (Z = 51) targets. A — 0.25 mg/cm’ 
Ag, O — 1 mg/cm? Ag, X — 3 mg/cm? Ag, 0 — 0.3 mg/cm? Sb. 
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the case of relativistic and in the case of nonrela- 
tivistic calculations. 


7. THE SHARE OF tx IN THE TOTAL ABSORP- 
TION COEFFICIENT T 


From the experimental data given in Table II, 
and use of the ratio tj,/tTM =38.5 and the curve 
given in Fig. 5, we can calculate the share of the 
K-shell absorption coefficient TK in the total ab- 
sorption coefficient. This ratio is shown in Fig. 8 
as a function of Z, for energies greater than 200 
kev. The points on the graph are mean values for 
a given Z. The smooth curve drawn through the 
experimental points is close to the curve calculated 
from Allen’s formula”° 


ok 100 


tits ST Oi Sen Owe 


in the region of high Z, but diverges noticeably 
from it in the region Z ~ 50. 

The results obtained in this work may be useful 
in the study of relative y-ray intensities using 
photoelectrons. This method is used increasingly 
widely in nuclear spectroscopy. . 

In conclusion, the authors would like to express 


Relativistic formula Z = 83 


FIG. 6. ty/T,, as a function of y-ray 
energy for targets made out of heavy ele- 
ments: @ — 3 mg/cm? Th, 0 — 0.5 mg/cm’ 
Bi, O — 13 mg/cm? Pb, X — 7.7 mg/cm’ Au, 
A —3 mg/em* Pt. 
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We present the result of measurements of the noise due to cyclic remagnetization of ferro- 
magnetic cores at temperatures between 2° and 300°K. No dependence of the noise on the 


temperature was detected. 
INTRODUCTION 


‘Tue fact that the reversal of magnetization of fer- 
romagnetic specimens is not repetitive from cycle 
to cycle leads to the appearance of a dec component 
in the spectrum of the emf’s induced in an indicator 
coil wound on the remagnetized core.! This may be 
caused by thermal flucations in the parameters 

that determine the position of the boundary between 
the domains.?* Owing to these flucations, the in- 
stants at which the voltage pulses are produced by 
the jump-like changes in the magnetic moment of 
the specimen upon its remagnetization (the Bark- 
hausen effect) and also the time behavior of these 
pulses, may differ from cycle to cycle. However, 
such an explanation of the phenomenon should lead 
to a temperature dependence of the noise of cyclic 
remagnetization. 

It was indicated in reference 5 that, in the tem- 
perature interval from 90°K (liquid nitrogen) to 
the corresponding Curie points, many ferromag- 
netic specimens (such as permalloy or nickel ) 
display no variation whatever of the noise on the 
temperature, except for the variation caused by 
the temperature dependence of the average change 
in the magnetic moment in the Barkhausen effect. 


To change substantially the influence of the ther- 


mal flucations on the remagnetization processes, 
we have measured the noise due to cyclic remag- 
netization at a temperature of 2°K (liquid helium, 
which boils at 24 mm Hg). 


EXPERIMENTAL SETUP 


The noise-measuring circuit is shown in Fig. 1. 
The spectrum analyzer measures the rms noise 
voltage at 1 to 200 kes in a bandwidth of 15 cycles. 


*The possibility of such fluctuations is indicated also in 
references 3 and 4. 
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Two indicator coils, 50 turns each, are wound on 
the specimens subject to remagnetization. These 
coils are connected in opposition to cancel the dis- 
crete components of the spectrum. Since the noise 
is incoherent, the noise power in these coils is ad- 
ditive. The solenoid with the specimen and the in- 
dicator coils is placed in a Dewar vessel with liquid — 
helium. 

In addition to measuring the cyclic remagnetiza- 
tion noise, we determined the average of the voltage 
pulses, corresponding to the average change in the 
magnetic moment in each elementary remagnetiza- 
tion event, occuring when the specimen is subjected 
to quasi-static remagnetization, and the voltage 
from the indicator coils was fed to an oscillograph. 
The time behavior (waveform) of the voltage pulses 
was also observed. 

The specimens used were plates of single-crys- 
tal silicon iron (3%), the anisotropy and electric- 
resistivity constant of which have a low tempera- 
ture dependence at low temperatures. The plates 
were cut out by the electric-spark method parallel 
to the [100] axis, with subsequent annealing in 
vacuo. The dimensions of the specimens were 32 xX 
0.65 xX 0.8 mm. Two identical specimens were used 
under each indicator coil. The magnetization was 
effected with a common solenoid, 80 mm long and 
30 mm in diameter, which produced a maximum 
field of 40 oersteds. 


FIG. 1. Diagram of the experiment; 1) specimen, 2) gene- 
rator ZG-10, 3) spectrum analyzer, 4) galvanometer. 


MEASUREMENT OF THE NOISE OF CYCLIC REMAGNETIZATION 


Spectral density, v?/cycle 


Spectral density, v?7/cycle 
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FIG. 2. Noise spectrum for a single- 
crystal specimen of silicon iron; x—2°K, 
e— 300°K. 


e— 300°K. 


To check our results we made analogous meas- 
urements on specimens of polycrystalline textured 
silicon steel, cut in the form of strips 0.3 mm thick, 
and on unannealed permalloy wire 0.2 mm in diam- 
eter. The length of the specimen was determined 
by the dimensions of the solenoid. 


MEASUREMENT RESULTS 


Figures 2, 3, and 4 give the cyclic-remagnetiza- 
tion noise spectra at room temperature and at 2°K. 
The value of the remagnetizing field was chosen 
such as to saturate the specimen (40 oersteds for 
all specimens). The frequency of the remagnetiz- 
ing field was 2 kes in all cases. As can be seen 
from the curves, the results of the measurements 
at room temperature and at the temperature of 
liquid helium are the same for all specimens. An 
observation of the oscillograms of the remagneti- 
zation pulses and a measurement of their average 
area also showed no differences in these temper- 


FIG. 3. Noise spectrum for poly- 
crystalline specimen of silicon iron. 
Average grain dimension 5 mm; x— 2K, 
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Spectral density, v?/cycle 


100 1000 if 10 100 1000 
Frequency, kcs Frequency, kcs 


FIG. 4. Noise spectrum for a speci- 
men of unannealed 78% permalloy; 
x— 2K, e—300°K. 


atures. The average volume of the remagnetized 
region, corresponding to the average value of the 
voltage pulse, was on the order of 107!! em? for 
silicon steel and 107! cm? for permalloy. 

The results obtained give grounds for conclud- 
ing that the cyclic remagnetization noise is not due 
to thermal fluctuations. 


14. A. Grachev, Dokl. Akad. Nauk SSSR 71, 269 
(1950). 

2G. S. Gorelik, Izv. Akad. Nauk SSSR, Ser. Fiz. 
14, 174 (1950). 

31. Neel, J. phys. et radium, 11 49 (1950). 

41. Neel, J. phys. et radium 12, 339 (1951). 

5N.N. Kolachevskii, C6. rp. M®TM (Coll. of 
Papers, Moscow Physico-technical Inst.) No. 2, 
(1958). 


Translated by J. G. Adashko 
69 


SOVIET PHYSICS JETP 


VOLUME 36(9), 


NUMBER 2 AUGUST, 1959 


INVESTIGATION OF THE NATURE AND SPECTRA OF PARTICLES PRODUCED BY HIGH- 


ENERGY NUCLEONS 


A. I. ALIKHANOV, G. P. ELISEEV, V. Sh. KAMALYAN, V. A. LYUBIMOV, B. N. MOISEEV, and 


A. A. KHRIMYAN 
Submitted to JETP editor August 20, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 404-410 (February, 1959) 


The nature and the momentum spectrum of secondary particles produced in lead by high- 
energy cosmic ray particles were investigated at an altitude of 3250 m above sea level, 
using a magnetic mass spectrometer and a multi-layer proportional counter. 


ly the present article we report the results of an 
investigation of the nature and the spectra of par- 
ticles produced by fast nucleons of cosmic radia- 
tion at the altitude of 3200 m above sea level (Ara- 
gats, Armenia). 

The cross section of the apparatus in two per- 
pendicular views is shown in Fig. 1. The instru- 
ment consists of a mass spectrometer (witha 
magnetic field of 6850.O0e), an additional hodo- 
scopic arrangement placed above the spectrometer,! 
and a five-layer, thin-wall proportional counter.” 
The construction of the instrument makes it pos- 
sible to observe nuclear disintegrations produced 
by fast nucleons in the lead generating layers placed 
in the gaps A, B, C, D, F of the hodoscope ar- 
rangement, and also to determine the momenta, the 
specific ionization, and the character of passage of 
the secondary products of the stars through the lead 
and copper absorbers placed below the spectrom- 
eter. The mean standard deviation of the determina- 
tion of momentum amounted to 3, 13, and 65% for 
0.2 Bev/c, 1 Bev/e and 5 Bev/c, respectively. 
The specific ionization of separate particles was 
determined with the average accuracy of +14%. 


RESULTS OF MEASUREMENTS 


Two main series of measurements were carried 
out: with generators 10 cm and 25 cm, and a check 
experiment “without generators.”* The results of 
measurements are divided into groups: (A) particles 
clearly produced in the generators by neutral radi- 
ation, and (B) products of stars produced by charged 
particles, and single charged particles passing 
through the generators; u mesons were excluded 
by the momentum-range method. 


*The total thickness of matter in different series of the 
control check “without generators” amounted to 0.3 —2 cm lead. 

tGroup B also included products of stars produced by neu- 
trons, containing fast particles moving backwards. 


= 
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FIG. 1. Schematic diagram of the mass spectrometer in two 
perpendicular cross sections. A trajectory of a K* meson is 
shown in the diagram (Table I, case 133—122.). 


The results of measurements of momenta and 
of specific ionization of secondary particles pro- 
duced by neutral radiation in a lead generator 25 
cm thick are given in Fig. 2a. The results of anal- 
ogous measurements of the particles of the group 
B are given in Fig. 2b. 

The accuracy of the measurements of the mo- 
mentum and ionization of particles makes it pos- 
sible to separate 7 and K* mesons and heavy 
particles in the momentum range up-to 700 Mev/c. 
In the range of larger momenta, the determination 
of the nature of separate particles is not always 
possible. 

Protons and Deuterons. From the experimental 
material given in Fig. 2, one can obtain sufficiently 
complete data on secondary protons and, partially, . 
on deuterons. We shall not discuss the data in de- 
tail, since that is not the aim of the present article. 
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FIG. 2. Results of the measurements of ae Bt 
the momentum and ionization of secondary 


particles observed under 25 cm Pb. a—par- 
ticles produced by neutrons, b — particles 
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produced by protons. Events in which the 
specific ionization of the particle was 
greater than the maximum measurement 
threshold are denoted by arrows (there is 
no difference in meaning between light and 
full circles). 


We shall note only that, in two series of measure- 
ments in the momentum range 400 —900 Mev/c, 35 
deuterons were observed, 10 of which were produced 
by protons. According to this data, in the flux of 
cosmic rays at the altitude of 3250 m in the momen- 
tum range 400 — 900 Mev/c there are 3.5 times 
more neutrons than protons.* 

The momentum spectrum of deuterons in the ex- 
periment “without generators” in the momentum 
range > 800 Mev/c (a total of 108 deuterons) can 
be represented by the expression N(p) ~ p”, 
where y ~ 2. : 

m mesons. The spectra of m mesons with mo- 
mentum between 400 and 7000 Mev/c produced by 
neutrons are given in Fig. 3. Spectrum a corre- 
sponds to cases where the particle is clearly pro- 
duced in a multi-prong star (N > 2).f Spectrum b 
contains particles observed without an accompany - 


*The cross sections for the production of deuterons by 
protons and neutrons used in the estimates were taken from 
reference 3. 

+N — number of observed components of the stars. 
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ing cascade (N=1). The spectra can be repre- 
sented by a power function N(p) ~ p-”. For spec- 
trum a, y=1.7; for the spectrum of single 1m 
mesons, y= 2.4 (i.e., m mesons of large mo- 
mentum are mainly observed in multi-prong stars. 
This fact has been mentioned in our ealier paper.! 

Using the same apparatus, Khrimyan and Asati- 
ani‘ obtained y=1.5 for the spectrum of m me- 
sons in multi-prong stars produced by protons. 
Consequently, the spectrum of m mesons pro- 
duced by fast neutrons is practically identical to 
the spectrum of ma mesons produced by fast pro- 
tons. 

We have determined the ratio of the numbers of 
nm and m* mesons produced by fast neutrons and 
protons in the momentum interval 125 — 720 Mev/c. 
Among the secondary particles produced by neu- 
trons, the ratio N,-/Nqt+ = 89/49,* i.e., we ob- 
served an excess of a mesons. In stars produced 
by protons, the ratio Nyz-/Nqt = 45/54. 


*Here we used also our data from reference 1. 
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K mesons. The mass distribution of particles 
in the momentum range 125 — 720 Mev/c and with 
ionization 1.3 —7 Imin* is given in Fig. 4. Single 
particles produced by neutrons are shown in the 
histogram a. The majority of these particles are 
protons. Secondary products of multi-prong stars 
produced by fast neutrons are represented in the 
histogram b. Particles produced by neutrons are 
shown crosshatched. This spectrum displays, apart 
from protons, a group of particles in the mass range 
700 —1300 me, the number of which amounts to 
about 10% of the number of protons. The appear- 
ance of these groups of particles cannot be exe 
plained by experimental errors since, firstly, a 
and b are obtained simultaneously using the same 
apparatus and, secondly, in the series of measure- 
ments “without generators” out of 1112 protons 
traversing the instrument, less than 1% of the par- 
ticles (7 protons) were recorded by the instru- 
ment as particles with mass < 1300 me. The dis- 
tribution of protons observed in the experiment 
“without generators” is represented by the solid 
curve in Fig. 4. The distribution is normalized 
to the total number of particles (n = 93). 

In the momentum range p < 720 Mev/c and 
ionization range I1=>1.3 lmin, we determined for 
each particle the probability of that particle being 
a proton (Wp), K meson (WK), or m7 meson 
(W,-) from the obtained values of momentum, ion- 


*For I> 7 Imin the electronic equipment was overloaded. 


ALIKHANOV, 


Fe eae 
TEE a 
Cee 
[Hy aN 
ya Sea 


AAD AAAAAS 
2000 


i Gewal ling 


FIG. 4. Mass distribution with particles 
with momentum in the range 125—720 Mev/c 
and with ionization in the range 1.3—7 Imin, 
a — single particles produced by neutrons, 
b — products of multi-prong stars (dashed 
particles are produced by neutrons). 
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ization, and range, taking into account the frequency 
of observation of a and K+ mesons and protons. 
Particles for which WK > 5(W7+ Wp), were as- 
sumed to be K mesons. These particles are in- 
dicated by a subscript (K,p) or (k, 7) inthe 
spectra. Particles for which K > 10(W,z + Wp) 
are denoted by the letter K (negative —by the 
letter K). 

Detailed data on all K* particles are given in 
Table I. K* particles observed in weak nuclear 
disintegrations or without an accompanying cascade 
which were not given in Fig. 4 are also included in 
the table. 

According to data given in Table I, only 3 K* 
particles out of 19 observed were negative. The 
ratio Nyt+/Ng- = 16/3. 

Four Kt and one K” particles were produced by 
neutrons. The remaining (twelve K* and two K ) 
particles were most probably produced by protons 
with the ratio Ng+(p)/Ngt = 14/5. 

We note that the observed number of large stars 
produced by neutrons is also smaller (the ratio is 
54/108) than the number of stars produced by 
charged particles. Such an asymmetry can be partly 
due to the fact that, when working with hodoscopes 
(and also with cloud chambers), it is impossible 
to distinguish stars produced by protons from stars 
produced by neutrons and having fast products mov- 
ing backwards. The number of such neutron stars 
in our case, according to the estimate by Khrimyan,”° 
amounts to about 30% of all observed neutron stars. 
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Accounting for this, the ratio of the number of stars 
produced by protons to the number of stars pro- 
duced by neutrons equals Np/Nyp = 1.5. 

m and K mesons in the momentum range 720 
to 900 Mev/c. In the momentum range 720 — 900 
Mev/c, the separation of K mesons and 7 mesons 
is difficult, while the separation of both kinds of par- 
ticles from protons is still possible, since in that 
momentum range the ionization of protons, K me- 
sons and a mesons is in the intervals 1.9—2.4 
Imin» 1-2—1.4 Imin, and 1.03 Inin. 

In this momentum range we separated a group 
of 38 particles consisting.of a mixture of K and 
7 mesons, out of which 10 were produced by neu- 
trons and were mainly ma mesons, while 28 were 
produced by charged primaries. Out of these 28 
particles, 15 stopped in the absorber, which cor- 
responds to a range > 16 cm Pb. Out of these 15 
particles, 13 were positive, and these must be con- 
sidered as different from protons also from range 
considerations, since protons with momentum 900 
Mev/c have a range < 12cm of Pb. A qualitative 
division of this group of 28 particles into K and 


m™ mesons is possible from the following considera- 
tions: Firstly, constructing the spectrum of 7 
mesons produced by protons which, in general, is 
in good agreement with the law N ~ p™!*® in the 
range of 720 —900 Mev/c, one observes an anoma- 
lously large number of particles. Such an anomaly 
in the spectrum of a mesons at sea level was ob- 
served by us previously.?»® If we assume that this 
is due to the presence of K mesons, then the group 
of 28 particles should be divided into (1445) K 
mesons and (14+5) ma mesons. Secondly, in this 
group of particles, a large positive excess is ob- 
served (22 positive and 6 negative particles), while 
in the spectrum of a mesons of lower momentum 
the positive excess is due to Kt mesons, then this 
corresponds to a division of the group into (14 + 5) 
K mesons and (14+5) m mesons. Thirdly, the 
specific ionization of positive particles of this 
group is equal to (1.19 + 0.03) Imin. The specific 
ionization of negative particles is equal to (1.03 + 
0.07) Imin: Hence, assuming a mean specific ioni- 
zation of K mesons in the momentum range 720 — 
900 Mev/e as equal to 1.32 Inin, and for 7 me- 
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TABLE II 
me Kt Pp 
Ap, Mevie a % R 9% 7 % 
240—480 | 60] 56) 8 8 38 36 
480—720 | 58] 50) 11 10 46 40 
720—900 | 24 |~30]14 | ~15 45 ~5o 


sons as equal to 1.03 Imin, we obtain (1544) K 
mesons and (13 +4) m mesons. 

Therefore, in the momentum range 720 — 900 
Mev/c, out of 38 m and K particles, 14 are 
most probably K mesons. 

The numbers of observed m and K* mesons 
and cascade protons in identical momentum ranges 
are given in Table II. According tc«these data, in 
the range of large momenta, the observed number 
of K mesons increases with increasing momen- 
tum. The ratio of the number of observed K me- 
sons to the number of a mesons in the momentum 
range < 900 Mev/e amounts to about 0.2. 
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We consider acceleration of plasma in vacuum in an axially symmetric, inhomogeneous, 
pulsed magnetic field. The density of the plasma bunches is approximately 10'” particles/ 


em? 


. The maximum energies for various atomic ions are as follows: nitrogen and oxygen, 


approximately 190 ev; helium, approximately 280 ev; hydrogen, approximately 120 ev. 


1. INTRODUCTION 


Ar the present time the acceleration of charged- 
particle bunches of high density is of considerable 
interest. One of the means of solving this problem 
is the acceleration of quasi-neutral plasma bunches. 


In contrast with the acceleration of charged particles 


of one polarity, the production and acceleration of 
high-density plasma bunches does not require strong 
focusing forces. In one-shot acceleration by means 
of electrodynamic forces!~ no provisions for ex- 
tended focusing are necessary. 

In the present work we report on attempts to ac- 
celerate a plasma in vacuum by means of an axially 
symmetric, pulsed, inhomogeneous magnetic field. 
A measured amount of gas is admitted at a definite 
point in the vacuum volume. Close to this region 
there is a winding through which a condenser is dis- 
charged at the appropriate time. A current is in- 
duced in the gas and the acceleration forces result 
from the interaction of the external magnetic field 
with the induced current in the gas. 


2. DESCRIPTION OF THE APPARATUS 


The apparatus (cf. Fig. 1) consists of the vacu- 
um chamber 1 in which the acceleration takes place, 
the pulsed inlet system and its feed 2, a preliminary 
ionization system 3, the accelerating coil and its 
power supply 4, and the control circuit 5. 

The vacuum chamber is formed by two coaxial 
cylinders: the first, which is replaceable (organic 
glass or pyrex) is 150 mm in diameter and 500 mm 
long while the second, made of copper, is of the 
same diameter, but 700 mm long. A pressure of 
2to 4x 107° mm Hg is maintained in the chamber. 
On one side the copper cylinder is covered by a re- 
placeable brass flange which contains vacuum gas- 
kets for the various probe inputs. The other end is 
made from a glass cylinder. On the other side the 


To pump 


FIG. 1. Block diagram of the apparatus. 


glass cylinder there is a flange of organic glass. 
On this flange (cf. Fig. 2) are mounted the pulsed 
gas inlet 1 (an electromagnetic valve®), the pre- 
liminary ionization electrodes 2, the accelerating 
winding 3, and a disc that provides better distribu- 
tion of the gas flow 4. 

The accelerating coil is cemented inside the 
disc of organic glass. In these experiments the 
winding is a single turn. At time t,, an IM2.7-50 
condenser is discharged through the winding by 
means of a spark gap. The voltage, U, to which 
the condenser is charged, varies between 10 and 
24 kv. The frequency of the oscillations which re- 
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FIG. 2 Cross section of the organic-glass flange. 
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FIG. 3. liigh-speed photograph showing the motion of the 
plasma in air. The vertical scale is Az= 11.5 cm along the z 
axis t= 280pusec. a) U, = 14.5 kv; b) Up = 22.5 kv. 


sult when the condenser is discharged through the 
single turn is approximately 120 kc/sec; the dis- 
charge is a damped oscillatory discharge. 

All the elements in the system are operated in 
a definite time sequence which is determined by a 
control circuit. At time t; the valve opens. The 
preliminary ionization system is also turned on; 
this unit is a 500-watt rf generator which oper- 
ates at 15 Mcs. After a controlled time interval 
T, at time t, (when the required gas pressure 
is established near the accelerating coil) the rf 
generator is turned off and the voltage is applied 
to the accelerating coil, initiating acceleration of 
the plasma. A slave sweep on the oscilloscope 
which is used for observation is triggered by the 


control circuit 1.5 microseconds before the voltage 


is applied to the accelerating coil. 


3. EXPERIMENTAL RESULTS 


The following have been investigated: the plasma 


velocity along the acceleration axis (the z axis), 
the nature of the radial motion, the velocity of the 


wave front, and the relation between pulse duration 


and plasma density. 


FIG, 4. High-speed photograph of the plasma pressure in 
helium along the z axis. Az = 11.5 cm; U, = 22.5 kv. a) t= 
220 psec, b) t= 280 sec, c) t= 400 psec. 
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; 5 wall _ 10psec- 
FIG. 5. High speed photograph showing the radial motion of 
the plasma in air. Up = 22.5 kv, t= 280 psec. 


(a) Motion of the Plasma Along the Z Axis and 
Radial Motion 


These measurements are carried out by high- 
speed photography of the luminous plasma, with a 
CFR-2M camera. To record the motion of the 
plasma along the acceleration axis the slit of the 
camera (0.5 cm wide) is oriented along the z 
axis. The length of the slit, taken from the accel- 
erating coil, is 11.5 cm. 

Figure 3 shows typical photographs obtained with 
air. The sharply defined luminescent plasma bursts 
are easily distinguished on these photographs. The 
periodic expulsion of plasma from the acceleration 
region takes place at twice the frequency of the os- 
cillations in the accelerating turn. The existence 
of an initial velocity component causes the plasma 
to collide with the wall of the vacuum chamber at a 
distance of 4 or 5 cm from the accelerating turn. 
As a result the plasma velocity in the z direction 
is reduced (the break in the luminescent band in 
Figs 3b). 

When the time interval 7 is increased a still 
greater deceleration effect is noted. Figure 4 shows 
photographs of the motion of a helium plasma in the 
z direction taken with various values of T. With 

= 280 usec (Fig.4a) there is almost no decelera- 
tion whereas when T = 400 usec (Fig.4c) the effect 
is very large for the initial bursts. Apparently this 
phenomena is due to the presence of high-density 
gas in front of the moving plasma. The first pulses 
remove the gas in front of the plasma so that there 
is no significant deceleration for subsequent pulses. 

Initially the luminescent intensity increases from 
pulse to pulse; then it falls off. This effect is due 
to the enhanced conditions for discharge develop- 
ment (the increasing number of free electrons in 
the discharge region) and the reduction in the am- 
plitude of the oscillations in the accelerating coil. 
Optimum conditions obtain at about the third or 
fourth expulsion of the plasma. 

The velocity is a maximum for the initial pulses 
since the accelerating field is large initially and the 
plasma mass is still small because of incomplete 
ionization. Later the ionization increases but the 


currents in the winding and in the plasma have fallen’ 
off. 
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FIG, 6. Pulses at the rf probes for different distances be- 
tween the probe and the accelerating coil. Plasma in air, 
U, = 18kv, t= 280pusec. a) Az = 21 cm, b) Az = 51 cm, 
c) Az = 76 cm. 


Figure 5 shows a high-speed photograph of the 
radial motion of the plasma. The picture was taken 
through a radial slit 0.5 cm wide. As is apparent 
from Fig. 5, in addition to having a vz, component 
the plasma has a vy component directed away from 
the center. After the plasma collides with the wall 
of the vacuum chamber, vy changes in both magni- 
tude and direction. Similar photographs are ob- 
tained with hydrogen; no significant differences are 
observed. 

This same method is used to measure the veloc- 
ity of the luminous plasma front; this velocity is 
related to some effective particle velocity. 

The energy of the nitrogen and oxygen ions (air 
input) obtained from measurements of the corre- 
sponding photographs is found to be 80 — 190 ev; 
for hydrogen and helium ions the range is 40 — 120 
ev and 120 — 280 ev, respectively. 


(b) Velocity of the Front and Pulse Duration for a 
Plasma of Given Density. 


These measurements are made by means of an 
rf probe which is sensitive to plasma in the density 
range from 10" to 10!3 em~? and a waveguide which 
measures plasma densities of 10'27cm. 

The rf probe consists of an inductance circuit 
which is weakly coupled to a low-power rf oscilla- 
tor. The tank circuit is tuned to the oscillator fre- 
quency. When there is a conducting medium (plas- 
ma) inside or outside the probe, the rf eddy cur- 
rents that arise in the circuit effectively reduce the 
inductance of the probe and shift the resonant fre- 
quency of the circuit toward higher frequencies. As 
a result of this detuning, the voltage is reduced. The 
time behavior of the voltage is displayed on an os- 
cilloscope. 

The velocity of the plasma front is measured 
with two rf probes separated by a known distance. 
One probe is generally kept fixed while the second 
is moved along the z axis. The velocity is deter- 
mined from the known distance Az and the meas- 
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FIG. 7. Change of the pulse shape at the rf probe and 
starting time as a function of delay time t+ and distance from 
the accelerating coil Az. Plasma in air, U, = 20 kv, first probe 
probe, Az = 15 cm, second probe, Az = 33 cm. a) t= 310 psec, 
b) t= 400 psec. 


ured time interval AT corresponding to the differ- 
ence in arrival time at the probes. In this case it 
is possible to determine the velocity of a front for 
a given density. 

A series of oscillograms taken with these probes 
is shown in Fig. 6. It is apparent that as the distance 
from the accelerating coil is increased the time de- 
lay required for the excitation of the mobile probe 
increases, the signal front shows more slope, and. 
the amplitude of the signal is reduced. The mini- 
mum plasma density which the probe can record 
is Nmin ~ 10'! cm™’. The mean plasma velocity, 
computed from this oscillogram, is approximately 
3 x 10° em/sec. The discrepancy in the velocity 
measurements by high-speed photographs and rf 
probes indicates a velocity dispersion effect. 

Figure 7 are shows oscillograms of the pulses 
from the two rf probes taken with air using two 
different delay times. The pulses in Fig. 7b slope 
more, start later and the time interval between 
them is much larger than in Fig. 7a. Similar re- 
sults, obtained in helium, are shown in Fig. 8. Here 
the shift of the pulses for both the first and second 
probes are clearly apparent and the shift of the 
second probe is much larger. The deceleration 
effect in helium and hydrogen is much stronger 
than in air; this is explained by the different ther- 
mal velocities of the gases and the resulting higher 
pressure of the gas in front of the moving plasma 
for the same values of T. 

Experiments have also been carried out to verify 
the expulsion of plasma from the acceleration region 
in individual bunches (density modulation of the 
plasma as a function of time). However, no density 
modulation was observed at the discharge frequency, 
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FIG. 8. Change of pulse shape at the rf probe and time of 
excitation as a function of delay time t and distance from 
the accelerating turn. Plasma in helium, U, = 20 kv, distance 
of the probe to the accelerating turn the same as in Fig. 7. 

a) t= 190 psec, b) t= 280 usec. 


120 kes. Apparently this is due to the considerable 
velocity spread of the ions inside the bunches. The 
frequency of the oscillations in the accelerating col 
was then reduced to 56 kes by increasing the capac- 
ity of the condenser. In Fig. 9 are shown oscillo- 
grams of the voltage in the rf probe before and - 
after detection and the voltage in the accelerating 
coil. In the second part of both oscillograms there 
is visible a clearly defined amplitude modulation of 
the rf voltage in the probe, indicating a density mod- 
ulation of the plasma as a function of time at the 
probe position. At larger value of z the modula- 
tion cannot be seen because of the spread in veloc- 
ity. There is no modulation in the first part of the 
pulse from the probe because a minimum density 
Nmin > 10'2 cem~*® is required for modulation to be 
observed. 


FIG, 9. Oscillogram showing the voltage at the rf probe 
for motion of the plasma in air with density modulation. 
U,. = 15 kv, t = 260 psec. a) voltage at the probe after de- 
tection, b) before detection, c) voltage oscillogram for the 
accelerating coil, f = 58 kcs. 
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FIG. 10. Detector current pulses from a ‘‘ radiating” 
waveguide as a function of distance from the accelerating 
coil Az. Plasmain air, U, = 20 kv. a) Az = 13.5 cm, b) A 
b) Az = 34.5 cm, c) Az = 56 cm. 


The slope of a given signal front from the rf 
probe makes it difficult to determine the length of 
the pulse from a plasma of given density. For 
this reason a “radiating” waveguide is used. The 
use of a waveguide in these measurements is based 
on reflection of radio waves from a plasma when 
the frequency of the external field is lower than 
the natural plasma frequency wy ~ ni/2 | 

The sealed end of the waveguide is introduced 
inside the chamber. When there was no plasma in 
the waveguide it was possible to observe a station- 
ary standing-wave distribution due to reflection 
from the open end. When the plasma appears the 
radiation is reduced and the standing wave distri- 
bution changes. The change in the detector current 
(proportional to field intensity at any point in the 
waveguide ) is presented on the screen of an oscil- 
loscope. In these measurements the waveguide is 
driven at 9.4 x 10° eps, corresponding to a plasma 
density for which total reflection obtains at n= 
102 em=-3, 

In Fig. 10 are shown oscillograms of plasma 
pulse lengths for a plasma with n = Ges asa 
function of distance z. The leading edge of the 
pulse on the last oscillogram exhibits smearing. 
This is apparently due to the fact that in these 
measurements the waveguide was located inside 
a metal tube and there was multiple reflection. 
The dependence of plasma pulse length on the co- 
ordinate z obtained in this work is shown in 
Figs, UL. 


FIG. 11. Dependence of Tpsec 
pulse length for a plasma 150 
density of 10** cm™ as a 40 
function of the distance z 
between the point of ob- 
servation and the accele- 


rating coil. 
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A study was made of the scattering of 4 mesons by copper plates (for momenta from 85 


to 144 Mev/c) and by iron plates (for momenta 


from 81.2 to 135 Mev/c). The p-meson 


angular distribution based on 2,350 scattering events agrees satisfactorily with the distri- 


bution for a point nucleus. 


1. INTRODUCTION 


Ir has been reported in a number of papers on the 
scattering of 4 mesons by nuclei that fewer scatter- 
ing events occurred than had been expected for a 
Coulomb interaction between the » mesons and 
the nuclei. The most complete review of data on 
u.-meson scattering has been written by Fowler 
and Wolfendale.! In the opinion of these authors 
there is no anomalous scattering in the low-energy 
region (below 600 Mev), and the excess reported 
in individual publications is due to experimental 
error. This opinion is supported by the results of 
three recent investigations conducted with slow wu 
mesons. 

Kirillov-Ugryumov and Moskvichev? studied the 
scattering of 4 mesons with momenta of 130 + 16 
Mev/c in beryllium plates 1 cm thick, located in- 
side a Wilson chamber. For 2,250 events of u- 
meson scattering not a single case was recorded 
where the scattering was into an angle greater than 
6°. The experimental distributions were in good 
agreement with those computed according to the 
Moliere theory. 

Using a magnetic mass spectrometer, Alikhan- 
yan and Arutyunyan® measured wu -meson scattering 
in lead plates (t =7 mm). The total 4-meson range 
was 19m. Their experimental results were in 
agreement with the theory of the finite-size nu- 
cleus. Further, a negative result in regard to the 
existence of anomalous scattering was obtained by 
Chidley et al.,* who studied the scattering of 23- 
Mev pu mesons in a lead plate 0.56 mm thick lo- 
cated inside a propane bubble chamber. 

Fukui, Kitamura, and Vataze (private communi- 
cation) have not discovered any anomalous scatter- 
ing of » mesons in the high-energy region (about 
1 Bev), even though this result is in conflict with 
other experimental data and with the theory devel- 
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FIG. 1. Diagram of the setup. 


oped by Fowler and Wolfendale.! Essentially these 
authors are in agreement with the Coulomb inter- 
action theory only when the yu -meson trajectories 
are selected by recording w-e decay. 

In view of the importance of settling once and 
for all the question of the absence or presence of 
anomalous scattering, we measured the scattering 
of » mesons with momenta from 81.2 to 144 Mev/c 
by copper and iron plates four millimeters thick. 
Although the nuclei of these elements contain com- 
paratively large numbers of nucleons it is possible, 
if the energy and angular interval is properly se- 
lected for comparison with the experimental results, 
to apply the exact Moliere formula without resort- 
ing to approximate data on charge distribution in 
the nuclei. 


2. DESCRIPTION OF THE EXPERIMENTAL SETUP 


Measurements were made with the setup shown in 
Fig. 1. The large rectangular Wilson chamber,° 
95 X 40 xX 14 cm working volume, was triggered by 
a counter telescope, three rows of which (Cy, Cy, 
and C3) were in coincidence while the last row, 
AC, was in anti-coincidence. In order to reduce 
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the number of miscounts by the anti-coincidence 
row, a control row CR was connected to a dupli- 
cate anti-coincidence circuit. Use of this row re- 
duced the miscounts in the circuit to 0.5%. 

The complete unit was operated at sea level. A 
lead filter 15 cm thick was installed on top of the 
Wilson chamber to absorb the electronic component 
of cosmic rays. The » mesons were scattered in 
nine plates 4 mm thick placed inside the Wilson 
chamber. These plates were of copper for one 
series of measurements and of iron for another. 

So that decay electrons from yp mesons stopped 

by the plates would not reach the anti-coincidence 
row, a lead filter 0.8 cm thick was placed under the 
chamber. Special precautions were taken to reduce 
track distortion in the Wilson chamber (tempera- 
ture stabilization, use of high-speed spark valves ). 
The chamber pictures were obtained by a stereo- 
scopic camera with a 13.5 cm base from a distance 
of 115 cm. Optical distortion of the angular pro- 
jections was thus kept to an undetectable minimum. 

From the known quantity of material above the 
Wilson chamber, including the combined thickness 
of the overhead horizontal partitions of the building 
housing the apparatus, the rate of operation of the 
Wilson chamber was computed and this computed 
rate agreed well with the one observed during the 
experiment. 


3. PARTICLE IDENTIFICATION AND MEASURE- 
MENT OF w-MESON MOMENTA AND SCAT- 
TERING ANGLES 


The particles were visually identified by their 
ionization density and multiple scattering in the 
plates in the chamber. 

The scattering and the ionization density gradi- 
ent of the » mesons tracks stopped by the plates 
in the chamber were appreciably different from 
those of electron and proton tracks. A calculation 
of the predicted number of stopped protons indi- 
cated that they should amount to less than 2% of 
the total number of recorded particles. The ob- 
served number of particles identified as protons 
was (1.5+0.5)%. These particles were excluded 
from subsequent processing of the scattering data. 

The number of stopped » mesons and the asso- 
ciated decay electrons was in good agreement with 
the computed number, which took into account the 
ratio of positive to negative mesons, as well as 
the geometric configuration. 

The method of identification used was not suit- 
able for differentiating a from » mesons. How- 
ever, calculations applying to our experimental 
conditions indicated that the admixture of 7 me- 
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sons would amount to less than 1% of the » mesons 
stopped. 

It can be shown that such an admixture of 7 
mesons introduces practically no change in the ex- 
pected theoretical angular distribution of the scat- 
tered « mesons. The mass of the particles which 
were identified as 4 mesons was computed from 
their scattering and range and amounts to (209 + 
10) me. 

Because theoretical angular distributions for pu 
mesons differ substantially even for neighboring 
momentum values, accuracy in the measurement 
of momenta and angles is of great importance in 
scattering experiments. For this reason we used 
comparatively thin plates. 

The residual range of the 4 meson was used 
to measure its momentum. It was assumed that 
mesons are scattered and stopped in the middle 
of a plate. In computing the residual range, we 
took into account the deviation of the direction, at 
which the mesons entered the plate, from the 
vertical. For this purpose experimental distribu- 
tions were plotted for the incident angle 6 (from 
the vertical), the resultant rms values are as 
follows: 


No. of plates from 


place of stoppage 1 2 3 50.4" 154 Ont 7 Sue 


(@2xp) 7 indegrees 14.5 12.2 105 9 85 8 7.5 7 6 


It can easily be shown that for non-vertical pen- 
etration the effective thickness of a plate exceeds 
its true thickness by sec ORE Ce 

Momentum errors caused by inaccuracy in the 
residual range due to the finite thickness of the 
plate, as well as by momentum variation within 
the plate itself, was computed and taken into ac- 
count when the scattering curves were being con- 
structed. Scattering was studied in the plates, 
starting with the second plate from the one where 
the meson was stopped rather than the first, since 
there would have been too great an error in the 
momentum measured in the first plate. 

Scattering angles were measured in a projection 
on a plane parallel to the front galss of the cham- 
ber. This plane is not the same, in general, as the 
plane passing through the original direction taken 
by the particle for which the theoretical distribu- 
tion of scattering angles is derived. However, 
thanks to the fact that the chamber was narrow 
(effective depth 9.5 cm) and high (40 cm), the 
original direction of a particle cannot be inclined 
more than 4° — 5° from the vertical. Hence, the 
difference between the projections of the angles 
on the two planes lies within the range of accuracy 
with which the angles were measured. 
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The scattering angles were measured repeatedly 
by several observers. The mean-square error did 
not exceed 30’. 

The geometric dimensions of the detecting ap- 
paratus are essential in the measurement of the 
experimental angular distribution. As Cousins et 
al.® have shown, geometric corrections based on 
different probabilities for detecting the various 
angles can lead to incorrect deductions from the 
experimental data. In this investigation cognizance 
was taken of the geometric corrections, and they 
were incorporated in the experimental curves for 
the angular distribution. Computation of the geo- 
metric corrections (cf. Appendix) shows, however, 


that they have little effect on the form of the curves. 


This is due to the fact that the chamber is wide 
enough (55 cm) in relation to the rather narrow 
solid angle within which 4 mesons enter the cham- 
ber. Then, too, the shallow depth of the chamber 
has no effect, since scattering in a plane perpen- 
dicular to the plane of photography necessitates no 
correction in the experimental angular distribution 
(this holds true for those cases where the angular 
distribution of scattering can be described as nor- 
mal). 


4. MEASUREMENT RESULTS AND THEIR 
INTERPRETATION 


Two separate series of measurements were 
made, one with copper and one with iron plates. 
During the 3,600 hours of operation of the apparatus 
with copper plates, 475 records were obtained of yu 
mesons stopped inside the Wilson chamber, and 
these correspond to 1,460 scattering events with 
momenta greater than 75 Mev/c. When the iron 
plates were used, 890 scattering events were re- 
corded. 

Differential angular distributions were plotted 
individually for each group of » mesons having 
the same momentum. These experimental data 
were compared with the theoretical. curves com- 
puted by the Moliere formulae for a point nucleus. 
The Moliere theory is applicable to » meson scat- 
tering by copper or iron plates 4 mm thick because 
the finite dimension of the nucleus begins to be ef- 
fective only for angles greater than x/R (x is the 
# meson wavelength and R is the radius of the 
nucleus). For our momenta this means angles 
~ 25° — 35°. Comparison of the theoretical predic- 
tions of the point nucleus with the experimental 


MUONS WITH MOMENTA NEAR 100 Mev/c BY COPPER AND IRON 293 


Observed and predicted total scattering events in copper for angles 
greater than the given angle 


Experiment 
Theory 


2 


L ol pee 
97.6 37.6 (5ise7 ee 7,58" 2.95 


data indicates a satisfactory agreement in every 
angular interval (see Fig. 2). 

In addition, a total differential distribution was 
plotted as a function of dimensionless parameter 


© = 0; /-B 4. (1) 


Here 6; is the angle of scattering in radians, B 
is a slowly varying function of the thickness of the 
plate and the particle momentum and is equal to 


BE 26 =D [5 66 + 1,24] Sat 2 
pene hana ie 4418 Tae 3.716 /taTe|’? (2) 
where £ is the average velocity of the 4 mesons 
in the momentum interval of interest (in our case 
B=0.6, G=6.56, and B=13.12), and é is given 
by 


& = 4nNettZ (Z + 1) 2? / (pV)?; (3) 


where N is the number of atoms per em?, t the 
thickness of the plate in g/cm”, Z the charge of 
the scattering nucleus, z the charge of the par- 
ticle, p the momentum of the particle, and V its 
velocity. 

Figure 3 shows the total angular distribution for 
copper and iron versus the dimensionless param- 
eter Yo. This distribution characterizes scatter- 
ing over the entire momentum interval from 81.2 
to 144 Mev/c. 

Application of the x? criterion showed that the 
experimental values were in good agreement with 
the theoretical distribution ( Py2 = 0.4). To com- 
pare the experimental and theoretical total distri- 
butions, values for the entire momentum interval 
from 85 to 144 Mev/c (in the case of scattering 
by copper ) are listed in the table. 

Thus, the analysis of the results of our work 
indicates satisfactory agreement between experi- 
mental and theoretical data in which only the Cou- 
lomb interaction between » mesons and the nu- 
cleus is considered. 

Earlier measurements of slow p-meson scat- 
tering in copper were made by Alikhanyan and 
Kirillov-Ugryumov’ with a magnetic mass spec- 
trometer. It was found that the experimental and 
predicted distributions were in good agreement in 


the region of small angles, but for angles greater 
than 15 there was a small excess of recorded events 
(23 observed, 15.67 predicted). This discrepancy 
appears to have been due to the fact that the angle 
through which the 4» mesons entered the Wilson 
chamber of the mass spectrometer was relatively 
large, and hence the application of the geometric 
correction may very well eliminate the discrep- 
ancy. For ma mesons, the angle of incidence will 
vary less from the vertical than for » mesons, 
and the geometric correction will be correspond- 
ingly less. Actually the theoretical and experimen- 
tal data were found to be in better agreement for 7 
mesons than for ~ mesons. 

Thus, as in other investigations,?2~*»" the present 
investigation has not confirmed the existence of 
anomalous p-meson scattering in the low-energy 
regions. 

We take this opportunity to thank Prof. A. I. 
Alikhanyan for his unfailing interest and valuable 
comments, B. I. Luchkov for his great help with 
the investigation, and also to thank F. R. Arutyun- 
yan and M. I. Ter-Mikaelyan, who participated in 
the analysis. 
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FIG. 3. The total differential distribution for copper and iron 
vs. the dimensionless parameter . 
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APPENDIX 


COMPUTING GEOMETRIC CORRECTIONS IN THE 
MEASUREMENT OF ANGLES 


Let us consider a point x in plate m, wherea 
meson is scattered and is subsequently stopped 
in plate n (see Fig. 4). Because of the finite di- 
mensions of the telescope, mesons arrive at point 
x within a given angle of incidence a. If one neg- 
lects scattering in the plates in front of plate m, 
then the angular interval, a, is characterized by 
the diagram shown in Fig. 5. Since the apparatus 
is symmetrical, only half of the chamber is con- 
sidered, i.e., 25.5cm =>x=0. 

Since the range of incidence angles for any x 
is sufficiently small (~ 10°), the angular distribu- 
tion of » mesons within this interval can be con- 
sidered isotropic. Then the area S in the diagram 
is proportional to the probability that a ~ meson 
strikes the plate m. 

If scattering occurs in plates in front of plate m, 
then the diagram should be “expanded” along both 
the x and @ axes. It can be shown with sufficient 
accuracy that scattering causes an expansion along 


FIG. 5. Angular diagram. 
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FIG. 6. The geometric correction curve for various angles 
@ as a function of the momentum of a p» meson at the scatter- 


ing point. 


the 9 axis of an amount 0, = 0.350 and along the x 
axis of 1, tan o,, where o is the mean-square 
angle for scattering a 4 meson with a momentum 
equal to that of the 4 meson stopped in plate n 

in a thickness t equal to the sum of all the plates 
before m, while J, is the distance from the top 
of the chamber to plate m. 

A meson entering point x in plate m and hav- 
ing the right momentum to be stopped in plate n 
could be scattered out of the chamber either imme- 
diately*in plate m or in plates between m and n. 
To allow for the » mesons scattered out of the 
chamber because of both of these possibilities, we 
assume (in any case we shall overestimate the 
geometric correction) that scattering into the 
angle 6 at point x in plate m is equivalent to 
scattering by n-m plates into an angle 0, = 
¢V¥n—m. Then the probability that a particle 
will remain in the chamber will depend on the 
maximum incidence angle, which is given by 


x=1, tan(0Vn—m-+ Gmax)- 


The curve Qmax =f(x, 9) cuts off a section of 
the diagram proportional to the number of mesons 
scattered out of the chamber. Hence the probabil- 
ity for detecting a meson that has the right momen- 
tum to be stopped in plate n and is scattered by 
plate m into an angle @ will be equal to the ratio 
of the shaded area of the diagram to whole area, S. 

If the proportion of scattering events in plates 
m-=1, 2,...7 is known from the experimental an- 
gular distributions for a given momentum (i.e., 
for n—m=const), then F(p, 6) can be found, 
i.e., the correction can be made for the angle 6 
(see Fig. 6). Consequently, when plotting experi- 
mental angular distributions, one should use quan- 
tity 

N = Nexp(p, 9) F (p, 8), 


where Nexp (p, 9) is the measured number of 
scattering events for 4 mesons with momentum 
p into the angle @. 


MUONS WITH MOMENTA NEAR 100 Mev/c BY COPPER AND IRON 295 


1G. N. Fowler and A. W. Wolfendale, Progress 
in Elementary Particle and Cosmic Ray Physics, 
Amsterdam (1958), pp. 123-153. 

Ge Kirillov-Ugryumov and A. M. Moskvichev, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 322 (1958), 
Soviet Phys. JETP 7, 224 (1958). 

BAG, Ty Alikhanyan and F. R. Arutyunyan, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 36, 32 (1959), Soviet Phys. 
9, 23 (1959), 

4 Chidley, Hinmann, Goldstein, Summers, and 
Adler, Can. J. Phys. 36, 801 (1958). 


z Kirillov-Ugryumoy, Deryagin and Merzon, 
IIpu6opri u trexnuKa akcnepumeuta (Instruments 
and Meas. Engg.) 3, 15 (1957). 

§ Cousins, Nash, and Pointon, Nuovo cimento 6, 
1113 (1957). 

Uy No Alikhanyan and V. G. Kirillov-Ugryumov, 
Izv. Akad. Nauk SSSR, ser. fiz. 19, 737 (1955), 
Columbia Techn. Transl. p. 667. 


Translated by A. Skumanich 
az 


SOVIET PHYSICS Jet P 


VOLUME 386(9), NUMBER 2 


AUGUST, 1959 


AN INVESTIGATION OF nt-ut-et DECAY WITH THE AID OF A PROPANE BUBBLE 
CHAMBER AND SCINTILLATION COUNTERS 


Joint Institute for Nuclear Research 


Submitted to JETP editor August 28, 1958 


. BALANDIN, V. A. MOISEENKO, A. I. MUKHIN, and S. Z. OTVINOVSKII 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 424-432 (February, 1959) 


The angular distributions of y+ mesons and positrons from m*-y*-e* decays were inves- 
tigated with a propane bubble chamber. It was found that the angular distribution of the pt 
mesons was isotropic, while the angular distribution of the positrons, if described by the 
expression (1— a cos @)/4m, was characterized by the quantity a =0.116 + 0.035. This 
value for a is much smaller than the values obtained in other investigations with propane 
bubble chambers. Scintillation-counter experiments carried out to determine the cause of 
this discrepancy showed that the magnitude of anisotropy depends significantly on the degree 
of purity of the commercial propane sometimes used in bubble chambers. A simultaneous 
analysis of data obtained with a bubble chamber containing propane of a given composition 
and scintillation counters showed that the quantity 7(1—We) is 0.78 + 0.26, where Wg is 
the probability of depolarization of mesons in graphite and A is a fundamental parameter 


in the neutrino theory. 


INTRODUCTION 


hee the discovery!** of the non-conservation 
of parity in weak interactions, a number of publica- 
tions appeared on the study of y-e decay. These 
publications dealt with data obtained both by elec- 
tronic methods**4 of detection and by photographic 
emulsions.°»® During 1957 reports also appeared 
on the study of p-e decay with hydrogen’ and pro- 
pane®»? bubble chambers. 

The emulsion and bubble-chamber methods dif- 
fer from the electronic method of detecting p-e 
decay in that (a) in both bubble chambers and emul- 
sions the asymmetry is determined for all the elec- 
trons, i.e., without any significant energy cut-off; 
(b) when the particles are detected with bubble 
chambers and emulsions, it is possible to investi- 
gate the asymmetry of electrons from the » me- 
sons produced when » mesons are stopped, i.e., 
from pw mesons that are altogether longitudinally 
polarized, while investigation of u-e decay with 
scintillation counters depends upon meson beams 
of an undetermined degree of polarization. 

This article (which was nearing completion 
when similar studies appeared in print®“!!) de- 
scribes an investigation whose main purpose was 
to determine the asymmetry of positrons emitted 
by w* mesons resulting from the decay of m* 
mesons stopped in a propane bubble chamber. The 
measured positron asymmetry proved to be much 


less than that reported by other authors‘?! who 


also obtained their data by the propane method. 
The reason for this discrepancy is that sometimes 
commercial propane is used in bubble chambers, 
and as is shown here by an experiment with scin- 
tillation counters, a difference in the degree of pro- 
pane purity has a great effect on positron asymme- 
LLEAY 

Moreover, the present experiment with scintil- 
lation counters and the same commercial propane 
as is used in the bubble chamber provide data on 
the value of the product 1(1—We), where A is 
a parameter dependent on the coupling constant and 
Wc is the probability of depolarization of ut me- 
sons in graphite, which was used as a standard. 

We have also investigated the angular distribu- 
tion of the mesons formed from the decay of stopped 


ma mesons. 


THE EXPERIMENTAL TECHNIQUE 


Figure 1 shows the experimental setup with the 
bubble chamber, which had an expansion device with 
a volume limit. A propane bubble chamber!” 9 cm 
in diameter was located behind a concrete shield 4 
meters thick and in the path of a 7 meson beam. 
The mt mesons were produced in a polyethylene 
target located in the path of a 670-Mev proton beam 
extracted from the accelerator chamber. The me-— 
sons that emerged from the target were deflected 
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FIG. 1. Experimental setup. 1 ~ synchrocyclotron vacuum 
chamber, 2 — extracted proton beam, 3 — lead shield, 4 — quad- 
tupole focusing lens, 5 — polyethylene target, 6 — 7* meson 
beam, 7 — deflecting electromagnet, 8 — cast-iron plates in the 
window of a concrete shield 4 meters thick, 9 — steel collima- 
tor, 10 — aluminum filter, 11 — propane bubble chamber. 


by an electromagnet and entered a collimator. 
Photographs were obtained when the average en- 
ergy of the m* mesons at the collimator exit was 
170 and 273 Mev, hence with thicknesses of the 
polyethylene target of 70 and 30 cm respectively, 
and with angles of 7° and 30° between the 7 me- 
sons emitted by the target and the direction of the 
incident proton beam. An aluminum filter 29 cm 
thick was located directly in front of the chamber 
to stop the 170 Mev 7m mesons, and a copper filter 
15.5 cm thick was similarly used for the 273 Mev 
am mesons. To minimize the influence of the stray 
magnetic field of the synchrocyclotron and deflect- 
ing magnet, the bubble chamber was surrounded by 
a double iron screen. Because of this screening 
the magnetic field in the operating area of the 
chamber did not exceed 0.3 oersted. The glass 
units of the chamber were vertical, The charged 
particle tracks were photographed on 35 mm film 
by a_stereoscopic camera with two “Yupiter-8” 
objectives (F =5.24 cm) at a distance of 45 cm from 
the central plane of the chamber. The photographic 
base was 12 cm long and was in a vertical position. 
The chamber was filled with commercial pro- 
pane* which was first purified to rid it of its light 
fractions (CH,, C3H,). This purification was ef- 
fected at a temperature of 0°C and was stopped as 
soon as the saturation pressure of the mixture dif- 
fered by no more than 0.5 atmosphere from the sat- 
uration pressure of propane at the same tempera- 
ture. The normal working conditions for the bubble 
chamber were as follows: temperature 62°C, initial 


*Commercial propane consists of 80% propane (C;H,), 10% 
propylene (C,H,), 6% methane (CH,), and 4% butane (GiHy,): 


pressure 32 atmospheres, and expansion 2.6%. The 
chamber was in operation for 20 seconds at a time 

and was under remote control. About 5,000 stereo- 
scopic photographs were obtained. 

These photographs were examined and processed, 
without any reproduction of the stereoscopic pic- 
tures, by means of a reprojector!® whose screen 
was fixed perpendicular to the optic axes of the ob- 
jectives in the stereoscopic camera. Nevertheless, 
both photographs of each stereoscopic pair were 
used in the examination, to obviate the effect of 
superimposed tracks and to minimize losses. 

The ut-meson decay events from stopped 1 
mesons (7*-ut-et events) that concerned us were 
identified by their characteristic outward appear- 
ance (Fig. 2). Out of all the m*-yt-e* events, only 
those could not be interpreted unequivocally for 
which the direction of y* emission appeared on 
the reprojector screen to form a small angle to 
the direction traveled by the 7 meson before the 
latter was stopped. This limitation was due to the 
fact that certain cases, to which we shall hence- 
forth refer as “doubtful,” could also be interpreted 
as due to the decay of y* mesons that had left the 
collimator (u*-e* events) and had been scattered 
2—3.5 mm short of being stopped in the chamber. 

To determine the positron asymmetry of m'-y7- 


et decay we measured directly the angle 6’, which | 


is the projection on the vertical plane of the spatial 
angle @ between the directions of the emissions of 
the yu* meson and the positron. The angular dis- 
tribution {(0’) thus obtained is simply related to 
the distribution F (6, g) if the angular distribu- 
tion of the ut mesons and the azimuthal part of 
function F (8, ~) are known. Thus, for example, 
for an isotropic distribution of the * mesons we 
have 


F (6, ¢) = (1 —acos6@) / 4x (1) 


in which case we find that 
4 tt \ Ay 
j= = [1—a({) cos’ (2) 


Use of track coordinates to compute the angle @ 
gives better accuracy but requires considerably 
more time. Experience has shown that indirect 
measurement of the angle 6 with the reprojector 
causes uncontrolled distortion of the angular dis- 
tribution, particularly in the angular interval 
0° = 9 < 20° and 160° = 6 = 180° where a great 
increase occurs. 

The angle 6’ was measured directly for both 
the pt-e* and the m‘-ut-e* decays, in which the 
direction of emission of the »* mesons was be- 
lieved to be in the direction of the collimated r- 
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FIG. 2. A typical photograph of a 7*—p+-e* decay in the 
propane bubble chamber. 


meson beam. It can be shown that in this case the 
distribution Eq. (1) is transformed into 


He) = (1a cos 6"). (3) 
“Doubtful cases were handled as cases of m*-y*-et 
decay. 

All of the photographs were inspected twice in- 
dependently. To reduce loss during the second in- 
spection we noted in every photograph, besides the 
events of immediate interest to us, scattering 
events and stars, since this made possible a more 
careful review of the stereoscopic shots we had ob- 
tained. The first examination disclosed 6,712 cases 
of m*-u*t-et and pt-et decay, including “doubtful” 
ones. During the second examination an additional 
346 such cases were found, the combined angular 
distribution for which is shown in Fig. 3. It is evi- 
dent from Fig. 3 that the loss of m*t-yt-et, pt-et 
and “doubtful” events does not depend, roughly 
speaking, on the angle 6’. If it is also assumed 
that losses do not depend on the location of the 
events in the chamber, i.e., that in general they 
are of a purely random nature, then it can be eas- 
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FIG. 4. The angular distribution of p* mesons for 4,107 
cases of 7+—p*—e* decay (with all “doubtful” cases ex- 
cluded). N is the number of y* mesons in 15 intervals of the 
angle p’. 


ily demonstrated that a third examination would 
reveal no more than 50 new cases of mt-y*t-et and 
ut-e+ decay. This number of events, even if there 
is some dependence of loss on angle 6’, could not 
distort the obtained angular distributions, and there- 
fore the necessity of a third examination is elimi- 
nated. 

In order to avoid the possibility of distortion 
due to boundary effects, m-w*-e* and pt-et 
events were considered only when the m* or ae 
mesons were stopped within an area 6 cm in diam- 
eter in the center of the chamber. 


ANGULAR DISTRIBUTION OF y+ MESONS FROM 
THE DECAY OF MESONS STOPPED IN THE 
BUBBLE CHAMBER 


When our experiments were still in the process 
of completion, Lattes reported (at the 1957 confer- 
ence in Varenna, Italy) on the angular distribution 
of w* mesons from the decay of 7 mesons stopped 
in a photographic emulsion. According to his re- 
port, more w* mesons are emitted into the rear 
hemisphere, in relation to the direction of the 7 
meson beam, than into the front hemisphere, and 
the probability of uwt-meson emission increases 
with increasing size of the angle between the di- 
rection of their emission and the horizontal plane. 
To check this result and also to make a correct 
transition to the spatial angular distribution for, 
the positrons, we attempted to measure the angular 
distribution of y+ mesons from the decay of 7* 
mesons that had been emitted from the target at 
an angle of 7° to the direction of the incident pro- 
ton beam and that had been stopped in the cham- 
ber. We measured the angle 6’, which was a 
projection on the vertical plane of the angle 8 
between the direction of the a meson beam and 
the direction of the »* meson. 

Figure.4 shows the angular distribution 2(’) 
of u* mesons, obtained by processing the 4,107 
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FIG. 5. The angular distri - 
bution of p+ mesons for 
SO. “doubtful” cases of decay. N 
is the number of n+ mesons 


in 5° intervals of the angle 8’. 
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cases of m7" meson decay, including “doubtful” 
cases, for which a separate angular distribution 

is given in Fig. 5. The solid straight line in Fig. 4 
is described by the expression 7({’) = Nu» in 
which Nu is the average number of yp‘ mesons 
in the interval 30° < #’ < 330°, and the broken 
lines are described by the expression w(f’) = 

Nu + VNu- Figure 4 SORE: that the obtained angu- 
fa distribution for yt mesons is in good agree- 
ment with the isotropic distribution wu (’) = Nu, 

if one excludes the intervals 0 < PB’ <= 30° and 

330 = fp’ = 360°, where, as is shown in Fig. 5, 

all the “doubtful” cases are concentrated. Con- 
sequently, there is no reason to suppose that the 
~(6’) angular distribution is not isotropic. If the 
~(6’) angular distribution is isotropic, the spatial 
angular distribution of the p* mesons must also 
be isotropic. On the other hand; if the ~(f) dis- 
tribution is anisotropic, then one will find aniso- 
tropy in the y* mesons with reference to the plane 
of origin of the 7’ meson, because in this case the 
am? mesons must have a spin and be polarized in a 
direction perpendicular to the plane of origin, if 
parity is preserved in strong interactions. For 
this kind of anisotropy of the spatial angular dis- 
tribution for the w* mesons, the ~(f’) distribu- 
tion should also be anisotropic, which as is seen 
from Fig. 4, is not the case. Hence we conclude 
that the spatial angular distribution for the p* 
mesons is isotropic. Isotropic angular distribu- 


tions for »* mesons have also been reported by 
14,15 


other authors. 
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FIG. 6. The angular 
distribution of posi- 
trons for 5,252 cases of 
m+ —pt—et decay. N 
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trons per 15° of 6’. 
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FIG. 7. The angular distribution of p* 
mesons for “doubtful” cases of decay. N 


, 100 
is the number of p” mesons per 5° of y’. 
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ANGULAR DISTRIBUTION OF POSITRONS FROM 
-ut-et DECAY 


Figure 6 shows the f{(0@’) distribution for posi- 
trons in 5,252 cases of Tien decay. The ex- 
perimental points in this figure are shown with 
statistical errors. This angular distribution does 
not include those cases of m*-u*t-et decay for 
which y’ = 15°, where y’ is the projection on 
the vertical plane of the angle y between the di- 
rection of the yt meson and the direction of the 
am meson prior to stopping. This has been done 
because the interval 0 <y’ = 15° includes most 
of the “doubtful” cases, for which Fig. 7 shows a 
separate angular distribution p(y’), which con- 
firms Our conclusion. Obviously, all of the doubt- 
ful cases should be excluded from the general sta- 
tistical material, in order to eliminate the distor- 
tion of the angular distribution f{(@’) due to the 
fact that the transformation to a spatial angular 
distribution for positrons from pt-e* and m*- 
ut-et decays is described by quite different for- 
mulae. Actually, as stated above, all cases were 
excluded in the angular interval 0 = y’ = 15°, even 
those which were not doubtful. This was done to 
facilitate transformation to the spatial angular 
distribution. 

The solid curve in Fig. 6 is given by Eq. (2), 
with the coefficient a = 0.116 + 0.035. The value 
for this coefficient was found from the ratio 

en te 8 sa le (4) 

Bye, at 

in which Nfoyw and Np represent respectively 
the numbers of positrons emitted into the forward 
and back hemispheres with respect to the direction 
of the »* meson projected onto the vertical plane. 
From Fig. 6 it is evident that the experimental dis- 
tribution obtained for the positrons is well described 
by Eq. (2) when a= 0.116 + 0.035. This conclusion 
is also confirmed by the y? criterion. Despite 
this good agreement, the distribution of the experi- 


FIG. 8: The angular 
distribution of posi- 
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mental points in relation to the solid curve is still 
of interest. One can see that all of the experimen- 
tal points in the interval 45° < 0’ = 135° lie sys- 
tematically above the solid curve, but when 0 = 0’ 
<= 45° and 135° = 6’ = 180°, ' they lie systematic- 
ally below it. This fact becomes still more obvi- 
ous if the angular distributions shown in Fig. 6 are 
folded about 90° in the same way as these angular 
distributions were originally folded about 180°. The 
angular distributions thus obtained are shown in 
Fig. 8. The abscissa Ofree, is given by the fol- 
lowing relationship 


Onee = 6 for 6 < 90° andere = 180° — & for 6’ > 90° 


If the distribution of observed points were en- 
tirely random, then the experimental angular dis- 
tribution would be isotropic after reflection. In 
fact, however, the number of positrons in the in- 
terval 45° < free <= 90° exceeds the number of 
positrons in the interval 0° < Ofpee <45° by 179 
+ 72. Such a distribution of points may exist, for 
example, when the loss of 1*-y*-e*events in the 
interval 45° < 0’ < 135° is less than for 0 < @’ 
<"45° and 135° < 6’ < 180°. The angular distri- 
bution in Fig. 3, as well as computations based on 
it, indicates that even if this effect occurs, it never- 
theless is too small to explain the difference of 179 
+ 72. It may be that the observed difference is a 
statistical fluctuation with a probability of 1.5%. 

The asymmetry found in our investigation proved 
to be much less than that reported for “propane” by 
other authors.*!9!!_ Specifically, in the investiga- 
tions reported by Alikhanyan et al.!° and by Barmin 
et al.,'! in which propane bubble chambers and the 
synchrocyclotron of the Joint Institute for Nuclear 
Research were employed under conditions analogous 
to ours, the values obtained were a= 0.19 + 0.03 
and 0.22 + 0.03 respectively. The discrepancy be- 
tween these data and the value for a obtained by 
us can hardly be attributed to experimental errors. 
Therefore, we proposed that the discrepancy be 
ascribed to a difference in the degree of purity of 
the commercial propane which was used. To test 
this idea we measured the asymmetry in the pt-et 
decay by electronic detection methods. 
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FIG. 9. The propane target. 
C,H, is liquid propane; g 
1 — vessel for the refrigerant; 

2 — pipe for filling the target 
with propane; 3 — vent tothe 7 
atmosphere; 4 — copper foil 
0.05 mm thick; 5 — drain plug 
for the liquid propane; 6 — re- 
frigerant: a mixture of dry 

ice and alcohol or liquid ni- 
trogen; 7 — polystrene foam 
jacket; 8 — polystrene lid. 
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SCINTILLATION-COUNTER STUDY OF THE 
ASYMMETRY OF POSITRONS FROM ut-et 
DECAY IN PROPANE OF DIFFERENT DE- 
GREES OF PURITY 


The asymmetry of positrons from pt-et decay 
was investigated by the scintillation counter method _ 
with an apparatus described elsewhere by Mukhin 
epalw 

The yut-meson beam employed possessed an en- 
ergy ~95 Mey, an intensity of 15 cm~* sec™!, anda 
degree of polarization of 0.81 + Ozlis!S The target 
used to stop the »* mesons consisted of a vessel 
with two thin plane-parallel walls that contained 
“propane” of different degrees of purity. This 
vessel measured 4.5 x 16 X 16 cm and was in the 
same location with relation to the y* meson beam 
as the graphite target described by Mukhin et al.16 

The general appearance of the target is depicted 
inshis 79. 

The asymmetry of positrons from yt-et decay 
was determined (a) in “propane” purified of light 
fractions just as though this “propane” had been 
intended for use in a bubble chamber, (b) in “pro- 
pane” that had not undergone any purification, and 
(c) in the light fractions removed during the puri- 
fication of the commercial propane. 

Asymmetry measurements were performed with 
a filter in the path of the positrons which had a total 
equivalent thickness of 13.8 g/cm? of polyethylene. 
This includes the material in the scintillation 
counters and half of the thickness of the target. 
Moreover, when the unpurified propane was used, 
the measurements were performed at the temper- 
ature of dry ice (—78.5°C) and at the temperature 
of liquid nitrogen (—195.8°C). It was discovered 
that within experimental error the measured asym- 
metry does not depend on temperature. The ob- 
tained asymmetry values were converted to repre-"_ 


g sent the entire positron spectrum by means of 
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measurements'!® of the dependence of asymmetry 

on positron energy and are as follows: 
unpurified “propane” 
purified “propane” 


a’ = 0.147 + 0.018, 
a’ = 0.104 + 0.014. 


‘ The value of the coefficient a’ given here for 
unpurified propane is the average of the values ob- 
tained at the temperatures of —78.5° and —195.8°C, 

It is obvious from these data that the asymme- 
try definitely depends on the purity of “propane.” 
The findings verify the suggestions that the discrep- 
ancy between the values for a obtained in our in- 
vestigation and those reported elsewhere?!!9>!! ig 
due to differing degrees of “propane” purity. Our 
measurements have shown that the small value of 
asymmetry in purified “propane” is not to be as- 
cribed merely to the fact that the light fraction is 
characterized by a high degree of asymmetry but 
rather is due to more complex physico-chemical 
causes. 


DISCUSSION OF THE RESULTS 


It is known that the value of 7(1—We) can be 
found by simultaneous analysis of data on m*t-y*-et 
and pt-et decay obtained both electronically and 
from emulsions.” In principle this kind of analy- 
sis could be applied to the stopping of 7’ mesons 
in a propane bubble chamber, provided that data 
were available on the relative degree of y* meson 
depolarization in propane and graphite. At the same 
time attention should be given to the composition of 
the “propane,” since our investigation indicates that 
the asymmetry depends markedly on the degree to 
which the commercial propane has been purified. 
Since the “propane” used in our electronic experi- 
ments had the same composition as that in the pro- 
pane bubble chamber we are in a good position to 
evaluate A(1—We). 

Analysis of the data on mt-ut-et and pt-et 
decays obtained electronically and with the bubble 
chamber indicate a value for »(1—Wce) =0.78 + 
0.26. The lack of accuracy in this value, despite 
the large statistical sample, is due to the low de- 
gree of asymmetry in the “propane” used. 

The authors deem it their pleasant duty to ex- 
press their gratitude to B. M. Pontecorvo for his 
guidance, to M. Ya. Danysh, A. A. Tyapkin, and 
N. A. Chernikov for their assistance and valuable 
suggestions during the experimental stage of the 
investigation, to R. M. Ryndin and S. M. Bilen’kif 
for reviewing the results, to B. S. Neganov, V. A. 
Zhukov, and B. D. Balash for their help with the 


extraction of the 7*-meson beam, and to V. Tri- 
fonov and G. Murin for their part in processing 
the experimental data. . 
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It is suggested that n-p and p-p scattering data be analyzed simultaneously to reduce the 
number of experiments required to reconstruct the scattering amplitudes. Sets of experi- 
ments are presented which should yield sufficient information for such analysis. The angu- 
lar dependence of polarization in p-n collisions at 635 Mev was measured. A difference 
was detected in the energy and angular dependences of the polarization for states of a nu- 
cleon-nucleon system possessing different isotopic spins (T=0 and T=1). 


INTRODUCTION 


Ir is known that the results of all experiments on 
elastic nucleon scattering can be described by dif- 
ferent combinations of five complex coefficients of 
the scattering amplitude. In the general case nine 
independent experiments! are required for the de- 
termination of these coefficients (except for a 
common phase factor). Because of the unitarity 
of the scattering matrix the number of necessary 
experiments can be reduced to five? at nucleon en- 
ergies below the meson-production threshold. At 
energies above 300 Mev reconstruction of the am- 
plitude from elastic scattering alone requires nine 
experiments, while eighteen experiments are re- 
quired to determine the two amplitudes Anp and 
App through separate analyses of the data. How- 


ever, it can be shown that by using the concept of 
the charge invariance of nuclear forces and by per- 
forming the simultaneous analysis of data on p-p 
and n-p scattering, one can in general reduce to 
thirteen the number of independent experiments re- 
quired to reconstruct the p-p and n-p scattering 
amplitudes except for a common phase factor of 
the two systems, i.e., to determine nineteen real 
quantities. The basis for this lies in the fact that, 
subject to isotopic invariance, scattering in p-p 
and n-p systems can be described by ten com- 
plex functions defined in the angular range 0 < 3 

=< 1/2, which determine nucleon scattering in states 
with total isotopic spins T=0 and T=1. There- 
fore the performance of each pair of experiments 


*Presented at the 4th session of the Scientific Council of 
the Joint Institute for Nuclear Research in May, 1958. 


to determine the same characteristics of the p-p 
system for 0 =3<=7/2 and ofthe n-p system 
for 0<=28-s7 provides information concerning 
three real functions that describe scattering. Two 
of these functions are determined by nucleon inter- 
actions in states with T=0 and T=1, while the 
third function corresponds to interference between 
these states. Thus for the purpose of determining 
all ten complex coefficients of the amplitudes (ex- 
cept for a common phase factor) we must perform 
six pairs of identical experiments on n-p and p-p 
scattering, giving eighteen independent equations, 
and an additional single experiment for the p-p or 
n-p system. In Appendix 1 we give the analytical 
expressions relating the quantities to be determined 
in separate experiments with the coefficients of the 
scattering amplitude. In Appendix 2 we present sets 
of experiments which will provide the required in- 
formation from a minimum number of common ex- 
periments (or minimum number of experiments 
with the n-p system), and we indicate the rela- 
tive difficulty of such experiments. 


POSSIBILITY OF USING P-D SCATTERING DATA 


Because of the difficulties encountered in experi- 
ments on neutron scattering by free protons some 
investigators have studied proton scattering by neu- 
trons in p-d collisions. This procedure permits 
the use of more intense and almost monoenergetic 
proton beams with a considerably higher degree of 
polarization than for neutrons. But we must deter- 
mine whether it is legitimate to use such data in- 
stead of data on free n-p scattering. In an earlier 
paper® we considered the conditions under which 
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n-d scattering data can be used to obtain cross 
sections for elastic neutron-neutron scattering. 
We attempted to determine nucleon polarization 
in the nonrelativistic impulse approximation in the 
different types of nucleon-deuteron collisions and 
to establish their relation to polarization in free 
n-p scattering; our method was similar to that of 
Tamor.* 

When the incident nucleon is scattered at angle 
6 in the laboratory system while the states of the 
other two nucleons are undetermined, we have the 
following expression for the polarized cross sec- 
tion (PQ) (@): 


(PQ) pa ae (PQ)pp = (PO)\cn ais (PQ) intert./, 


where I=I1(@) is a function that is equal to unity 
for @=0° and decreases rapidly with increasing 
scattering angle. It is evident from this equation 
that in the angular region where the integral of 
I(@) is small the polarized cross section for p-d 
collisions coincides with the sum of the polarized 
cross sections for p-p and p-n collisions.* 


We note finally, that for approximate reconstruc- 


tion of nucleon-nucleon scattering amplitudes other 
data on nucleon-deuteron collisions may be useful, 
since the expressions involved contain combina- 
tions of amplitude coefficients which are encoun- 
tered only in the most complex experiments with 
free nucleons. Specifically, the expressions that 
we obtained for the polarized cross section of elas- 
tic p-d scattering contain, in addition to the usual 
Re ae* terms, additional terms of the type Re be*, 
which are contained only in expressions describing 
polarization correlations in the scattering of polar- 
ized beams, 


EXPERIMENTAL PROCEDURE 


Figure 1 is a diagram of our experiments on 
polarization in p-n collisions, using a beam of 
polarized (635 + 15)-Mev protons from the syn- 
chrocyclotron of the Joint Institute for Nuclear 
Research. The beam intensity at the target was 
4x 10° sec~! and its degree of polarization was 
58 + 3%.° Proton scattering by neutrons was de- 
termined from the different counting rates ob- 
tained with targets of heavy and light water in 
thin-walled plexiglas vessels. Elastic p-n scat- 
tering events in the range 45° = ¥§ =145.7° were 
detected by registering protons and neutrons 
through two coincidence-connected telescopes that 
were set up at angles corresponding to nucleon 


*Our measurements show that at 635 Mev the integral of 
-I(9) becomes insignificant for angles @ > 8°. 


FIG. 1. Arrangement for measurements: a — Op < 57° 
(c.m.s.); b — 45° <9, < 145.7°. 1 — monitor, 2 — collimator, 
3 — D,O or H,O scatterer, 4 — copper absorbers, 5 — scintilla- 
tion counters, 6 — anticoincidence counter, 7 — neutron coun- 
ter, 8 — proton telescope. 


flight in elastic collisions. The angular resolu- 
tion of the system was 7°. Protons were regis- 
tered by a three-counter telescope with FEU-33 
photomultipliers and plastic scintillators. Neu- 
trons were registered by a highly efficient multi- 
layer counter with a liquid scintillator.® To obvi- 
ate the registration of charged particles by this 
counter it was preceded by a scintillation counter 
in anticoincidence with the neutron counter. Pulses 
from all of the scintillation counters were fed to 
coincidence circuits with 2 x 107° sec resolving 
time. The coincidence and anticoincidence circuits 
provided for the simultaneous registration of both 
p-p and p-n scattering. The efficiency of the 
anticoincidence circuit was frequently checked and 
found to be at least 99.8%. 

The registering procedure described above was 
unsuitable for the angular region in which one of 
the scattered particles had low energy; therefore 
for 18 <¥<=57 only elastically scattered protons 
were registered. Suitable absorbers between the 
counters prevented registration of inelastically 
scattered nucleons and mesons. In this case the 
angular resolution of the telescope was about 4°. 


ADJUSTMENT OF APPARATUS 


A special effort was made to provide an experi- 
mental setup which would obviate false asymme- 
tries arising from (a) inaccurate adjustment of the 
apparatus with respect to the axis of the beam, 

(b) bending of the beam in stray magnetic fields, 

(c) beam inhomogeneities at the targets etc. The 
possible effect of a magnetic field on the beam was: 
estimated to be small giving a deflection of the 
beam axis in a stray magnetic field which was less 
than 10’. The multiplier tubes were placed in iron 
and permalloy shields to prevent stray magnetic 
field effects. The efficiency of the shielding was 
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\ FIG. 2. Angular dependence 
of polarization in n—p scatter- 
ing at different energies: dot- 
dash curve — 95 Mev;!2 dashed 
curve — 315 Mev;!3 dots —635 
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considered adequate when no change was observed 
in the pulse count from a photomultiplier within a 
magnetic field during gamma irradiation. 

Beam uniformity was checked by blackness den- 
sities of photographic films exposed at the target 
position and showed practically no variation across 
the beam, so far as could be determined from pho- 
tomicrograms. The position of the center line of 
the beam was also determined photographically 
and all of the measuring apparatus was carefully 
adjusted with respect to this axis. An additional 
control of correct adjustment was the absence of 
asymmetry in elastic p-p scattering at c.m. 
angle 90°, as well as the agreement of p-p asym- 
metry that we observed at other angles with the 
asymmetry data given in reference 5 at the same 
energy. 


MEASUREMENTS AND ANALYSIS OF RESULTS 


In the range 45° =<} =<145.7° we obtained the 
anticoincidence counting rates from D,O and H,O 
scatterers to the left and right of the beam axis 
(looking along the beam). The coincidence setup 
simultaneously recorded elastic and quasi-elastic 
p-p scattering events. 

The asymmetry of quasi-elastic n-p scatter- 
ing was determined from the expression 


(Vp,o — Nu,0)1 — NV b,0 — Vu,0)R 
(ND Oa Ho) Lo Dore 0) 2. 


a Ls 
lpn 


where N denotes an anticoincidence counting rate 
(after subtracting the background) with a given 
scatterer placed in the path of the beam and with 
the proton telescope located to the left (L) or to 
the right (R) of the beam. The experiments re- 
vealed a symmetrical background on both sides of 
the beam, and scattering asymmetry with and with- 
out correction for the background was identical 
within the limits of error. 

As we have already stated, in the range 18° < 
3 = 57° only a single (proton) telescope was used. 


In this case the proton yield from p-n collisions 
was also determined through the different counting 
rates from D,O and H,O targets. Absorbers of 
suitable thickness prevented the registration of 
mesons instead of quasi-elastically scattered pro- 
tons. In this case N in the expression for €pn 
is the coincidence counting rate (after subtraction 
of the background) for a given target and relative 
telescope position. Control experiments indicated 
that in these measurements the background resulted 
mainly from proton scattering at the ends of the 
collimator and that it was also symmetrical to the 
left and right of the beam. 

An argon-filled ionization chamber served as 
the monitor in all experiments. 


EXPERIMENTAL RESULTS AND DISCUSSION 


Some of the quantities involved in the sets of 
experiments considered in Appendix 2 were pre- 
viously measured in a number of experiments per- 
formed on the synchrocyclotron of the Joint Insti- 
tute for Nuclear Research. Thus at about 600 Mev 
we measured the total n-p’ and p-p® cross sec- 
tions, the differential cross sections for elastic 
n-p? and p-p’? scattering and the polarization in 
elastic p-p scattering.® During the past year we 
studied the angular dependence of polarization in 
p-n scattering in p-d collisions (Ep = 635 Mev) 
and have measured the differential cross sections 
for elastic neutron scattering by free protons at 
small angles (Ey ~ 600 Mev).!! 

1. The results obtained for the angular depend- 
ence of polarization in p-n scattering are given 
in detail in Fig. 2 together with the statistical er- 
rors. This figure also gives the results obtained 
by other investigators at lower energies. The 
curve changes markedly from 100 to 300 Mev but 
much less from 300 to 635 Mev. 


A more detailed analysis of the results is planned! 


for a future date; we have considered it useful in the 
present paper to distinguish the polarized cross 

sections associated with interactions between nu- 
cleons in states with different isotopic spins. The 


Asymmetry and polarization of p-n scat- 
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FIG. 3. Angular dependences of polarized n—p scattering 
cross sections for different isotopic spins at the following 
energies: a— 95 Mev, b—315 Mev, c—635 Mev. 


results for three different nucleon energies are 
given in Fig. 3. All polarized partial cross sec- 
tions are given with the same weights with which 
they are included in the polarized n-p scattering 
cross sections. The relative contributions of po- 
| larized partial cross sections in (PQ)np vary 

markedly with energy; these cross sections for 
T=0 and T=1 have different energy depend- 
ences, (PQ)7=; increasing with energy while 
(PQ) pay decreases considerably. The relatively 
large polarized cross section for T=0 at 635 
Mev indicates a significant contribution of noncen- 
tral interactions in these states at 600 — 700 Mev 
just as at 100 — 300 Mev.'4 The observed reduc- 
tion of polarized cross sections (PQ)T=9) with 
increasing energy, together with previously ob- 
tained data on the angular dependence of the elas- 
tic scattering cross section for T =0 and on the 
total cross sections for nucleon interactions in 
these states, which decrease with energy, pro- 
vides additional support for Smorodinski!’s’® hy- 
pothesis that nucleon interactions for T=0 can 
be described qualitatively by means of the Born 
approximation. 

2. Polarization results obtained at different 
energies sometimes provide information about 
certain characteristics of nucleon interactions, 
even when a complete analysis is not made. 

Let us consider the energy dependence of the 
polarized cross section (PQ)np at eo = 90° (c.m.), 
where only one term of (PQ)np remains, which is 
given by the interference between states with dif- 
ferent isotopic spins. Figure 4 gives the data now 
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FIG. 4. Energy depend- 
ence of the polarized 
n—p scattering cross sec- 
tion at 3 = 90°. O— from 
reference 12, x — from re- 
ference 17, A —from refer- 
ence 13, ®—the presen 
work. 
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available on ( PQ)np (90°) for different nucleon 
energies. The sign is seen to change around 200 
Mev. The calculations of Signell and Marshak!" 
show that at energies up to 150 Mev both S_ phases 
diminish while all other phases increase with en- 
ergy. A comparison of these calculations with a 
phase analysis of p-p scattering at 300 Mev!® 
shows a reversal of the sign of the !S phase in 

the 100 — 300 Mev interval. 

On the other hand, according to Wolfenstein!® 
the principal role in polarization for n-p scatter- 
ing near 100 Mev is played by *S—°D _ interfer- 
ence. If it is assumed that at high energies an 
important part is played by the interference of 
different waves with the °S wave, we can conclude 
that the sign of the phase of the latter wave is re- 
versed near 200 Mev, thus indicating that both S 
waves behave alike in the given energy region. 

The authors are grateful to L. I. Lapidus, R. M. 
Ryndin and Ya. A. SmorodinskiY for discussions of 
a number of topics involved in the present work 
and for valuable suggestions. 


APPENDIX 1 


When nucleon-nucleon scattering amplitudes 
are written in the form 
Ape = Oj ++ By (o,°M) (o,+m) an a (9; =e 2) ° n 
4.8 (o,+ 1) (a2¢ 1) + © (+m) (2, m), (1) 
Anp = {2 (a + %) + */2 (81 + Bo) (o1* n) (02°) 
+ “Ys (41 + Yo) (81 + 92) ¢ + 
+ M2 (81 + 80) (G1¢ 1) (G21) + */2 (ex + &0) (S12 m) (920m), (2) 
where the subscripts 1 and 0 denote the total iso- 
topic spin of the system, and we introduce the func- 
tions 
Qy,9 = (% + B)1,0; 
dio = (8 —8&)10; 


b1,9 = (4 — B)1,03 C10 = (8 + &)1,03 
- €1,0 = 2%1,0 (3) 
which possess the following symmetry properties 
under the substitution '<—> 7-d: 
a, (x — 9) = — a, (9); 
by, (x — 9) = —c, (9); Gy (2 -- 9) = — b, (9); 
d, (n—9) = d,(9); e (r—9) =e (9); 

Ay (x —9) =a, (9); bo (m@—F) = Co(9); Co (a — 9) = By (9); 

dy (x —9) = —d4)(9); eo (mr —3)=—e(%), (4) 
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then, as has already been mentioned, from two ex- 
periments where the same quantity for the n-p 
and p-p systems is measured we can obtain 
three independent combinations of scattering am- 
plitude coefficients. This enables us to propose 
a set of thirteen experiments for the purpose of 
reconstructing the n-p and p-p scattering am- 
plitudes except for a common phase factor of the 
two amplitudes. The expressions which relate 
scattering amplitudes to the results of certain 
basic experiments on elastic nucleon-nucleon 
scattering are the following: * 

1. Elastic scattering cross section: 


Qra (3) = Qopp (9) 
yay Pe | Opa er a Veg Pr tery 


Qr=o (9) = 2 [Qnp (9) + Qnp (= — 9)] — Qpp (9) 
= 1p {| ay |? + | Bo |? + | co |? +] do |? + | 07}, (5.2) 
Qinterf, (9) =o [Qnp (9) = Orp (x aoe o)] 


(5.1) 


= Re [aya5 + 6105 + e169 + aids + e€]. (5.3) 
2. Polarization of angular scattering: 
(PQ)r=1 (9) = (PQ)pp (9) = Re aes, (6.1) 
(PQ)r=o (9) = 2 [(PQ)np (9) — (PQ)np (*# — 9)] 
— (PQ)pp (9) = Re aes, (6.2) 
(PQ) inters: (9) = 2 [(PQ)np (9) + (PQ)np (7 — 9)] 
= Re (ae + ave?). (6.3) 


3. Normal component of polarization correlation: 


(PanQ)r=1 (9) =e (PrnQ) pp (9) 


='th{laP?—|aP—laPtiaP+ie.}, (7.1) 
(PrnQ)r=o (8) = 2 [(PanQ)np (9) 
+ (PanQ)np (* — 9)] — (PanQ)pp (9) 
= Mo {| Go|? —] |? —[coP? +|do|? +] 20/7}, (7.2) 


(PrnQ)intert (9) = 2 [(PnnQ)np (8) — (PrnQ)np (k& — 9)] 
= Re [a,4) — b1bo — ce + ido + e160). (7.3) 


4. Triple scattering in parallel planes (scat- 
tered particle): 


(DanQ)r=1 (>) = (Di QO) oo (9) 
= Ye {\ a1? + lbs? —|er P —| a, ? + | e173, 
(DnnQ)r=o (8) = 2 [(DanQ)np (9) 
+ (KnaQ)np («& — ¥)] — (DrnQ)pp (9) 
= */2 {| 40)? + | 60 |? —|¢o|? —| do)? + |e}, (8.2) 
(DnnQ)intert (9) = 2 [(DanQ)np () — (KnnQ)np (= — 9)] 
= Re (aj. 0165 — Cen dy 4 Beal (8.3) 


(8.1) 


*All expressions are given in nonrelativistic form. The 
relativistic forms whenever required can be obtained on the 
basis of Stapp’s results,29 and do not affect the conclusions 
regarding the reduction of the number of experiments required 
to reconstruct amplitudes in a simultaneous analySis of n—p 
and p—p scattering data. 
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5. Triple scattering in parallel planes (recoil 
particle ): 
(KnnQ)r=1 (3) = (Kun) pp (9) 


= MY, {jay /* —|O. |? +] e.|? —} ai |? +1 er 7}, 


(KnnQ)r=0 (3) = [(KnnQ)np (9) 
+ (DnnQ)np (= — 9)] — (KnnQ)on ®) 
= 1/2 {| Qo |? — | 8o|? =e |Co|? —| dol? ae [eu |?}, (9.2) 
(K nnQ).intert, (9) = 2 (KnQ)ap (9) — (DrnQ)np (zx —9)] 


(9.1) 


== Re [4,0 =i) + Cepia etc (9.3) 
6. Polarization correlation for scattering in 
mutually perpendicular planes: 
(PmiQ)r=1 (9) = (PmtQ)pp (%) = Imdyei, (10-1) 
(PmiQ)r=o (3) =2 [(PmtQ)np (9) ai (PmiQ)np (x as >)] 
— (Pm1Q)pp (8) = Im Aye; (10.2) 


(PmtQ)intert (3) =2 [(PmtQ)np (9) Se (Pmt) np (= a, 9)] 
= Im (dje" + doe’). (10.3) 
7. Rotation of polarization vector (scattered 
particle ): 
(Dem Q)r=1 (9) aa (Dem Q)pp (9) 
= — cos (9/2) Re (a,b, + cyd,) + sin (9/2) Im bje,, (11.1) 
(Din Q)r=o (9) =2 [(DimQ)ap (9) 
4 (KxiQ)np © = 3)] ice (DimQ)oo (3) 
= — cos (9/2) Re (agbo + codo) + sin (9/2) Im beep, (11.2) 
(DxmQ)intert (9) = 2 [(DemQ)ap (8) + (Kx1Q)ap (= — 9)] 
= — cos (9/2) [Re (aidp + afb;) + Re (cido + c6d,)] 
++ sin (9/2) Im (bje9 -+ b5e,). (11.3) 
8. Rotation of polarization vector (recoil par- 
ticle): 
(KxQ)r1 (8) = (KxtQ)pp (8) = sin (9/2) Re (aye, — bid,) 
+ cos (9/2) Im Cie1, (12.1) 
(KxtQ)r=0 (9) = 2 [(Kx1Q)np (9) 
= (Dum Q)np (= ae 9)] we: (K 1Q) pp (9) 
= sin (9/2) Re (apy — Bodo) + cos (9/2) Im coe, (12.2) 
(KxiQ)intert, (9) = 2 [(Kx2Q)np (9) + (Dam Q)np (= — 9)] 
= sin (9/2) [Re (ajc) + ac.) — Re (bide + body)] 
+ cos (9/2) Im (c1ep + Coe1): 
9. Influence of longitudinal polarization compo- 
nent of incident beam on transverse component of 
scattered beam (scattered particle): 


(DzmQ)r=1 (9) on (DzmQ)pp (9) 


(12.3) 


== sin (9/2) Re (aqb, + cid,) + cos (9/2) Imhje,, (18.1) 
(DzmQ)r=0 (9) = 2 [(DzmQnp (9) 
+ (K21Q)np (& — 9)] — (DzmQ)pp (9) 
= sin (9/2) Re (agb + code) + cos (9/2) Im bee), (13.2) 


(DemQintert (9) = 2 [(DemQ)np (9) — (KatQnp (= — 9)] 
= sin (9/2) [Re (ay + aob,) + Re (cydp + c%d,)] 


+ cos (9/2) Im (b3e ++ d¢e,). (13.3) 
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10. Influence of longitudinal polarization com- 
ponent of incident beam on transverse component 
of scattered beam (recoil particle): 


(K2iQ)r=1 (9) = (KztQ)pp (9) = cos (8 / 2) Re (a* c, — b* dy) 
— sin (9/2)Imc}e, 
(K2iQ)r=o (9) = 2 [(Kz1Q) np (5) 
+ (DzmQ)np (& — 9)] — (Kz2Q)pp (9) 
= C08 (3 / 2) Re (ajc) — bd.) — sin (9 / 2) Im ceo" (14.2) 
(KziQ)intert (8) = 2 [(Kz1Qnnp (9) — (DemQ)np (7 — 9)] 
= cos (9/2) [Re (aco + a7.) — Re (by* do + 65° dy) ] 
— sin (3/2) Im (cjéo + ¢} ¢). (14.3) 


(14.1) 


APPENDIX 2 


Let us now consider a possible set of 13 experi- 
ments which will permit reconstruction of the scat- 
tering amplitude. 


Set of experiments No. 1 


Particle sys- 
Formulas} tem used in 
experiment 


Experiment 


Polarization of scattering 


Rotation of polarization vector 


(scattered particle) 11.(1—3) = 
3 | The same for recoil particle 12.(1-—3) + 
4 | Polarization correlation for 

scattering in mutually per- 

pendicular planes 10.(1—3) + 
5 | Differential cross sections for 

elastic scattering 5.(1-3) + 
6 | Correlation of normal polariza- 

tion components 7.(1—3) + 
7 | Triple scattering in parallel 


planes (scattered particle) 8.(1) 


The proposed 13 experiments enable us to obtain 
a system of 19 equations in the 19 unknowns: 


Lar!,|Ox[,)er|, lal, ler|, $3, 42s, oe oi 
|@o|, 150], [Cols [dol |@ols $321 $2 FEts Fees Fer 


gh, being the phase difference between i and «4. 

Because of the difficulties involved in perform- 
ing experiments with an n-p system and the pos- 
sibility of making fuller use of Eqs. (5), (7), (8), 
and (9) with a simpler structure, another set of 14 
experiments will be of interest, consisting of 9 ex- 
periments on a p-p system and only 5 experiments 
ona n-p system. An example of such a set is the 
following: 


Set of experiments No. 2 


Particle sys- 
Formulas | tem used in 
for anal- | experiment 


No. Experiment ysis np 


1 | Differential cross sections 
2 _| Triple scattering in parallel 


planes (scattered particle) + 
3 |The same for recoil particle + 
4 |Correlation of normal polariza- 

tion components + 
5 | Polarization of elastic scat- 


tering + 
6 | Polarization correlation for 


scattering in mutually per- 
pendicular planes = 
7 | Rotation of polarization 


vector (scattered particle) = 
8 |The same for recoil particle - 
9 |Influence of longitudinal po- 

larization component of in- 

cident beam on transverse 

component of scattered 

beam (scattered particle) - 


In this case the first five pairs of experiments 
determine the moduli 
i Ay +e], | a, — ey |, |b, |, rele | dy ts 


iQ) + €o|, | @ — eo, | Og |, eos dot 


agtey — ag-e 
and the aes between them: @atiel> Paley 
0 


bo <7) 
CDyeera say: 

The four other experiments can be used to de- 
termine the angles weirs; weds ght, Pel, get 
In other words, nine experiments comprise a full 
set for a p-p system, and the simultaneous analy- 
sis of five experiments on n-p scattering, together 
with the corresponding experiments for the p-p 
system, can be used to determine the moduli of five 
functions for a system with T =0 and the phase 
differences between the corresponding functions 
for T=0 and T= 1. 

It must be noted, however, that since the given 
equations are bilinear with respect to a, b, c, d, 
and e the solutions obtained from these sets of 
equations may not be unique. We must therefore 
obtain additional relations between the quantities 
to be determined. We have considered two other 
sets of 14 equations that enable us to obtain such 
relations. The first of these sets (No.3) agrees 
with set No. 2 except that Experiment No. 9 with 
the p-p system is replaced by Experiment No.6 
with the n-p system. This set of experiments 
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leads to 20 independent equations for the calcula- 
tion of the 19 unknowns given above. 

Set No.4 (below) consists of seven pairs of iden- 
tical experiments with a p-p anda n-p system. 
The number of n-p experiments is here greater 
than in the previous set, but the very difficult ex- 
periment No.6 is replaced by two experiments 
which are much easier from an experimental point 
of view. 


Set of experiments No. 4 


Particle sys- 
Formulas| tem used in 
experiment 


for anal- 
ysis 


Experiment 


Differential cross sections 


2 | Triple scattering in parallel 

planes (scattered particles) + 
3 | The same for recoil particle + 
4 | Correlation of normal polariza- 

tion components 3 
5 | Polarization of scattering + 


Rotation of polarization vector 
(scattered particle) 
The same for recoil particle 


This set of experiments leads to 21 independ- 
ent equations for 19 unknowns and can thus be very 
useful for the unique reconstruction of p-p and 
n-p scattering amplitudes. The indeterminacy of 
the results can also be reduced by comparing solu- 
tions for different scattering angles and energies. 

It should be noted that as information concern- 
ing scattering amplitudes is accumulated in some 
instances it may become unnecessary to perform 
certain experiments of the foregoing sets either 
over the entire angular range or for individual 
angles where the form of the amplitude is simpler. 
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CERTAIN CASES OF ELASTIC SCATTERING OF POSITRONS FROM m-ut-et DECAY BY 


EMULSION ELECTRONS 


Z. V. MINERVINA and E. A. PESOTSKAYA 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 444-446 (February, 1959) 


We consider m'-u*t-e+ decay events involving two electron tracks originating at the end of 
a muon track. It is suggested that such cases that occur near the p-e decay point are due 
to elastic scattering of positrons by emulsion electrons. 


lw a systematic scanning of approximately 80,000 
tf er decays ina NIKFI-R emulsion, exposed 
in the pion beam of the synchrocyclotron of the 
Joint Institute for Nuclear Research, we observed 
two events of m*-u*-et decay, in which two elec- 
tron tracks lead from each end of the track of the 
stopped muon (Fig. 1). 

In the first of these events the angle between the 
tracks of electrons 1 and 2 was 27 + 1°, the ioniza- 
tion of the two electrons was a minimum, and their 
energy, determined by the multiple-scattering 
method, was 51 +16 Mev and 3+1 Mev. In the 
second case the angle between the tracks was 
32 + 3°, and the energy of electron 1, having a 
minimum ionization, was 34 +7 Mev. The energy 
of the second electron could not be determined, 
since the length of the track was merely ~ 25 
microns. 

Events in which two electrons were produced 
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at the end of a muon track were also observed 
before, both in cloud chambers and in emulsion. 
However, these were negative-muon decays in 
which a slow Auger electron was emitted, through 
conversion of the meso-atomic x-radiation, along 
with a fast decay electron. In our case we could 
not assume the emission of Auger electrons, since 
here the muons were the decay products of pions 
stopped in the emulsion, which proves beyond any 
doubt their positive charge. It is impossible to 
attribute the apparent paired emission of an elec- 
tron to an apparent superposition of the end of the 
background-electron track on the ordinary m*-y*t-et 
decay, since the probability of such an event is 
rather small under our conditions. In addition to 
the above events, while scanning electron tracks 
(in 9000 decays gathered for a different purpose), 
we observed seven characteristic “forks” of elas- 
tic et-e- scattering (Fig. 2). In these cases the 
track leading from the end of the muon passes a 
certain distance in the emulsion and splits up; the 
resultant two relativistic tracks make angles 0, 
and @, with the direction of the initial track. 
Table I shows the angles of emergence and the 
distances from the end of the muon track to the 
scattering point, observed in our seven events. 
The left column contains the sums of the three- 
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TABLE I 

fo) eee oe 
re oe patene ak ale Se SC 
5 oc & Aid 20 atiy ] ez 
GB. (Poe ec ae. | =e oe 

1 550 | 441.5 | 180 | 169 | 360.5 
2 | 400 | 47.5 1475 | 166 | 358.5 
3 275 | 19.5 | 169.5] 169 | 358 
La DADE rAd 162.5] 157 | 360.5 
5 415 | 24 471 | 167.5) 359.5 
6 45 | 48 478 | 164 | 357 
la 65 | 450) ees = 


dimensional angles between the branches of the 
fork for all cases, in which all three branches of 
the fork are sufficient long and permit measure- 
ment of the angles. The obvious complanarity of 
these cases is convincing proof that elastic scat- 
tering indeed has taken place here. 

It is difficult to verify whether the law of con- 
servation of energy holds for these cases, because 
the tracks, as a rule, are too short and do not per- 
mit an accurate determination of the energy. On 
the average, the statistical accuracy in the deter- 
mination of the energy is close to 30%. Energies 
measured with such an accuracy, as seen in Table 
II, do not contradict each other or the values cal- 
culated on the basis of energy and momentum con- 
servation for elastic collisions. 

We observed seven such “forks” in a total length 
of positron track of approvimately 10 meters. If 
we calculate from this the cross section of the col- 
lision between the decay positron and the emulsion 
electron, we find it to be approximately 6 x Ox! 
cm, which is in good agreement with the positron- 
electron elastic-scattering cross section calculated 
by the Bhabha formula.? 

We thus have seven events, for which the appear- 
ance of elastic scattering of a decay positron by an 
emulsion electron is proved with sufficient assur- 
ance. From column 2 of Table I it is seen that in 
the last two cases the e*-e~ scattering occurred 
every close to the end of the muon track, at dis- 
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TABLE II 
ee a ee en SEs 
Saat 
< — ee oo nie By tee 
re} sca Tr ’ 
0 (Mev) | (Mev) | (Mev) (Mev) 
isa} 
4 |27--7 138-45 | 8-42 | 26+4 
2 (47+6 [47-2 |10+-2 18-+3 
3 (31+14)24+11/41+3 32-46 
4 44+4 | 7+1 | 6-4 o+1 
° Sea Sets) 21-44 
6 — |36+14) 2-4 40-2 
if — Beara) o-k4 — 


tances of 15 and 5u respectively. It is natural to 
assume that the case of two electron tracks diverg- 
ing from the end of a muon track, which we have 
discussed at the beginning (Fig. 1), is indeed an 
example of a scattering that occurs near the decay 
point, so close to the end of the muon track that 

the vertex of a fork coincides with the point of 
decay. That the angles between the electron tracks 
do not exceed 90° in either case is also typical of 

a scattering event. 

The probability of e*-e~ scattering at a dis- 
tance not exceeding 3 at the end of the muon track 
is 1.5 x 1078. The expected number of events of 
such a scattering is approximately 0.1 or 0.2 This 
number indicates that the foregoing explanation 
does not contradict the experiments. 

The authors express their indebtedness to A. O. 
Vaisenberg for interest in this project and for a 
discussion of the result, and also thank V. N. Kuz- 
netsov, A. G. Avalishvili, O. A. Zubkov, and A. K. 
Krupnov, who observed the foregoing decays. 
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MEASUREMENT OF THE ELECTRICAL RESISTANCE OF METALS IN A MAGNETIC FIELD 
AS A METHOD OF INVESTIGATING THE FERMI SURFACE 


. ALEKSEEVSKII and Yu. P. GAIDUKOV 


Institute for Physical Problems, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor October 21, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 447-450 (February, 1959) 


Results are given of an investigation of the polar diagrams of resistance for single crystal 
specimens of Sn, Pb, Tl, Ga, and Na. It is found that for Sn and Pb (as for Au and 
Cu) the variation of resistance with magnetic field changes from a quadratic relation to 
complete saturation, as the angle between the field and the crystallographic axes changes. 
A strong anisotropy of resistance in a magnetic field is also found for Tl and Ga. These 
results are ascribed to the existence of open Fermi surfaces in these metals. 


i has recently been proposed by Lifshitz, Azbel’ 
and Kaganov! and also Chambers? that the iso-en- 
ergetic surfaces for the conduction electrons in 
metals (the Fermi surfaces) may be complicated 
topologically, with open sections. Fermi surfaces 
can be constructed on the basis of data from meas- 
urements on the de Haas-van Alphen effect, the 
anomalous skin effect, and cyclotron resonance. 
These methods, however, cannot give unambiguous 
results in cases where one must study directions 
near to open sections. 

It follows from the work of Lifshitz et al. that 
for open Fermi surfaces it is possible to have a 
quadratic increase in resistance for some direc- 
tions of the field, and saturation for others. We 
showed previously* that the increase of the resist- 
ance of gold and copper in a magnetic field, r(H), 
changes considerably with the angle between the 
field and the crystallographic axes of the specimen: 
the resistance either increases quadratically with 
field in the direction corresponding to a sharp max- 
imum on the polar diagram or reaches saturation 
in the direction of a minimum. 

The linear growth law for the resistance of poly- 
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crystalline specimens in a magnetic field (Kapitza’s 


law’), which has so far no theoretical explanation, 
can probably be considered‘ as the result of an av- 
eraging of the different laws of increase of r(H), 
observed in single crystals. 

We note also that according to the theory of 
Lifshitz et al., the sharp maxima in the polar dia- 
grams of gold and copper can be attributed to the 
existence of open Fermi surfaces in these metals. 

The appropriate theoretical treatment, explain- 
ing these results, was recently given by Lifshitz 
and Peschanskii.® 

It seemed of interest to study in detail the angu- 
lar dependence of r(H) for single crystals of 
other metals, and we measured specimens of Sn, 
Pb, Tl, Ga, and Na, as detailed in the table, 
at 4.2 and 1.5°K. 

Figure 1 shows the polar diagrams of the vari- 
ation of resistance at constant H for specimens 
Sn-I, Pb-I and Tl. All measurements refer to 
the magnetic field perpendicular to the measuring 
current J. Figure 2 shows the variation of Ary/ry 
=[r(H)—ro]/ry (where roy is the resistance in 
zero field) in Sn-I and Pb-I for two fixed direc- 
tions of the field. 

It can be seen from the figures that in the direc- 


Specimen Sn-I $n-11 Sn-III | Sn-IV | Sn-V Pb-I Pb-I1 TI Ga Na 
Direction of 
axis of speci- 
men [004] [010] [110] [114] [0414] [114] [110] ou fe Ee 
Dimensions, mm: 
length* 22.0 22.1 24.25 18,05 21,28 tL STS) 6,26 11.64 10,82 — 
diameter 1795 2.04 1,63 2,07 1,53 1.04 0,74 a OM 0,68 = 
14 90K/TgqoeK 8.9-10-5 10,5-10-5 41.4-10-5 9,4-10-5 4,4.10-5 la2alOxe 14-10-5 2,6+40-4 3.6-40-4 2,4-40-* 


*Distance between potential leads. 
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FIG. 1. Polar diagrams of the resistance change Ary/rt, for constant H as a function of the angle, , between the crystal- 
lographic axes of the specimen and the direction of the magnetic field. T = 4.2°K. a—specimen Sn-I, H = 23 kOe; b—Pb-I, 


H = 22.3 kOe; c — Tl, H = 22.3 kOe. 


fy Se % 
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tion of the minima of the polar diagrams there is 
complete saturation, while in the direction of the 
maxima the resistance continuously increases ac- 
cording to a quadratic relation. A similar behav- 
ior was found with Sn-IIl. 

We also found considerable anisotropy in the re- 
sistance of Tl and Ga specimens in a magnetic 
field, and the law of increase, Ary/r) = AH", for 
Tl changes at different crystallographic directions 
from quadratic to linear. For Ga the exponent n, 
decreases from 2 to 1.6. There appears to be no 
anisotropy in the resistance of Na in a magnetic 
field. r(H) is very weakly dependent on the field 
and tends to saturation (Ar,,/ry) © 1 ina field 
H ~ 55,000 Oe). 

On analyzing our results and those of other au- 
thors’ we can conclude that AU CUmOne ae PDs 
(and possibly Ga) have open Fermi surfaces, while 
Al, In, and Na, which show saturation and a very 
weak anisotropy of r(H), have closed surfaces. 

According to the data of Ltithi and Olsen,® the re- 
sistance of Al increases again on increasing the 
magnetic field beyond the saturation region. It is 
not impossible that such an increase may be a con- 
sequence of the openness of the Fermi surface. If 
the dependence of resistance on field in large fields 
can be represented by the relation 


FIG. 2. The resistance change, Arp/to, in a 
magnetic field for fixed angle y. T = 4.2%. 
a — specimen Sn-I; b — Pb-I Curve A— measure- 
ments at the minimum (¢ = 0°), curves B — at the 
maximum (¢ = 30°) of the corresponding polar 
diagrams. 


NTA fo = AE PG) a Bs, 
(where the first term refers to a narrow region of 
open sections, and the second to closed sections ) 
then for 0 <A <B, when all possible directions 
are averaged, the resistance will increase again 
with field after saturation for H > Hy [i-e., 
A (H/H))? > B]. Measurements on aluminum single 
crystals, which we intend to make soon, will enable 
us to test these ideas.* 

The absence of saturation in the direction of a 
minimum of the polar diagram for Tl and Ga is 
probably a consequence of the averaging of r(H) 
over a range of angles close to the minimum. Such 
an averaging can result from an imperfection of the 
single crystal or from inhomogeneities of the field. 
However, strong anisotropy of resistance in a field 
and different variations of r(H) in the maximum 
and minimum of the polar diagram are a sufficiently 
convincing indication of the existence of open Fermi 
surfaces. 


*We should point out that measurements of r(H) on poly- 
crystalline specimens in extremely strong magnetic fields will 
enable us to show the existence of open sections for all metals 
in which r(H) shows little anisotropy and rapidly reaches 
saturation for H > H, (H, is determined from the condition 
1/R = 1, where 1 is the mean free path and R_ the radius of 
curvature of the trajectory of an electron in the magnetic field). 
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On the basis of the data obtained for tin we con- 
clude that the directions of the open sections coin- 
cide with the [010], [110] and [001] direc- 
tions. 

Our results on one specimen of copper are not 
in conflict with the form of Fermi surface proposed 
by Pippard.’ Here the directions of the open sec- 
tions coincide with the main diagonals. It is most 
likely that gold has a Fermi surface analogous to 
copper. 

The results obtained give us reason to consider 
that, in addition to the three well known methods 
for studying the Fermi surface, the measurement 
of the variation of r(H) for various orientations 
of single crystals in a magnetic field can serve as 
a simple and convenient means of showing up open 
sections. 

It is a pleasure to express our thanks to Acade- 
mician P. L. Kapitza for his constant interest in 
this work. 
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The results of the author’s earlier papers'’* are generalized to the case of finite lifetime 
for the excited state of the crystal and to several light-absorption bands. Absorption of 
light is obtained as a result of the finite lifetime for the excited state with respect to ther- 
mal transitions. In the limiting case of a very long exciton wave the dependence of its en- 
ergy on the direction of propagation has been obtained. A general theory of longitudinal 
polarization waves in crystals has been developed.. By means of a limiting transition to 
infinite lifetime for the excited states all the principal results of the earlier paper! have 
been obtained (taking into account the additional remarks of reference 4). 


1. FORMULATION OF THE PROBLEM AND THE 
GENERAL QUANTUM MECHANICAL THEORY 
Ik our earlier papers!»? it was shown that, in the 
range of exciton absorption of light in crystals, the 
dispersion has a number of peculiarities: for a 
given direction of propagation of a plane wave of 
given frequency and polarization the square of the 
index of refraction may have not one, but several 


values (for example, two values in cubic crystals). 


A proof has been given of the possibility of the ex- 
istence in the crystal of longitudinal electric waves 
for which the magnetic field and the electric dis- 
placement are both equal to zero. Such waves may 
be propagated in an unisotropic crystal in certain 
special directions, and in a cubic crystal in any 
direction. Essential generalizations were obtained 
of the fundamental formulas of crystal optics — the 
Fresnel equations for the passage of light across 
the boundary between vacuum and the crystal, ex- 
pressions for the coefficient of reflection of light 
from the surface of the crystal, formulas express- 
ing the dependence of the indices of refraction on 
the light frequency, etc. 

From the papers referred to above it follows 
that strong dispersion is possible in the neighbor - 
hood of a weak absorption band. In other words, 
the well-known general relation between the “area 
under the absorption curve” and the numerator of 
Sellmeyer’s dispersion formula may be violated. 
This is connected with the fact that, under condi- 
tions of steady state illumination of the crystal, 
the absorption is determined by the finiteness of 
the lifetime of the exciton with respect to all tran- 
sitions other than the radiative return of the sys- 
tem to the ground state. For an infinite lifetime 
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of the exciton there will be no absorption at all, 
no matter how large the value of the oscillator 
strength of an elementary crystal cell, while the 
dispersion in this case may be large.” Since in 
the earlier papers the lifetime of the exciton was 
assumed to be infinite, we were able to calculate 
in those papers only the dispersion of light, but 
not its absorption. In the present paper we shall 
take into account the finite lifetime of the exciton, 
which will enable us to obtain general formulas 
for the absorption and corrections to the formulas 
for the dispersion previously obtained. 

In proceeding to set up the Hamiltonian for the 
system we note that we should not introduce the 
concept of the dielectric constant of the crystal, 
since this concept itself is going to be re-examined. 
Therefore we treat the crystal as a collection of 
electrons and nuclei interacting with the electro- 
magnetic field in vacuo. The electromagnetic wave 
perturbing the crystal is assumed to contain many 
photons and therefore will not be quantized, but 
will be introduced as a classical perturbing exter- 
nal field defined by a vector potential of the form 


A — Ave! (k-r—ot) a Aveo oe (1) 


The wavelength 2m/k is assumed to be consider- 
ably larger than the lattice constant. A is assumed 
to be small and in what follows we take into account 
effects of order not higher than the first with re- 
spect to A. 

The operator for the energy of the system may 
be written in the form H+W; fi is the usual 
Schrodinger energy operator for the crystal, con- 
sisting of the kinetic energy of the electrons and 
the nuclei and of the potential energy of their Cou- 
lomb (instantaneous) interaction 
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W = — Pade = Wie-vot 4 weit, 
where 
Aas 1°23 I a Ae 
Zeer 7 \PeAoet de, Va 7 \PeAse# ds, 
adv = dx dy dz. (2) 


P is the operator for the dipole moment per unit 
volume of the dielectric polarization of the crystal 
(cf. below), while P is the polarization current 
density. It should be emphasized that the irrota- 
tional part of the electric field of the fictitious 
charges due to the dielectric polarization, E’, 
represents the Coulomb interaction between the 
particles of the crystal and, consequently, is con- 
tained in H. E’ should not appear a second time 
as a perturbation. Thus, A describes the macro- 
scopic electric field with the field E’ subtracted. 

Let W° denote the eigenfunction of H which 
corresponds to the ground state of the crystal, and 
let €° be the energy of the state. This state is 
not degenerate (we are speaking of a dielectric 
crystal). Further, let Yy and @m be the wave 
functions and the energies of the excited states of 
the crystal in the absence of the external perturba- 
tion W. The actually known functions Wm are not 
exact, but approximate eigenfunctions of H, since 
“thermal” transitions between them occur without 
any external perturbation of the system. Thus, the 
exciton state, i.e., the excited state which has a 
single continuous quantum number (the quasi mo- 
mentum!), may as a result of a thermal transition 
be converted into a “phonon wind” which is a state 
with many continuous quantum numbers — the mo- 
menta of the individual phonons. Thus, the exciton 
state is only approximately stationary. The same 
can also be said with respect to the other states 
appearing in the theory. However, we shall assume 
that these approximate eigenfunctions of H form 
a sufficiently complete system of orthogonal func- 
tions, and this enables us to represent the state of 
the crystal perturbed by light in the form 


Oe Ca Gn Leo. 


We assume that the complete dependence on the 


time is contained in the coefficients Cy. We choose 


the zero for the energy of the system in such a way 
that €°=0. Thus, ¥) and %,, do not depend on 
the time. The time-dependent Schrodinger equa- 
tion leads to the following system of equations for 
Cm: 


Cp =), Hh Coie W cas (3) 
m 


where 


H sagt ue AY dQ, Wing =\¥Fn W¥? dO, 
dQ = | J dx, dy, dz;. (4) 


The macroscopic average specific dipole mo- 
ment due to the dielectric polarization of the crys- 
tal can be calculated by means of the formula 


P(r) = |W PP (r) dQ, (5) 


where 


Sa 1 inthe range —4/,-< 4%; 9) 242 
eee ‘ elsewhere (6) 
The summation is taken over all the particles of 
which the crystal is composed; i denotes the par- 
ticle, ej denotes its charge, rj denotes its coor- 
dinate r is the coordinate of the macroscopic 
point in the crystal at which the value of the spe- 
cific dipole moment is evaluated. 

The substitution into (5) of © gives up to terms 
linear in A 

Pit) GaP (0) Ge Pet) 


Pm (t) =| ¥* Fn P(r) dQ. (7) 


It can be shown in a manner completely analogous 
to that employed in reference 1 for the transition 
from the ground to the exciton state, that also in 

the case of a transition to an arbitrary state with 
quasi-momentum f, i.e., to a state which possesses 
the translation property Typ = eif-n Ym (n is 
the integral lattice vector), one obtains 


Py (ft) = eh P20), 1b as] ean; (8) 


a; are the lattice constants, j=1, 2, 3. The vec- 
tor f can be used as one of the quantum numbers 
of the state m. 

On substituting (2) and (8) into (4) we obtain 


10) ,, 


al . 
2 Pr (0) Mod, 1, 


Z —iot 4 tat a 
W mo = W moe + Wie , Wno = — 


Vio mele Pi, (0) Agd—x, ¢. (9) 
Here we have introduced the notation wm = &m/h, 
V=L?, L is the size of the cyclic region in which 
the wave functions ©’ and W,, have been ortho- 
normalized. Each of the components of the vec- 
tors f and k is an integral multiple of 27/L. 

In solving the system of equations (3) we first 
introduce into the right hand side of (3), for the 
sake of simplicity, only the first of the two terms 
appearing in expression (9) — the term proportional 
to eit, The result dué to the second term pro- 
portional to ei#t we shall add at the very end, ob- 


316 Sw 


taining it by analogy through the substitutions 
Ay —~ Aj, w—7--w, k—-k. 

The main task of this section is the determina- 
tion of the specific polarization of the crystal by 
means of formulas (7) and (3). In carrying this out 
it is important to decide what initial conditions are 
to be adopted for Cy, in solving the system of in- 
homogeneous equations (3). It might appear to be 
natural to set Cy =9 at time t=0 at which il- 
lumination begins, since the system is still in its 
ground state at that instant. Then, under the per- 
turbing action of the light, Cy, varying in accord- 
ance with (3) would increase in absolute value with 
time which, as usual, means that light is absorbed. 
The process actually occurs in this way, but only 
during a very short time. This time is considerably 
shorter than the duration of experiments on the 
measurement of light absorption in a crystal under 
conditions of steady-state illumination. Indeed, the 
increase in the absolute value of Cy, with time in 
accordance with (7) means that the amplitudes of 
oscillation of the specific dipole moment P(r) 
increase with time. In other words, the polariza- 
bility of the crystal varies with time. Evidently 
such a process does not correspond to the experi- 
mental conditions of measurement of the steady- 
state values of the complex dielectric constant of 
the crystal. 

In order that the polarizability of the crystal not 
depend on the time, the coefficients Cy in formula 
(7) must vary in time strictly sinusoidally with a 
frequency w. The system of equations (7) and (9) 
does in fact have such a particular solution. How- 
ever, in this case the absolute values of all the Cy, 
are constant and, consequently, there is no absorp- 
tion of light at all. This steady-state solution cor- 
responds to such a state of the system when the 
crystal as a result of absorbing the incident light 
is heated to such a high temperature that the rate 
of radiation of light energy equals the absorption 
rate; the radiation, of course, may have frequencies 
different from w. In such a case the energy and the 
temperature of the crystal will not vary in time. 
Such a steady state of the system is characterized 
by optical crystal constants that remain unchanged 
with time. But evidently this state also does not 
correspond to the usual conditions of experimental 
determination of the complex dielectric constant. 

The correct initial conditions for Cy, must re- 
flect the fact that the usual experimental measure- 
ment of the absorption of light in a crystal is nec- 
essarily accompanied by the heating of the crystal 
by the absorbed light (there is no provision for 
heat removal). Therefore, there appear in the 
crystal polarization waves of thermal origin with 
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amplitudes that are not proportional to the field of 
the perturbing light, but depend on the duration of 
the preceding illumination. The frequencies of 
these thermal polarization waves have nothing in 
common with the frequency of the perturbing light. 
This thermal part of the polarization is also con- 
tained in the right-hand side of formula (7), to- 
gether with the usual polarization which is synchro- 
nized with the oscillations of the perturbing light. 
For the sake of brevity, we shall call the first and 
second parts of the polarization “thermal” and 
“synchronous,” respectively. It is possible to de- 
scribe only the synchronous part of the dielectric 
polarization by means of a complex dielectric con- 
stant. 

In proceeding to the formulation of the initial 
conditions for Cy, we shall divide all the excited 
states of the crystal into two groups. In the first 
group we shall include a comparatively small 
number of states into which the system may make 
transitions directly from the ground state under 
the action of light; these are such states m for 
which Wm is appreciable. The second group will 
include those states for which Wy is negligibly 
small, and into which phototransitions from the 
ground state are forbidden; the system may go over 
into these states by means of thermal transitions 
from states of the first group. The majority of 
the states of the crystal belong to the second group. 
We shall continue to denote the states of the first 
group by the subscript m, while we shall intro- 
duce the subscript q to denote the states of the 
second group. Further, we assume that for the 
states of the first group the coefficients Cy, at- 
tain a steady state, i.e., begin to vary sinusoidally 
with time in accordance with 


Cr Anes : (1 0) 


after the lapse of a short time since the beginning 
of illumination. 

The terms corresponding to these states in the 
right-hand side of (7) give rise to the synchronous 
part of the polarization. With respect to the states 
of the second group we assume that Cg =0 at 
t=0. This means that at the initial instant of time 
the temperature of the crystal was equal to zero. 
As t increases Cg become different from zero 
as a result of thermal transitions of the system 
from states of the first group into states of the 
second group. This corresponds to the heating 
of the crystal by the absorbed light. The terms 
in formula (7) containing the coefficients Cq com- 
prise the thermal part of the polarization. 

We shall now obtain the solution of the system 
of equations (3) which satisfies the conditions for- 
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mulated above. We choose tentatively basis func- 
tions Wy, that make the matrix Hm diagonal 

in the subspace of the functions of the first group. 
‘This may be easily done, since the number of states 
of the first group is not large. As a result, the 
equations in (3) assume the form: 


ihCm =8m Cm + Yi Hing Cowen (11) 
q 
int hg \) 
ihCg = &q Cot 2); Ham (Oe (12) 


Since Wm and Wg are approximate eigenfunc- 
tions of the operator H, the nondiagonal matrix 
elements Hmg and Hgq’ are considerably smaller 
than the diagonal elements ¢@, and ég. We shall 
regard the diagonal elements as quantities of zero 
order of smallness, and the nondiagonal elements 
as quantities of first order. Then it follows from 
(11), (12) that Cy, are quantities of the zero order 
and Cg are quantities of the first order. Having 
in mind the determination of Cy, from (11) up to 
terms of the second order inclusive, it is sufficient 


to retain in (12) terms of only the first order. There- 


fore, in (12) we have neglected the term Dy Hgq’Cq’- 
q’#q 
On substituting (10) into (12) and on taking into ac- 
count the initial conditions for Cg, we obtain 
Cq = (et — & 0") Y Ham Am [ (ho — 8), 


On substituting (10) and (13) into (11) we obtain the 
system of equations for Am: 


(En - x0)) 73 So > Fs bp Am’ ae Wass Tee (14) 
aif 
where 
aS i (@, —) t} 
Hip DH rise ORES) 


g 
We transform expression (15) in the following way: 
we make use of the energy éq as one of the quan- 
tum numbers of the state gq, and we denote the set 
of the remaining quantum numbers by p. Let 
Pp ( 8q)déq be the number of states of the system 
whose energies are contained within the interval 
déqg, while the other quantum numbers are equal 


to p. Then at 
Han = ae 


1 —exp (—i(8,/%#— 
ho — 6, 


SS 


(16) 


Pp (Gq) dé. 


Here the integral has no singularity at ¢g = hw. 
If the quantity ( éq /i-—w)t is chosen as the new 
variable of aeration then, for not very small 
values of t, the limits of integration with respect 
to the new variable can be replaced by —o and +. 


By going over from integration along the real axis 
to integration in the complex plane over the infinite 
semicircle lying in the lower half plane, it can be 
easily shown that the integral of the exponential 
term vanishes. Then, by returning to integration 
along the real axis, and by deforming the path of 
integration below the singular point, we obtain 


Hine = DP \ 5S to Ee) 


— ito, (h@) [Hing Hamlet} ; (17) 
where P denotes the principal value of the inte- 
gral. Thus, Hy, turns out not to depend on the 
time, and consequently Am, defined by (14), also 
turn out to be constant. 

In solving (14) in the zeroth approximation we 
omit the sums containing nondiagonal elements 
Hoe We then introduce these sums as small 
perturbations and obtain in the next approxima- 
tion: 

ew oe 


4 , if 
= W 0 ee 
Ont tim 2 ho e 2a sian Gana 


Sra | (18) 


(the prime on the summation sign denotes that the 
term m’=m should be omitted). 

The error in the values of Ay obtained in this 
manner is of order of magnitude of (H®m/)’, 
(Hmq)*- 

The solutions (10) and (18) have been obtained 
for the case when in (3) we have taken in place of 
Wm only the first of the two terms in (9). It is 
now necessary to take the second term of (9) and 
to solve the system (3) with this term included. 
This solution can be immediately written down by 
analogy with the preceding one: we replace in (10) 
and (18) w by —w, k by —k, Ay by Af and 
Wmo by Wyo. The final expression for Cy is 
given by the sum of the two solutions given above. 
If the values of Cy, obtained in this way are sub- 
stituted into (7), the latter will give the desired 
specific polarization of the crystal. 

In carrying out these calculations it is neces- 
sary to keep in mind the following: (1) Wimo ~ 0 
only if the quasi-momentum of the state m is 
fn =k; Who #0, only if fy = —k; (2) if Ym 
is an eigenfunction of H which corresponds to the 
quasi-momentum fy, =k, then Y= Win is also 
an eigenfunction of H and corresponds to same 
energy &n = Sm, but does not correspond to the 
quasi-momentum fy =—k; (8) since % is as- 
sumed to be nondegenerate, it can be considered 
real. Therefore, in accordance with (7), Pn(r) = 
P(r), while in accordance with (9) Wno 
(4) in accordance with the law of conservation of 


* 
= — Wino; 
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quasi-momentum, Hmgq ~ 9 only if the states m 
and q have the same quasi-momenta: fy = q? 
violations of this rule are possible if the crystal 
contains defects (impurities); (5) if we introduce 
the notation 

Hips Hea Aon | Go 6), (19) 

q 
it can be shown that HO = HOY al 
By taking into account these remarks we can 

express the synchronous part of the specific polar- 
ization in the following way: 


P (r) = Pyef of) 4 pie “To p, — BES | (20) 


where Eext is the amplitude of the intensity of the 
external part of the electric field: 


hea Be i is Et ear ee be her ae 


(21) 


ext iw 
EG — ae Ao- 


The complex tensor £ is expressed in the follow- 
ing way: 


B= >)[1/(Sm + Hm — ho) —1/ (8m + Heim + 4©)) mm / 


SY He ee OH na eee Hee) 


m, m’ 


all ati Om st ance BO) 


x (Em aia ee ap ho)] Amm’ | ©, (22) 


where am’ is a tensor of the second rank in 
three-dimensional coordinate space. This tensor 
is determined by the relations 


|e (0) Wes — oe + Qmm! Ag 


OF (Amm)xy = Om V (Pin (0))x (Pin (0))u- (23) 


In formula (22), and also everywhere in the follow- 
ing, the subscripts m and m’ denote only those 
states of the first group for which fm =f =k. 

In (22) the second term (containing the double 
summation) is a small correction to the first term. 
However, if for any two states m and m’ é@pm = 
Em’ then for hw © @ém the corresponding term in 
the double sum ceases to be small in comparison 
with the first term. This difficulty can be avoided 
if in the choice of the basis states of the first group 
the functions “py and Wp’ are replaced by their 
linear combinations chosen in such a way that 
Homo = 05 ebben the “dangerous” term disappears 
from the double sum. 

It should be emphasized that, generally speak- 
ing, it is not possible to identify E°Xt with the 
total macroscopic field E. As we have already 
explained earlier, the vector potential A describes 
the macroscopic field from which we have sub- 
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tracted the field E’ produced without retardation 
by the fictitious charges of the dielectric polariza- 
tion. The field E’ is the field of the Coulomb in- 
teraction of the parts of the system; it has already 
been included in H and should not appear a second 
time as a perturbation. Thus, the second of equa- 
tions (20) can be re-written 


P, = B (Eo — Ey). (24) 


On the other hand, as is well known, the field of 
the fictitious charges of the dielectric polarization 
can be expressed in the following way: 


E, = — 4x (Pos) S, (25) 


where s =k/k is the unit vector normal to the 
wave front. By eliminating Ej) from (24) and (25) 
we obtain the usual expression for the specific 
polarization in terms of the total macroscopic 
electric field: 


Po = Ep, «= (1—4x80) *8: (26) 


Here ¢=s8s is a tensor in three-dimensional 
coordinate space; its components have the form: 
éxy = SxSy. Such a tensor is called a dyad; we 
shall denote the dyadic product by a bar over both 
letters. 

If into the expression (26) for k we substitute 
B from (22), and if we expand the resulting function 
into partial fractions of the form Cj/(Kj — hw), 
then kx assumes its traditional form: 


x= ))C:/ (Ki — ho). (27) 
But the parameters Kj occurring in the disper- 
sion formula, generally speaking, do not coincide 
with the energy levels of the system @, even 
when the small quantities H@,, and Hb 
neglected. The relation between Kj and @, can 
be obtained if we actually carry out the expansion 
mentioned above of (1—478¢)7!8 into partial frac- 
tions, which is possible in practice only in the sim- 
plest cases (cf. the next section of this paper). For 
a special form of excitons — polarization oscilla- 
tions of the ionic lattice — such a relationship has 
been established by the author jointly with Krivo- 
glaz. 

In concluding this section we generalize the re- 
sults obtained above to the case of a field which has 
an arbitrary spatial variation, but which, as before, 
oscillates in time harmonically at a frequency w: 

E = f(r) e—? 4+ f* (r) eft, 
P = g(r) eof 4 g* (r) efor, (28) 


To do this we expand the field and the polarization 
into Fourier series of the form 
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f(r) = Exe*", g(r) = WP els, 
. 


k 


where P, = x(k) Ex. (29) 


Here x(k) is defined by formulas (26) and (22). 
We assume that x(k) is an analytic function. Then 
« (k) eik-r = % (-iV) eik-r, Consequently, we obtain 
from (29) 


g(r) = x(—iV) f(r). 


It was assumed earlier that the propagation 
vector of the perturbing light k in formula (1) is 
real. In the case when it is complex (damped 
wave) it may be easily shown by using the general 
formula (30) that all the results obtained above re- 
main valid, only the complex value of k should be 
substituted into them. 

Formulas (22), (24), and (26) in principle com- 
pletely determine the dispersion and the absorption 
of an electromagnetic wave in a crystal. 


(30) 


2. LIMITING TRANSITION TO MACROSCOPIC 
ELECTRODYNAMICS 


In this section we consider the case of an iso- 
lated absorption band, i.e., the case when in the 
single sum of expression (22) one term predomi- 
nates over all the others. This may occur either 
if the coefficient ay,m in one of the terms is con- 
siderably larger than in the others, or if the value 
of w is such that the denominator of one of the 
terms is close to zero. 

It is evident that this is possible only if in (22) 
>, is a discrete sum and not an integral, i.e., if 


f =k is the only continuous quantum number that 
determines the energy @y; all the other quantum 
numbers in the expression for 6, must be dis- 
crete. Such states were denoted in reference 1 as 
exciton states. 

By retaining only the dominant term in (22) we 
obtain 

Qxx* 

ii 6+H°—ioe : 


160) 
Oe 
Pin (0) 
*=TPm 0) | 
(for the sake of brevity we have omitted the sub- 
script m). If we assume the exciton lifetime to 
be infinite, i.e., if we neglect the small term H®, 
(31) coincides with the principal result of refer- 
ence.! 

The limiting transition to macroscopic electro- 
dynamics reduces to the assumption that the elec- 
tric field varies very smoothly in space, i.e., k 0. 
It is necessary to require that in this case the mag- 
nitude of « defined by formula (26) should not de- 


V | Pm (0) |, 


@ 


(31) 


319 


pend on the direction of s, since the macroscopic 
specific polarizability tensor should not depend on 
the direction of incidence of the wave. 

It is well known that an arbitrary function of a 
product of dyads has the following property: 


F (Xx $8) xx" = F (Cos? x) xx*, (32) 


where a is the angle between x and s. There- 
fore substitution of (31) into the second of formulas 
(26) leads to the following result: 
1,5 (1 ___ 4nQ cosa ine 
\ E+H "—ho 
= (33) 


Qxx* 
6—4r Qcos’a+ H°— hw 


Oxx® 


6+H°—iio 


By identifying this result with expression (27) and 
by assuming that wy/w ~ 1, and therefore by 
neglecting the dependence of Q on w we obtain 


K = 6—4rQ cos’a + H4, C = Qxx*. (34) 


As we have already explained previously, K should 
not depend on the direction of s, i.e., on a. Then 
it follows from formula (34) that 


& = 6 + 4nQ cosa. (35) 


Here é) does not depend on the direction of s. 
Strictly epeaking, ¢6 takes on the meaning of ex- 
citon energy only if its lifetime is infinite, i.e., 
when H@?=0. Formula (35) shows that when 
f=k— 0 the energy of the exciton depends on the 
direction of f, since a@ is the angle between f 
and x. Thus, regarded as a function of the three 
variables fy, fy, f,, 6 (but not x) has a discon- 
tinuity at the point f=0. This, of course, does not 
exclude the possibility that, for a given direction of 
f, € is an analytic function in |f]|. The conclusion 
with respect to the discontinuity in @(f) follows 
only if Q #0, i.e., Py (0) #0. Phototransitions 
are allowed specifically into such states m. 

We have already derived Eq. (35) earlier* by a 
completely independent method (by means of a 
direct calculation of the exciton energy bearing no 
relation to the theory of dispersion and absorption). 
In the same paper we have considered cases when 
in virtue of a definite crystal symmetry the excited 
state of an elementary crystal cell is degenerate. 
For such cases we had obtained a generalization 
of formula (35). 

We can now rewrite formula (27) in the form 


x = C / (8 + H*— hw), (36) 


where in H@ we can neglect the first real term of 
the two terms of expression (17), since it is small 
in comparison with the other real terms of the de- 
nominator. The second term of expression (17) 
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must be retained since it determines the imaginary 
part of x. Formula (36) shows that the region of 
light absorption, i.e., the region where the real 
part of x is important is determined by the rela- 
tion hw ~ 6), and not by the usual Bohr frequency 
formula hw ~ &. This is not surprising, since in 
the preceding section of this article in formulating 
the initial conditions for Cm and Cg it was ex- 
plained that the exciton state m under discussion, 
being a state of the first group, is only an interme- 
diate state in the process of photoexcitation of 
states of the second group q. Formula (13) shows 
that only those coefficients Cg will increase mono- 
tonically with time which correspond to states of 
energy @  =fw. Thus the Bohr frequency formula 
is satisfied for phototransitions into states of the 
second group which give rise to absorption. 

From what has been said above it follows that 
an experimental investigation of the frequency w 
for which the absorption is a maximum allows us 
to determine, by means of the relation hw = , 
the magnitude of &) which, generally speaking, 
in less than the exciton energy @, since Q is 
positive in (35). @) coincides with the exciton 
energy only if s is normal to x. 


3. PLANE ELECTROMAGNETIC WAVE. DETER- 
MINATION OF THE INDICES OF REFRACTION 


Turning from the case of vanishingly small 
values of k to the case of non-zero finite values 
of k, it should be emphasized that the tensor 
kK will now depend both on the absolute value and 
on the direction of the vector k. Whereas in the 
limiting case k—0, the description of the polar- 
ization by means of the tensor kx was simpler 
than by means of the tensor f, since xk did not 
depend on Kk at all, while 8 depended on the di- 
rection of k, now this technical advantage of k 
disappears. Now it seems to be more appropriate 
to describe the polarization by means of the tensor 
B, since the latter, in accordance with (31), is ex- 
pressed in terms of the exciton energy @(f) —a 
quantity that determines many other phenomena in 
the crystal. One could try to determine x with- 
out introducing the Hamiltonian for the system; the 
dependence of x on k for the case of small k 
can be phenomenologically given in the form of an 
expansion (polynomial) in ky, ky, k,, as has 
been done by Ginzburg.° But in this case the ex- 
pansion coefficients remain as unknown parameters 
in the theory; it is not clear how they could be cal- 
culated or related to other physical phenomena. It 
is particularly inconvenient that the dependence of 
K on w remains completely undetermined. In the 
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present paper we do therefore not make use of the 
phenomenological method referred to above, but 
retain the quantum-mechanical discussion utilized 
in our original papers. 

We assume that there are no external charges 
introduced into the crystal which would give rise 
to an external irrotational field; the only contribu- 
tion to the irrotational part of the field is made by 
the field of the fictitious charges of dielectric polar- 
ization E’. Then the whole external field E°%t can 
be obtained as the rotational part of the total macro- 
scopic field E. In the plane-wave case under con- 
sideration this corresponds to the following relation 
between the amplitudes of the fields: 


t 
Ese = 7Eo, where xy = dxy — Sx Sy- (37) 


In the first section of this article E°%t was in- 
troduced as a given external perturbation. The 
wave vector k appeared in it as a given parameter 
of the perturbing field. It is now necessary to make 
this perturbing field self-consistent, i.e., to ensure 
by means of a suitable choice of k that this field 
satisfies the system of Maxwell’s equations. If we 
assume, as usual, that the electric field, the dis- 
placement, and the magnetic field are proportional 
to ei(k-r-wt) where k=(wn/c)s, while n is the 
index of refraction for the wave, then the system of 
Maxwell’s equations reduces to the following rela- 
tions: 


Do = 1° [Ey — s (S*Ep)] = °7Eo, 


Do = Eo, y = 1+ 4x87. (38) 


One should not identify y with the usual dielectric 
constant, since it depends not only on w but also 
on the direction of wave propagation s. Moreover, 
B depends on f=k=(wn/c)s. Thus y is a func- 
tion of the index of refraction n. In this respect 
Eq. (22) significantly differs from the usual disper- 
sion formula. 

If we eliminate Dy from the system (38) we ob- 
tain a system of linear homogeneous equations for 
the components of Ej. The condition that it have a 
solution has exactly the same form as in reference 
il 

(s, ys) 24 + [(s, ys) — (s, yS) Sp y]n? 


1625 AGH Ge 
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ce ene elties 
In the usual crystal optics the corresponding equa- 
tion is a quadratic in n?; it determines two values 
of n? (double refraction). But in the theory under 
discussion y is itself a function of n. Therefore 
(39) is an equation of higher order with respect to 
n, it determines not two but more values of n’, 
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and the same number of solutions of Maxwell’s 
equations having the form of a plane wave. 

We further consider the case when fiw ap- 
proaches one of the exciton energy levels bm = 6p. 
Then we can pick out from (22) the term which “res- 
onates,” i.e., which has the small denominator Cnn 
+ H&, — hw. This term varies rapidly with w. 
We denote the sum of all the remaining terms by 
6’; it is a slowly varying function of w and in the 
region hw ~ ém can be approximately regarded 
as a constant. 6’, generally speaking, is complex, 
and its imaginary part is a quantity of the second 
order of smallness. Formula (22) can now be sim- 
plified: 


B = B’ + (Qxx* + a)/(8(k) + H*— ko), 


Oh De Amm’ oF A iimOmn)/ 6m —Em). 
m 


Here the summation over m’ is taken over all the 
states except the “resonating” m-th state. Of 
course, 6’ and a@ depend on the direction of wave 
propagation s. 

We assume that for a given direction k the ex- 
pansion of @(k) in powers of k is of the follow- 
ing form: 


(40) 


G (k) = + WR/2Me+. .. (41) 


Here @g and Mg do not depend on k, but depend 
_ on the direction of k, i.e., on s. In the case of an 
isolated exciton absorption band the dependence of 
6g on s is given by formula (35). We shall call 
Mg the effective mass of the exciton in the direc- 
tion Ss. 

If we introduce the notation 


: At 2M,.c? G. + Ha 
nt = ] ie 4x8 V5 |4s = ai (1 = ) ; 
soMco = 
Le a ee [Qxx* +a], (42) 


then the result of substituting (31) into the expres- 
sion (38) for y can be rewritten 


y= + Bsy/(n? — Us). (43) 


This formula differs from the corresponding for- 
mula of reference 1 only by the fact that the expres- 
sion for pg has acquired in addition to ¢g the 
complex term H®, while the expression for Bg 
has acquired the complex additional term a. 

If we assume that the exciton lifetime is infinite 
(H2=0, wa=0), then (42) and (43) reduce exactly 
to the corresponding equations of reference 1, and 
yield all the subsequent results of references 1 and 
2, subject to the restrictions that follow from ref- 
erence 4 (cf. also the end of this paper). As has 
been explained in references 1 and 2, in the case 
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of an infinite exciton lifetime dispersion of light 
will occur, but there will be no absorption. Thus, 
absorption appears as a result of taking into ac- 
count the finite exciton lifetime, which leads to the 
appearance of additional complex terms H@ and 
a in the quantities ug and Bg. Asaresult, n 
also acquires an additional complex term, as can 
be seen from the expressions for n*, given in ref- 
erences 1 and 2. The formulas derived in refer- 
ences 1 and 2, which express n’? in terms of Ls 
and Bg, remain valid, but since ug and Bg be- 
come complex these formulas begin to describe 
the case of an absorbing crystal. 

The imaginary part of n determines, in a well 
known way, the damping of a monochromatic wave 
in space. But, as has been shown in reference 1, 
several plane waves arise simultaneously ina 
crystal, each with its own index of refraction and 
damping coefficient. These waves are coherent 
and therefore cannot be investigated independently 
of each other. The total intensity of light is spa- 
tially damped nonexponentially. Therefore, strictly 
speaking, the phenomenological concept of the co- 
efficient of light absorption (the coefficient in the 
exponential expression for the spatial damping of 
light intensity) loses its meaning. But the quan- 
tities actually measured by experimenters in in- 
vestigations of light absorption in crystals com- 
pletely retain their meaning. These include, for 
example, the reduction in the intensity of light in 
passing through a plane parallel plate. This can 
be easily calculated with the aid of the formulas 
of Sec. 3 of reference 2, provided we introduce 
the already-mentioned complex terms added to 
the indices of refraction in the case of a finite 
exciton lifetime. This will be done in a later 
paper. In another paper we shall also obtain ex- 
pressions for H® and a for specific exciton 
models. 


4, LONGITUDINAL WAVES 


Let us investigate the solution of the time-de- 
pendent Schrédinger equation for a crystal in the 
absence of an external perturbing field, i.e., when 
A(r,t) =0. The problem reduces to the solution 
of the system of equations (11), (12) with Wy = 0. 
We shall, as before, seek the solutions for Cm in 
harmonic form (10), but for the coefficients Am 
we shall obtain in place of (14) the following system 
of equations: 

foe) = ho} Ay > HG) Ana: 


m’ 


(44) 


By setting the determinant of this system equal to 
zero we obtain the values of w(f), i.e., the fre- 
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quencies of the characteristic polarization oscilla- 
tions of the crystal. By finding, for each root 

w(f) in (44), the coefficients A,, and substituting 
them into (10), we obtain the corresponding Cy. If 
these Cy, are substituted into (7), and if (8) is 
taken into account, the following expression is ob- 
tained for the polarization eigenwave in the crystal: 


t i(fr—et)_| * _i(fer-— 
| P(r t) = Pelt ot) _|_ Pie (fer of), 


Py = dy Am Pm (0), © = o(f). 


This result is obtained on the basis of Schrodinger’s 
equation, but without taking into account Maxwell’s 
equations. Therefore, it is now necessary to de- 
termine the additional limitations imposed by the 
latter. 

It is clear that if the vector Py) is not parallel 
to f, the polarization wave (45) will give rise to a 
magnetic field and, consequently we shall have 
A(r,t) # 0. This contradicts the initial assump- 
tion of this section of the present article, violates 
the result (45), and brings us back to the case dis- 
cussed in the preceding sections. But if the vector 
P, is parallel to f, then in this case, according 
to Maxwell’s equations, the polarization wave (45) 
will give rise only to an irrotational electric field 
E’ which is produced without retardation by the 
fictitious charges of the dielectric polarization, 
and which is equal to 


(45) 


E’ = —4xP. (46) 


Maxwell’s equations will all be satisfied if, in addi- 
tion to (46), we set 


D=H=E,=A=0, (47) 


Thus, the solution (45) — (47) satisfies both the 
Schrodinger equation and Maxwell’s equations. It 
represents a plane longitudinal wave of the electric 
field E’ and of the polarization. In this case even 
though E’ is a macroscopic field, it nevertheless 
represents the Coulomb interaction of the charges 
of which the crystal is composed and which, conse- 
quently, appears in H, and not in the perturbing 
operator W. 

The condition P,||f determines those directions 
of f for which longitudinal waves occur. The num- 
ber of such direction increases as the symmetry of 
the crystal becomes higher. It can be shown that, 
say in a cubic crystal, longitudinal waves can be 
propagated in an arbitrary direction (it is assumed 
that the wavelength is considerably greater than the 
lattice constant). 

In the limiting case of long waves it is possible 
to introduce the concept of the usual macroscopic 
dielectric constant. In the case of longitudinal 
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waves the latter is equal to zero, since D=0, 
while E ~0. ‘ 

It is not difficult to understand why (45) cannot 
be obtained as one of the solutions of equations (39) 
and (43). The point is that (39) was obtained as the 
condition for the existence of such solutions of 
equations (38) for which D and E, differ from 
zero. But in the case of a longitudinal wave we 
have just the case D=0, E, =0. Therefore the 
index of refraction of the longitudinal wave does 
not have to satisfy Eq. (39). 

In the case when the system of equations (44) 
reduces to only one equation (nondiagonal elements 
of the matrix H2,, are neglected and an isolated 
excited level @y = &(f) is assumed), of the form 


(é(f) +A (f)—AaojAn=0, 
we obtain 


An==0, if to=8(f) + H(i). (48) 


Since H@ is complex (48) means that, for real f, 
w is complex. This means that the polarization 
oscillation will be undamped in space but damped 
in time; its energy will be converted into the en- 
ergy of excitation of states q of the second group. 
But it is possible, on assuming a real value of w, 
to obtain a complex f from (48). We then obtain a 
polarization oscillation which is stationary in time, 
but damped in space. Such an oscillation may exist, 
for example, on the surface of a crystal and be 
damped out with penetration into the crystal; it is 
maintained in the steady state by an electromag- 
netic wave that enters the crystal from the vacuum. 

In the case of the limiting transition to the infi- 
nite lifetime of the excited state, when H? — 0, 
(48) reduces to the corresponding result of refer- 
encenin 

In conclusion we note a certain omission made 
in reference 1. In that paper we have uncritically 
followed other authors by assuming that the exciton 
energy &(k) is an analytic function of the compo- 
nents of the quasi-momentum kx, ky, kz, and we 
expanded ¢(k) in powers of these three argu- 
ments. But in our subsequent paper’ it is shown 
that the interaction of crystal cells situated far 
from each other, an interaction due to the irrota- 
tional part of the electric field accompanying the 
exciton wave, gives a finite contribution to the ex- 
citon energy &(k). This additional term is a dis- 
continuous function of kx, ky, kz: its value at 
k= 0 depends on the direction of the vector k, 
when its modulus tends to zero. Therefore, the 
expansion used in reference 1 is not justified. In 
this paper we use, in place of the foregoing expan- 
sion, an expansion in terms of |k| [Eq. (41)] and 
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it is emphasized that @g and Mg depend on the 
direction of propagation of the exciton wave s in 
accordance with reference 4. Moreover, we obtain 
all the basic results of reference 1. But certain 


specific assertions of reference 1 must be corrected. 


Thus, it is shown in reference 4 that in cubic crys- 
tals the magnitude of ¢ég is different for excitons 
with longitudinal and transverse polarization. Mg 
may also differ for excitons of these types. The 
energy bands of excitons with transverse polariza- 
tion must overlap in pairs (we are referring to 
exciton states into which phototransitions from the 
ground state of the crystal are allowed). For each 
pair of overlapping bands the magnitudes of @g 
must coincide, and must not depend on the direction 
of s, while the magnitudes of Mg must coincide 
for two bands only in the directions of the edges 
and the space diagonals of the basic cube. 
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A method is presented which, in theories with indefinite metric, excludes all nonphysical 
states from the initial and final states of the system. The method is applied to the Lee 


model and the scalar photon model. 


iP In a paper by Heisenberg! it has been shown with 
the Lee model that a theory with an indefinite metric 
can give physically reasonable results if one adds to 
the initial states of the physical system a definite 
amplitude of the nonphysical states. This idea has 
been developed in a paper by Bogolyubov, Medvedev, 
and Polivanov,” who introduce the requirement that 
the amplitude of the nonphysical states be chosen in 
such a way that these states not be scattered (stand- 
ing-wave condition). The essential defect of the 
recipe developed in references 1 and 2 is that it ex- 
plicitly dispenses with macroscopic causality: the 
preparation of the initial state is dependent on the 
process to be studied. In the present paper a pro- 
cedure is proposed which evidently does not have 
this disadvantage. 

We can explain the idea of the paper by the ex- 
ample of rotations in three-dimensional Euclidean 
space. We shall call the xy plane the physical 
space (Hilbert space 1), and shall call the space 
which supplements this to make the full three-di- 
mensional space the nonphysical space (Hilbert 
space II). An arbitrary state is represented by a 
vector which starts at the origin. The manifold of 
vectors lying in the xy plane forms the manifold of 
physical states. The S matrix in the three-dimen- 
sional space is represented by a rotation of an ar- 
bitrary vector around a certain axis through a defi- 
nite angle. If the axis is perpendicular to the xy 
plane, the action of the S matrix does not carry 
vectors that lie in the xy plane out of this plane. 
This situation illustrates a quantum theory with a 
definite metric. In order, however, to escape from 
divergences one must renounce the orthogonality of 
the axis of the S matrix to the physical space. But 
then (see Fig. 1) the action of the S matrix (S ro- 
tation) carries vectors out of the xy plane, and 
projections of vectors onto this plane are not con- 
served; the S matrix loses its physical meaning. 

Following Bogolyubov et al.? we can restore the 
physical meaning of the S matrix (i.e., conserve 
the length of the projection of a vector onto the xy 
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plane) by choosing for each initial physical state a 
projection along the z axis such that this projec- 
tion is not changed in absolute value by the S ro- 
tation (Fig. 2). 

The transformation a—a’ can be called the S 
matrix for the physical states. In this example we 
can clearly see the impossibility of a further rota- 
tion b’ —b” without a redefinition of the “ghost” 
component of the state vector. 

The idea of the present work also consists of a 
transformation from S to another matrix 8’, but 
of a different form. We call the matrix 


SUAS (1) 
the S’ matrix for the physical states; the matrix 
U_ produces a rotation of the xy plane into the 
plane perpendicular to the axis of S. It is easy to 
see that the matrix S’ takes physical vectors into 
physical vectors with preservation of lengths 

(Fig. 3); the rotation U takes a into b, the ro- 
tation S takes b into b’, and finally U" takes 
bin intoma. 

In the general case of an indefinite metric the 
matrix U is a pseudounitary matrix, which trans- 
forms the physical space into an invariant subspace 
of the matrix S isomorphic to the physical space. 
In other words, the matrix U produces a transfor- 
mation of the matrix S to a form in which the ma- 
trix elements between physical and nonphysical 
states are zero. Of course not every matrix S 
can be transformed to such a form. From the point 
of view used here, however, this means only that 
the only theories with indefinite metrics that can 
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FIG. 3 


describe actual processes are those that are such 
that the transformation U exists. 

2. Let us find the equation determining the re- 
quired pseudounitary transformation for a given 
form of the S matrix. We find a subspace of 
states invariant under the transformation S and 
consisting of vectors of the form 


©=(6)=(yr): (2) 


where the upper row represents the projection onto 
the physical states, and the lower row the projec- 
tion onto the space of states supplementing the 
physical space to the whole space. The transfor- 
mation S takes the vectors (2) over into vectors 
of the same form: 


(3) 
(4) 


Om — Se - Soe 
G => WF, = So,F_+ SW F_, 


+ 
where 
See = JPR SEX Sy. = P,SP,, Soi oe PSP, Soo = P2SPo, (5) 


where P; and Py, are operators of projection onto 
the state-spaces F and G. 

Thus the invariant subspace exists if there exists 
a solution of the equation 


W See SaaW = Soy Sas (6) 


If besides this the invariant subspace (2) is a 
space of vectors with positive norm, then by the 
pseudounitary transformation U related to W 
by the equation 


W =—PUP,/PUP,= — Ug | Ur, (7) 


it can be transformed into a physical space iso- 
morphic to it, namely 


Uwe )— (Catt 


Then it can be verified that the transformation 
(9) 


takes physical states into physical states. We shall 
call this transformation the actual S matrix. 

The equation (6) is a quadratic equation for the 
matrix W. It is hard to solve this equation, at least 
in the general case. In the present paper we succeed 
in finding the matrix elements of this matrix only 


UnWF). (8) 


Spa U SU" 
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for two simple examples — the scattering of a © 
particle by a V particle in the Lee model, and the 
scattering of a “scalar photon” by an “electron” 
near the threshold of production of “ghost” states. 

3. Let us find the matrix U for the example of 
the Lee model. In the Lee model one has three par- 
ticles interacting according to the scheme 


=N+0. 


Furthermore all the states separate into sectors 
(N+ z@, V+(z-—1)®), which do not make tran- 
sitions to each other, so that they can be considered 
separately. We shall examine the case in which the 
V particle can exist in two different discrete states, 
one of which has a negative norm and is called a 
“ghost” state of the V particle. Repeating the cal- 
culation of Heisenberg (Sec. 3.1 of reference 1), 

we find that the function g(k) which describes 

the scattering of the © particle in the momentum 
representation obeys the equation [Eq. (68) of ref- 
erence 1 ] 


co 


\ K (, 0’) 9 (@’) dw + 7; (w), (10) 


me 


h* (E—) 0 (0) = 


where 


4 k! To” 
@ ? 


INO 0) = 7 om apnea 4 


and the function gj depends on the initial ampli- 
tude of the state N+ 2@. In what follows we shall 
for simplicity set oj =0. The remaining notations 
are taken from reference 1. The general solution 
of Eq. (10) has the form (apart from an arbitrary 
common factor ) 


@,) + x (0) 
Bis Nasi (Eos) 


2 (@) = 6 (@—- Op) + x8 (@ (11) 


where wWpjg =E-Ep oe; Ep and Eg are the ener- 
gies of the physical and ghost states of the V par- 
ticle. We consider the case Ep # Eg. 

In the stationary theory the S matrix gives the 
connection between the asymptotic values of con- 
verging and diverging waves: 


Dou, (12) 
If ®, and &_ can be represented in the form 
Dee UE De = UF (13) 


where F, and F_ are purely physical states and 
U_ is a pseudounitary transformation, then, rewrit- 
ing Eq. (12) in the form 


Us sur, (14) 


we get the new scattering matrix 
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SS Uase: (15) 


which obviously takes physical states into physica 
states and preserves the norm. We emphasize that 
from the point of view of the present idea the phys- 
ical scattering matrix is just the matrix (15), and 
the matrix (12) is an intermediate stage in the cal- 
culation, which is necessary if we wish to keep the 
old apparatus of the quantum field theory. 

The condition (13) means that for the determina- 
tion of the actual scattering we must choose from 
among all possible solutions of Eq. (10) those that 
are transformed by some pseudounitary transfor- 
mation U~! into expressions that asymptotically 
do not contain any “ghost” states. 

Let us rewrite the function (11) in a form con- 
venient for the pseudounitary transformation. For 
this purpose we must recall that for the passage 
to the coordinate representation we have the fol- 
lowing correspondence: 

dale 
r aoe ) : 


6 (@ 9) S 0 ( : etkor 
> © ( - eit) : 


i i 
With this in mind, we rewrite Eq. (11) in the 


(16) 


2ui  — Oy — ly 


form 
(@)i== : )» — Wp) 
‘ epee 
L 1 
pacts () bax ; o=6,=F | 
| i 4 
L B Ve 3 (w@ 0 | 
+ x7 (e) si beai Seis (17) 
2 2n1O g V %¢ NN d 
B= V 0p; b' = xag Vg; Vp = Rp / 00g; Ug = Rg / Og; 
Lp = &p Vg (0) Z (0); Ze = — Og V0gg (#) x (0) 
ie) Ls (@ Oy ty) (@ O, - iy) ‘ 0. (18) 


(@, — @,) ht (E—@) } 


The form (17) is convenient because the coeffi- 
cients of the square brackets give a direct idea of 
the fluxes of the converging and diverging waves 
in the coordinate representation. Writing the ex- 
pression in columns emphasizes the attribution to 


different states of the V particle (cf. reference 3). 


The desired pseudounitary transformation acts on 
the coefficients of the function (17) and can be rep- 
resented in the form of a two-rowed pseudounitary 
matrix: 


Q 2 
v7) 
‘ 


Bae sak ae 


4 e cosh 6 
OF = 0 (19) 


e’’ sinh 6 \ 
e’Y sinh 6 


€®cosh 0 


We now look for the class of functions (17) which 


are taken by a transformation of the form (19) into 
purely physical states at large distances from the 
origin. This imposes on the amplitudes of the con- 
verging and diverging waves the conditions 


a’c’’ sinh 6 + b’e® coshé = 0, (20) 
(a’ + y,)e’sinh 0+ (b’+ 4,)e*cosh6=0. (21) 
From this we get 
Lp (@p) /@ = Yo (og) /6 
or Xg (@p) X (@p) = — g (Mg) X (g)- (22) 


Thus the class of solutions of Eq. (6) in which 
we are interested has the property that states with 
different states of the V particle are “scattered” 
in the same way. This still does not mean the ab- 
sence of scattering, since there is possible the in- 
elastic process 


V+0 


The function (11) depends on one parameter x. 
Equation (22) can be regarded as an equation in the ~ 
parameter x. Using the integral equation for x(w), 


x (w) = K (@, wp) + xK (, Wg) 


$1 K (, 0) qt de, (23) 
we rewrite Eq. (22) in the form 
ei 
eit an 
+) K (oy) en DS 5 do! | (24) 


By writing x(w’, x) we emphasize the parametric 
dependence of the solution of Eq. (23) on x. Find- 

ing x from Eq. (24), we can recover the form (19) 
of the matrix, using the condition (20) 


ety—9) tanh @ = — xag V 0g/ Wy V Vp. (25) 
This equation is solvable if 
|x| Op Up) Oe V Ose (26) 


Thus we conclude that in the Lee model one can 
construct a scheme for calculating final physical 
states from initial physical states which preserves 
norms, if among the roots of the equation (24) there 
are values satisfying the condition (26). 

Accordingly, we have shown for the example of 
the Lee model that under certain conditions the 
program proposed in Section 1 is feasible. The 
example considered is, however, a weak one, since 
in it we deal only with a spherically symmetric, 
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i.e., a one-dimensional, problem. Therefore it is 
interesting to examine some other example closer 
to reality, for instance a model of the type of quan- 
tum electrodynamics. Such a model will be con- 
sidered in the next section. 

4. Let us now examine the model in which a 
spinor field (“electron”) interacts with a real 
scalar field (the “scalar photon”): 


Do: O(a) alx):, 
where the interaction constant is taken to be small. 
A Green’s function that falls off sufficiently 
rapidly can be obtained® by supposing that the free 
field obeys an equation containing higher deriva- 


tives. For our illustrative purposes it is enough 
to consider the second-order equation 


(27) 


Wi \ 
he i m | ( i = M} (x) =0; M Sm (28) 
8 Ly ye . 
(here = 2 dxf)» which leads to the Green’s 
function 


G (p)~1/(p—m) (p — M). (29) 


The second-quantized function ~(x) that leads 
to the Green’s function (29) can be represented as 
the sum of two fields, one of which satisfies the 
usual commutation relations, and the other, simi- 
lar relations, but with the minus sign. This leads 

_to the appearance of states with negative norm, 
which on physical grounds are not admissible. Thus 
this model can serve as a simple example of a the- 
ory with an indefinite metric, with which one can 
see the main features of any theory with an indefi- 
nite metric. 

When a scalar photon is scattered by an electron 
at energy higher than the threshold, nonphysical 
states can arise, with the electron in the mass 
state M, which has a negative norm. Therefore 
we must consider a state of the form 


>: § dpdke, (p, k) :* (p) a* (k) 


v=1,2 


> \dadup, (a, ) 2" (a) a (2) 


u=1,2 


@ = (2z)3 | |0>, (30) 


where |0> is the state function of the vacuum, 
a’ (k) is the operator for creation of a scalar 
photon, 


[a- (k), at (k’)]. =8(k —k’), (31) 


pst (p) is the operator for creation of an electron 
in a state with rest mass m, 


[oy (p), on (PI, 


*(q) is the operator for creation of an electron 


= 3,3 (p —P’). (32) 
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in a “ghost” state with rest mass M, 
[ev (a), Cu" (4), = — 25 (q —Q). (33) 
We choose the amplitude of the initial physical 
state in the form 
oy (p, k) = 4,0 (p — po) & (k — ky). (34) 


The amplitudes of the “ghost” states are related 
to the physical states by the required matrix W 
of Eq. (7): 


>) \ dpdkiW (a, %5 P, k)ev(p.k). 


v= 1,2 


Pu (q, %) = (35) 


Thus the initial state of the system has the form 


OL = (On 
bie (Ba) ao (ks) 10> 
x: 7 5 * . 
| > | dada Y uy, (Gos %03 Po» Ko) aun (qo) at (%o) (36) 
Uo=1,2 


We shall examine the problem in the center-of- 
mass system, in which the total four-momentum 
of the system has the form 


Pea p32 ky = (E,.0); (37) 


Confining ourselves to the second order of per- 
turbation theory, we write the ordinary S matrix 
in the form 


S=14S? (38) 
so that the final states will have the form 
KE 
O,= 0 + a) (39) 
Gy 
where 
fe ee 7 (2n)* Dy | dpedkaa (ky) 65° (kp) 
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E ee 


rari — \ dqyd%o Gere 


xX Wav, (do, %o; Pos co 6 (q2 + %2 — P)|0>. 
Here Q is defined as 


ga Mhht+mM) | 
FACE to M?) 


fi = Pi thi = po + Ro} 


= US (qs) Q (MM) ea.) 


(41) 


M fe (fo + M) 
ie (f2 — M?) 
fo = Pi — ke = P2 — fi, (42) 
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where the indices 1, 2 denote the initial and final 
states of the system in states with rest mass m 
or M for the electron. 

We look for a matrix W which has the property 
that simultaneously 


GoW iy (43) 
and 

Coa WE (44) 
This gives us an equation for W: 


See Q (Mm) ur 


V 2%22.0 


UH O(MM) UP VW, », 


1 


= Dy \dpedkeW as [-oba— WP Q (mm) uO? 


we Q (mM) Uae, |. (45) 


We shall solve this quadratic equation for W near 
the threshold for creation of “ghosts,” with the 
total energy of the system equal to 


E=M(i+es), e<l. (46) 
We shall try to find W in the form 
W wv(ax; pk) = UY (q) wu" (p)8(g +x—p—k). (47) 
We have here to use the facts that 


has cae ay ae YESS CO OY Se) SB) | D- 


Q (mm) = Q (mM) = Q (Mm) 


‘i 
ae EF) 1/2; Q(MM) ~1, 


\ 8 (Jo + % — P) dqod%) = x*dn,, 
2 
\8 (p: + Re — P) dp,dk, = dnp. (48) 


We note that in Q(Mm) we have dropped the 
term proportional to p,, because by the Dirac 
equation p,u (py) = mu(p,). 

Equation (45) takes the form 


Q(Mm) — / 2.\ dnv2Q (MM) *; iy 
= 1 s\ dine, “2 w PQ (mm) 


RD qo + 
+ \ dny,dn,2?  w Ps Q(mM) > 


M 
2q (tips. (0). (49) 


In this equation the respective orders of magnitude 
of the terms are 


me jm al 4 
/ ew, Ve >, eet 


This means that w ~ eV? Keeping the main 
terms in Eq. (49), we get finally 


Q(Mm) Se * gn wy © Q (mm). 
From this we get the solution 
w=2YV2/nM?Ve. (50) 
Thus the desired matrix W has the form 
W uv (q%; pk) 
—~ 2 7M @evMig+»—p—h. 6) 


This matrix produces a space of state vectors 
of the form 
@ = (2n)5 
&°* (p) at (k) 
x an 2V 26? (w+) ie) 
yy | dm, SE (OM (gy UO (p)) ci 


wT 


*(@)a° (@%) | on 


U=1,2 


These states have positive norm, since the am- 
plitude of the nonphysical states is small, 0 ( ei oN" 
Therefore the operator U that takes purely phys- 
ical states over into states of the form (2) exists, 
and in the approximation in question has the form 


Neon A 
_ Ee 1 sg 
In the opposite limit of very large energies 
(E >M), when the difference of the rest masses 
of the two states of the “electron” can be neglected, 
the vectors of the required invariant subspace (2) 
will be vectors of the form 


ae 6 


i.e., vectors with zero norm. Therefore we may 
assume that in the general case M < E< © these 
vectors will have positive norm, i.e., that for all 
energies the matrix U exists (it is obvious that 
for E<M wehave U=1). 

5. In conclusion, let us examine the question of 
the causal property of the matrix S’. Here it is 
convenient to use the concept of the switching-on 
function g(x). For the original S matrix 


S (g) = T exp {i \L (x) g (x) dx\ (55) 
the causality condition can be written in the form‘ 


S(@1 + Z2) = S (g1) S (gs), (56) 


if Gy >Gp, i.e., if the region in which g, is dif--— 
ferent from zero is located later in time than that 
where gy is different from zero. Equation (6), 


ON THE SCATTERING MATRIX IN AN INDEFINITE METRIC 


which defines the transformation U, was derived 
for the S’ matrix with the interaction completely 
switched on, i.e., for g(x) =1 forall x. Inthe 
case of incomplete switching-on of the interaction 
two ways of defining the matrix S’ are possible: 


S'(g) = UT S(g)U, 
S" (g) = U*(g) S(g) U (g). 

For the first S’ matrix the condition (56) is 
satisfied exactly, but this matrix does not contain 
transitions to nonphysical states only in the case 
in which g(x) =1, at least in a macroscopically 
large region of four-space. For the second S’ 
matrix Eq. (6) is taken to be satisfied for arbitrary 
g(x), i.e., it is exactly unitary with respect to 
physical transitions. On the other hand the causal- 
ity condition (56) is satisfied only for macroscopic- 
ally large regions with g(x) =1, for which one 
can with arbitrary accuracy replace U(g) by 
U(1). Thus we come to the conclusion that it is 
necessary to give up one of the two fundamental 
properties of the scattering matrix; we must give 
up either microscopic causality or the exactly uni- 


(57). 
(58) 
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tary character of the matrix. It is important, how- 
ever, that in the large the matrix S’ is both vausal 
and unitary in both cases. 

I thank Professor Ya. A. Smorodinskii for a dis- 
cussion pf the results and for helpful advice in the 
course of this research. 
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A general expression has been obtained for the relativistic corrections of order (v/c)? to 
a given phenomenological nonrelativistic Hamiltonian describing the interaction between par- 


ticles of arbitrary mass and spin. 


ih In view of the unsatisfactory state of meson 
theory, phenomenological Hamiltonians for the 
nucleon-nucleon and meson-nucleon interactions 
have found wide application at the present time. 
These Hamiltonians are usually chosen such as 
to agree with the experimental data on the corre- 
sponding two-body problem. The aim of the pres- 
ent paper is to calculate the relativistic corrections 
to these phenomenological potentials. It turns out 
that, starting from the general postulate of relativ- 
istic invariance, the phenomenological Hamiltonian 
can be corrected relativistically in a consistent 
fashion, at least up to terms of order (v/c a 

2. If the relativistic effects are neglected, the 
system of two particles with masses k, and ky» 
and spins i and I is described by the Hamiltonian 


H = p?/ 2x, + p2/ 2x. + Aye, (1) 


where Hy is the nonrelativistic interaction Hamil- 
tonian. The general requirements on the Hamilto- 
nian Hj, have been analyzed in detail by Okubo and 
Marshak.'! In particular, Hj, must not depend on 
the total momentum p; +p, =P as a consequence 
of conservation law for the nonrelativistic center of 
intertia (Galilean invariance). 

The inclusion of the relativistic effects, leads to 
correction terms which do depend on P. 

3. To make the discussion sufficiently rigorous 
and general, we shall not make use of any special 
equations of motion. Instead, we start with group 
theoretical considerations and the invariance prop- 
erties of the S matrix. 

According to the theory of the representations 
of the inhomogeneous Lorentz group, the system of 
two free particles is described by the wave func- 
tion? 

fp (Dis Pz), (2) 
which depends on the variables py, py (the mo- 
menta) and mj, my (the spin projections). We 
do not exhibit the other possible variables (isotopic 


spin, charge, etc.), since they are irrelevant for a 
discussion of the relativistic invariance. The scat- 
tering of two particles is described by the invari- 
ant S matrix 


(Pipe, | S | pip2/n;m)), (3) 


which, owing to the conservation law for the 4-mo- _ 
mentum, can also be written in the form 


(pipamrim, | S| papa) = 8 (p: + Po— Pi — Ps») 
x 8 (ep, + Ep, — ep’ — Ep’ ) (Pipemimy | V | pypamim;), 


en =V pit, En =V p44. (4) 
The matrix V is invariant as a consequence of 
the invariance of the four-dimensional 6 function. 
On the other hand, if perturbation theory is applic- 
able, the S matrix is, in the interaction picture, 
expressed in terms of the Hamiltonian Hy. by the 
relation 


S=14+4 \ dtHy, exp {— it (ep, + Ep, — ey — Ex )) 
= 1 nie (Ep ep (5) 

Since the transformation properties of the Ham- 
iltonian cannot depend on the applicability of per- 
turbation theory to it, and since the expansion in 
powers of the coupling constant is invariant, it can 
be concluded from the comparison of (4) and (5) 
that the Hamiltonian has the form 


(Pipe; | Hy. | ppom;m,) 


= 8 (pi -+ Ps — Pi — Ps)(PiParntny| W | pipamim;), (6) 


where (p,P,mjymy|Hy.|pipymjm{) is an invariant. 

The requirement that the operator W be in- 
variant implies that it must commute with the op- 
erator N which generates the infinitesimal Lo- 
rentz transformation: 


The square brackets with a minus sign denote the 
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commutator. The operator N_ has, according to 
reference 2, the form 


N=iVe,, se Veo, — — ena 


on sme 


NEN ee (8) 

The square brackets without a minus sign de- 
note the vector product. The slight difference in 
the appearance of the operator N_ in (8) and in (11) 
of reference 2 (cf. also reference 3) is due to the 
fact that, in the present paper, we use a normali- 
zation integral without the weight factor 1/ ep, Eps: 

4. In the nonrelativistic approximation, the op- 
erators W, N can be expanded in powers of p,/k, 
and p»y/ko: 


VW=Wot+W, (9) 

N = No 4- N,, (10) 

No = &%,0/0p, + ix.0/Op. (11) 
Sag Z pi 0 [ixpi] 
Ni ; ‘2x1 ae d 2% Op; ay ea 


P29 __[Ixpal 


2X2 Ope 2x2 


a) : 
Me tzgg (12) 
Substituting (9) and (10) in (7), we obtain, in zeroth 
order, the condition of Galilean invariance for the 
interaction Hamiltonian: 


[No; WV oJ- = 0, (13) 


We now subject the momenta p,, Pp, to the Jacobi 
transformation: 


Pi + Po =P, pire / (%1 + %2) — Pox /(%, + %2) =p, (14) 


and similarly for the momenta pj, py. On account 
of the 6 function ‘in (6), one may regard the oper- 
ator W as independent of P’. In this case, rela- 
tion (13) takes the form 


OW (Pi, p’, P) /OP = 0. (15) 


In the zeroth approximation the Hamiltonian does, 
therefore, not depend on the total momentum, i.e., 
the requirement of Galilean invariance is satisfied, 
as was to be expected. In the next nonvanishing 
approximation, condition (7) has the form 


NoW, <a WiNo SS WN, =e NiW. (16) 


Substituting (11) and (12) in (16) and using (15), we 

obtain 

a ere eDiee oN Pal ete Pla ey Pe 

— ies to) Ge WiPs w= [ERE A BE a + 
"9 

sping ae) Pio.) Ps 10: _ “lixpil 

113%, Gp 1! ox dp |! Derdpe! * Padp;, 2x1 


, . |. flixpy) . Ux] 
= Lk hal sell Ws (p, 9) + Wels?) tae perce jern ih? 


Equation (17) must be written in terms of the P 
p, and p’ alone. The operator Wy, can be split 
up into two parts: 


b) 


Wi=W,+W;, (18) 
where Wj; does not depend on the momentum P: 


oW,/0P =0, W,=Wil(p,p), (19) 


and Wj reduces to zero for P=0. The operator 

i(P, p’) is not uniquely determined by Eq. (17). 
This operator does, however, satisfy the nonrela- 
tivistic condition (15), and it can always be consid- 
ered to be included in the operator Wy, of the non- 
relativistic approximation. The structure of the 
phenomenological Hamiltonian Hy. is significantly 
affected only by the operator WY, which is, how- 
ever, indeed uniquely defined by equation (17). 

Since we are only interested in corrections of 

order (v/c)*, we write the operator W/(P,p,p”) 
as a polynomial of no higher than second degree in 
P: 


W) = PiA; + P:P/Bij. (20) 


Substituting (20) in (17), we can uniquely deter- 
mine the operators Aj and Bjj by using the fact 
that the operator (pypymjmyz|W | pypy;mjm7) is in- 
variant in three-dimensional space, i.e., that it 
commutes with the momentum operator M: 


M = — i [p,0/dp,] — é [p20/Op2] +1 +I. (21) 


A simple calculation leads to the following ex- 
pression for Wj: 


y Pe, (pP) (PO/Op) + (p’P) (Pd/dp’) 
Wi oe poe 2 (%1 + %2) Wo 
(x2 — x1) (p + p’) PW i 1, Lee 
2X2 (KX, + X) aie ere) \ Mo [Pxp (= x) 
i I 
—[Pxp](— — =~) Wo}. (22) 


5. The operator Wj; from (22) does not satisfy 
the nonrelativistic conservation law for the center 
of inertia and contains all relativistic corrections 
needed for the phenomenological formulation of the 
problem! (apart from trivial corrections to the 
kinetic energy). Expression (22) refers to a Ham- 
iltonian which is written in the form of an integral 
operator. If, as is ordinarily the case, the Hamil- 
tonian is given as a function of the coordinates and 
the momenta, the correction Hj, (derived from 
the operator Wj) to the Hamiltonian Hy) has the 
form 
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P? F119 ‘ Pp (P OHy2\ 


2 (*1 ats Xe)" Op / 


te mene ae) 


1 i I \ [OF x. 
Ora eee sa P | 


i had | I 
2 (%1 + %2) ie _—) Ha» [pxP] 
ty. i I Xo — Ky {iP OMe 
errant a 7) [PXP] at Seeger) We Ox 
14 i Oy lees 0 (0H. _\ iO), 
pe (PorH) + 5S (Paz) + i(S P)(P sp)}- 23) 


The operator x in (23) denotes the coordinate dif- 
ference 


x= Xy = Xo 4 id/Op, 2 id/Ops. (24) 
Including the corrections to the kinetic energy, 

we arrive at the final result: the relativistic Ham- 
iltonian for the two-body problem has, up to terms 
of order (v/c)*, the form 

H = py / 2x, + p2/ 2%. — pi/ 84 

i Py / 8x3 + Hy. -+ His, (25) 

The correction term Hj, reduces, according to 


(24), to zero in the center of inertia system. In 
the two-body problem the relativistic corrections 
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can, therefore, be avoided by going to the center 
of inertia system. The corrections thus become 
significant only in the many-body problem. 

We emphasize that, according to (18) and (19), 
the correction term Hj, does not contain all cor- 
rections, but only those which violate the Galilean 
invariance of the Hamiltonian. However, these are 
just the essential corrections to the phenomenolog- 
ical Hamiltonian. 

The Hamiltonian (25) can be used for the inves- 
tigation of the interaction of mesons and nucleons 
of high energy with nuclei. Besides that, this 
Hamiltonian is useful for an estimate of the effect 
of relativistic corrections on the structure of the 
nucleus. 
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Relativistic corrections to the phenomenologically prescribed interaction between a pair of 
nucleons in a nucleus is computed on the basis of the expression obtained by Yu. M. Shirokov 
for relativistic corrections to the nonrelativistic two-body Hamiltonian. It is found that the 
relativistic corrections depend strongly on the shape of the potential and are of the order of 


0.02 —0.2 Mev for a pair of nucleons. 


5 The question of the role of relativistic effects 
in the theory of levels of light nuclei was hardly in- 
vestigated until recently. Blatt and Weisskopf (ref- 
erence 1, p.162) express an opinion that these ef- 
fects can give a contribution on the order of 10 to 
20%. At the present state of meson theory we can- 
not investigate this problem with any degree of re- 
liability. A phenomenological examination, based 
on general group-theoretical properties of the rela- 
tivistic invariance of quantum theory, is therefore 
of interest. The general method for the investiga- 
tion of problems of this kind is presented in refer- 
ence 2. 

2. Neglecting relativistic effects, the nucleus 
is described by the non-relativistic Hamiltonian 


H=S)\Ta+ >} Amn, (1) 


m>n 


where Ty, is the kinetic energy of the n-th nucleon 
(2) 


and Hmn is Hamiltonian of the paired interaction 
between the nucleons m and n. In nuclear phys- 
ics the Hamiltonian, as a rule, is chosen phenom- 
enologically to satisfy the necessary properties of 
invariance and to agree with the basic experimental 
data on the nucleon-interaction. In particular, the 
Hamiltonian Hmn should be galilean-invariant, 
that is, independent of the total momentum of the 
interacting nucleons. 

It is shown in reference 2 that if relativistic 
corrections are taken into account with accuracy 
to (v/c),? the Hamiltonian (1) becomes 


ay inn + y jae a » a 


m>n m>n 


Tp = pn/2M, 


where Tj, is the correction to the kinetic energy 
of the n-th nucleon, 


Tn = = pr/3M?, (4) 


and Hiny is the relativistic correction to the in- 
teraction Hamiltonian, which equals 


Shep = (1/8M?) {— Hanes 
+ i (P*OH mn /Ox) (P* 0/Op) + (6m — on) [PX OH mn /OX] 
—1 (Cm == Sn) later [pxP] + Gliliear (Om = Sn) [pxP] 


— (P*0A inn / Op) (P*p) + iP:Pj0?H mn / Ox0p;}. (5) 
Here 


|B ce Pm ata Pn. P= (Pm ar Pn) / 2; (6) 


and x is the operator of the difference of nucleon 
coordinates. 


X = Xm — Xn; (7) 


Om and gy are the spin matrices of the m-th and 
n-th nucleons, respectively. The nonrelativistic 
Hamiltonian is assumed specified in the form of a 
function of the coordinate and momentum operators 
of the nucleons. In virtue of conservation of the 
momentum and of the nonrelativistic center of 
mass, Hy is independent of 8/8P and P. The 
Hamiltonian Hyyy can naturally depend on the or- 
dinary and isotopic spins. 

The correction term Hyp does not satisfy the 
law of conservation of the nonrelativistic center of 
mass, since it depends explicitly on the total mo- 
mentum P. Hea vanishes in the center-of-mass 
system of the two nucleons, so that an interaction 
Hamiltonian Hyp Phenomenologically constructed 
from on nucleon-nucleon scattering data need not 
include special allowance for relativistic effects. 
However, if a Hamiltonian so constructed is applied 
to the many-body problem, it becomes necessary 
to take into account the correction term (5), for in 
this case it is impossible to go over to a system in 
which the centers of mass of all pairs of particles 
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are at rest. We note that in expression (5) the ad- 
ditions of order P?/M? and P.p/M® are taken 
into account exactly, and that the relativistic cor- 
rections of order p?/M? are not considered at all. 
However, the latter do not contradict the nonrela- 
tivistic law of conservation of the center of mass. 
and therefore, when constructing a Hamiltonian 
from scattering data, they simply enter into the 
nonrelativistic Hamiltonian Hypn.- 

3. To estimate the influence of relativistic ef- 
fects on the positions of the levels of light nuclei, 
the following calculations were performed: 

Equation (5) was used to calculate the level 
shifts for two particles in the states 


|Ost,01>, | Ost,10>, | 1p%,01>, | 1p%,01> 
for a Gaussian potential, a Yukawa potential, and 
a rectangular well. Oscillator wave functions were 
used throughout, with rp = 1.65 x 10713 cm (i.e., 
hw = 15 Mev). The potentials were chosen in the 
form 

V =V, (0.317 + 0.500P + 0.183PQ) f (r/a) 


with the following constants: for the Gaussian po- 
tential:° 


Vo= 5140 Mev a= 73-10 cm aie en, 
for the Yukawa potential (reference 1, p. 50) 
Vo = —68Mev, a=1.17-10-%em, f (x) = e-~*/x, 
and for the potential well (reference 1, p.50) 
Vy) = —33.6 Mev, a= 2.1-10 "cm; 


The potentials are independent of the velocity. P 
and Q are the permutation operators of the spatial 
and spin variables respectively. The following re- 
sults were obtained (in kev): 


= Ss 
Potential = S S = = < 
Gaussian 95 150 52 414) 125 | —22 
Yukawa 96 142 205 of 120 | —24 
Rect angular 
well 115 182 62 8 150 | —14 


4. From the foregoing we can draw the following 
conclusions as to which relativistic effects on the 
structure of the nuclear levels are significant for 
a phenomenological statement of the problem. 

The relativistic corrections depend greatly on 
the form of the potential and are of order 0.02 —0.2 
Mev for individual pairs of nucleons in a nucleus. 
As a consequence of saturation of the nuclear forces, 
the correction to the ground state can be considered 
to be proportional to the number of nucleons in the 
nucleus, i.e., of the order 0.2 —2 Mev for light nu- 
clei and 2 — 20 Mev for heavy ones. Corrections 
to the relative placements of the nuclear levels 
are of the same order as for a pair of nucleons, 
i.e., 0.02 —2 Mev. 

Relativistic corrections are thus considerably 
smaller than given reference 1, and can be disre- 
garded in the less accurate present-day methods. 
On the other hand, these corrections exceed the er- 
rors in the experimental measurements of the nu- 
clear levels, and must therefore be taken into ac- 
count when developing computational methods of 
accuracy comparable with that of the experimental 
measurements. 


' J, Blatt and V. Weisskopf, Theoretical Nuclear 
Physics, (Russ. Transl. IIL, 1954), Wiley, N. Y., 
952° 

2Yu. M. Shirokov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 36, 474 (1959), Soviet Phys. JETP, this 
issue, p. 330. 

3R. A. Ferrell and W. M. Visscher, Phys. Rev. 
102, 450 (1956). 


Translated by J. G. Adashko 
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The quantum theory of magnetic resonance absorption due to Kubo and Tomita! is used to 
describe the phenomenon of nuclear paramagnetic resonance in liquids. The thermal mo- 
tion of the molecules, which leads to a narrowing of the absorption line, is taken into ac- 
count on the basis of diffusion theory. The transverse and the longitudinal relaxation times 
and the correction to the gyromagnetic ratio are computed. 


i. The general method developed by Kubo and 
Tomita! for the determination of the line shape of 
magnetic resonance absorption in radio frequency 
fields has been employed to discuss nuclear mag- 
netic resonance absorption in liquids and exchange 
narrowing in paramagnetic crystals. 

With the aid of this method it has turned out to 
be possible to take into account the effect of the 
anisotropy of the g-factor on the line shape? and 
to determine the effect of the exchange interaction 
on the hyperfine structure in electron paramag- 
netic resonance.® On the basis of this method, 
Chirkov and Kokin‘ calculated the line shape of 
electron resonance absorption in powdered free 
_ radicals. Skrotski¥ and Kokin® obtained the equa- 
tions of motion for the magnetization vector and 
expressions for the coefficients appearing in these 
equations. 

To take thermal motion into account, both Kubo 
and Tomita! and Bloembergen, Purcell, and Pound® 
chose the simplest correlation function 


f(t) = exp(—|#|/*.). (1) 


It is assumed that this form of the function de- 
scribes both the rotational and the translational 
Brownian motion. The correlation time Tg for 
the rotational Brownian motion is expressed in 
terms of the temperature, the mobility, and the 
dimensions of the molecule, while in the case of 
the translational motion it is expressed in terms 
of the relative position of the paramagnetic mole- 
cules or ions. 

Such a choice of f(t) is not general and, 
strictly speaking, is applicable only to the descrip- 
tion of rotational Brownian motion. 

The results obtained by Skrotskil and Kokin® are 
employed in this paper for the determination of the 
transverse and longitudinal relaxation times in 
liquids. In carrying this out the form of the func- 
tion is determined on the basis of diffusion theory. 


2. In what follows we shall assume that the 
sample is situated in a constant magnetic field 
Hy = H, and a weak radio frequency field h(t). 

The part of the Hamiltonian §@ which does not 
depend on the time may be written in the form of 
three terms 


H=Hi:A} HAA’, (2) 


where i 

HF, = —hwy >) Le AO) = Lio (3) 
/ 

is the operator for the interaction of the system of 

magnetic moments with the external constant field 

Hy. The operator ce contains the kinetic energy and 

the interactions which do not depend on the spins I. 

The magnetic dipole-dipole interactions are de- 

scribed by the operator 5’ which is regarded as 

a perturbation. 

When the condition hwy « kT is satisfied the 
equilibrium density matrix 6) does not depend on 
the spins, and in the case of a homogeneous and 
isotropic liquid in the first approximation does 
not depend on the coordinates. 

In this case we shall obtain for the relaxation 
times T,; and Ty and for the shift in the reso- 
nance frequency Aw, in accordance with refer- 
ence:° 


4 ’ 
| least HQarn, Tal=T1, ToS Typ (4) 
a 
Aw = VOD, (5) 
a 
where 
ch + ith = ( exp (099) fan (9) 49, (6) 


0 


O2 afar (9) = Ma» (9) (Fa. (0) Mal}> / #2 ¢| Mal. (7) 


The angle brackets denote averaging over spins 
and coordinates using f) = const, the curly brack- 
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ets denote the symmetrized product of the oper- 
ators, and fg) (v%) =1. 

By utilizing the expressions given in reference 5 
for FA (a9) and FL (0), and by averaging over 
spins, we obtain for an isotropic liquid: 


08, = QE = f3Qh = 2 Ong = 49 Opes sO 


Qi» 7 Qo = 0, (8) 
where 


Q? = (12n/5) 1 (I + 1) gtuon? 5} Cri’ | Y20 (Sia je) >. (9) 
k 


The summation over k is carried out for fixed 
arbitrary j. 
The function 


fan (t) = fr (t) 


p3 2» ie (+) 7742 (0) Yon, jp (7) Opp (7)) Yon (80 jn)> 
= (10) 
<a IOAN (9 ixP jx) |”> 


will henceforth be called the correlation function. 

3. To calculate the relaxation times T, and Ty 
and the correction to the gyromagnetic ratio it is 
necessary to obtain the explicit form of the corre- 
lation function f) (T). 

The direct calculation of f, (7) from (10) does 
not appear to be possible, since for this.it would be 
necessary to have expressions specifying the mo- 
tion of each molecule. However, we can get around 
this difficulty. 

We base our discussion on the concept that the 
molecules in the liquid undergo translational and 
rotational Brownian motion. 

To describe the translational Brownian motion 
we make use of the equation of free diffusion: 


s —DAU=0, D=RkT /6r7a, (11) 


where a is the radius of the molecule. 

The probability that at atime t one molecule 
is contained within a volume element dr; ata 
distance ry. from a second molecule contained 
within dr, is given by the following expression: 


U (Fy, T10, Te, Teo, t) dry drs 


— 2 = 2 
(T1 T0) i T20) )dry dro, (1 2) 
where Y,) and Yo define the positions of the mol- 
ecules at time t=0. 

We write (12) in the form: 


= (4xDt)? exp (— 


U (Tr, Tio, Te, Teo, t) dry dr, 
4 
= On {exp (—A*D|t|— kD |t| 
+ ik (ry — yo) + ik’ (r2 —f29)) dk dk’ dr, dr, (13) 


and introduce new variables rj; =r+fro, dr,dr, 
="dr dry. 


Then after integrating over Yr, we obtain: 
his eee (\U cs, rion Las hae: t) dr,\ dr 


exp (— 2k2D|t|—ik(r—ro))dkdr. (14) 


= way) 
The last expression gives the probability that 
during a time t >0 the distance between the mole- 
cules will have changed by an amount |r-ro|. 
By making use of the identity 


exp (ihr) = Dig (kr) Vin(e)Yim(=)» (18) 
where 
g, (0) = (2n)"*i" Jin (0) | V0» (16) 
and after carrying out the integration over the 
angles of dk, we obtain: 
nl co 
Ut, to Y= aye \exp (— 2k2D|t}) 
0 
318, (Ar) g} (Pro) ¥ 1m (99) ¥ tm (S090) k2dk. hey 
lm 17 


We obtain the average in expression (10) with 
the aid of the function U(r, frp, t): 


fae) = 3(2a)°\ 8 Yan (9, 9) 


x Yoa(%o%0) U(r, to, £) dr dro, (18) 
where we have taken into account the fact that 
Zits (DjnQjr) |? — soar V7 Ne (19) 


Now, by ne the properties of spherical 


harmonics and expression (17) for U(r, ro, t), 


we obtain 
fa(t) = f(t) 
=3(< J dteexp(— 2k? D| t|) heen (20) 


The integrals over r and rg may be evaluated 
with the aid of the recurrence relation:' 


— 0 8444 () = Flee, ()I. (21) 
Then 
fe) = ey JP (— Ee )leleitde, (22) 


where we have used the notation To = (42/3) a°n/kT.. 
We obtain from (9) and (19): 


4 SIN E 
Q? = SI (I +1) gtpaa? > (2a) a (23) 
4. The correlation function in the case of rota- 
tional Brownian motion can be found in a manner «| 
similar to the one utilized above for translational 
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motion. We consider the molecule as a whole to 
be a sphere of radius a, and the distance between 
the magnetic moments bjk within the molecule is 
assumed constant. Moreover, we assume that the 
molecule contains two identical nuclei with mag- 
netic moments different from zero. 

The solution of the diffusion equation for rota- 
tional motion similar to (17) is of the form: 


C (2, 9, %o, a) t) 


= S}Y¥im(®, @) Yim (Bo. Go) exp ( 
lm 


L(L+ 1) D’|t{) 
au ) 


, (24) 


where D’ = kT/8zma is the diffusion coefficient 
for rotational motion. The expression 
V (3, Y, Yo, Po, t)d2 determines the probability 
that the molecule is oriented within the solid angle 
dQ =sind’dédg, if at time t=0 its orientation 
is determined by the angles ¥%, @. 

The evaluation of the correlation function leads 
in this case to the expression 


om ODA eae | \ 
fe) =exp(—~g™)=exp(—42!), as) 
which agrees in form with (1). 
Averaging over the angles in (9), we obtain: 
3 ees 
Ot FTE gt usa toe, (26) 


5. We now proceed to evaulate the quantities 
aN and TH, which appear in the expressions for 
Wt jj: and; Aw. 

In the case of translational Brownian motion 
we obtain after substituting (22) into (6) and after 
carrying out the integration over T: 

foe) 
t tinh = 27 \ Jy, ()dp/p(e?—9ideew). (27) 
0 
This integral can be evaluated if we recall that 
J3/2(p) may be expressed in terms of trigonomet- 
ric functions. 
We denote 


jee ies VY, (0) do /o a (2 — +2) 


= (x — 2x5) + exp (— x) [cos x (x? + 4x4 + 2x°*) 
+ sin x (x *— 2x)} 


ti ‘ie oy kee 2a) + exp (— x) [cos x (x ® — 2x) 


—sinx(x%+ 4x 4+ 2x-*)I} 3 
x = V'18]A| te Wp, (28) 


_ where both in the above and in the following expres- 
sions we choose the upper sign for A <0 and the 
lower sign for A> 0. 


FIG. 1. Curves 
showing the depend- 
ence of AW and 
1 AD on 18 Aw) Te 
labelled respectively 
1 and 3 for transla- 
tional Brownian mo- 
tion, and 2 and 4 for 
rotational Brownian 
motion. 


tion 


In weak fields when Tew) « 1: 


, 18 
tT = =T— 


9 eS ee 
A 5 75% VIR to, 


2 ee © ines 
a =F Gt VIAL Feo ; (29’) 


while in the case of strong fields when Taw > 1: 


Te (| A} te Wo) “(1 — S40), 


sete (|A| te) 


A ee 4 ” 


In the case of rotational eee tet motion, on 
substituting (25) into (6) and on carrying out the 
integration with respect to T, we obtain in a sim- 
ilar fashion 


2 4 
A= Tim SEE) eS roa es OD 
which have simple asymptotic expressions. 
In the case of weak fields: 
Th Set i? 28S i By Nye. (30’) 
In the case of strong fields: 
t, = TeOrxg + = 8 5 (1 — 6yo), 
= ( = -; aa) ‘iver (30”) 


The dependence of 7) |A|wo and TX|A|wo on 
Taw, both for translational and rotational motion, 
is shown in Fig. 1. 

Using (8), we obtain 


TQ? = (Psu, + 8/ot, $2); (31) 
T 2? = (fsx, + aX) (32) 
QF [ Mery = (°/5 2) + Ya). (33) 


Thus, to obtain the dependence of Tj, Tj, and 
Aw) On Tewy both for translational and for rota- 
tional Brownian motion it is sufficient to know the 
value of 2?, which depends on the structure of the 
molecules and on the structure of the liquid. Curves 
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FIG. 2. Curves showing the dependence of T 27/ ao, 
T ,97/@,. and 0?/Aw @. on ToHo, labelled respectively 2, 6, 
and 3 for translational Brownian motion and by 1, 5, 4 for the 
case of rotational Brownian motion. 


of T,2?/w 9, Ty2?/w, and 27/Aw wy vs. Tew 
are shown in Fig. 2. 

6. As an example we consider the case of nu- 
clear magnetic resonance in a liquid whose mole- 
cules contain two identical nuclei with magnetic 
moments differing from zero (water) with spins 
l=. . 

In this case the operator #, can be separated 
into two parts Kea and scat which describe the 
motion of the centers of masses of the molecules 
and the rotation of the molecule as a whole about 
the common center of mass. The distance b be- 
tween nuclei belonging to the same molecule is 
constant. 

The rotational Brownian motion leads only to a 
variation in the angle between the straight line 
joining these nuclei and the direction of the field 
Ho. 

The translational Brownian motion alters the 
relative position of nuclei belonging to different 
molecules. 

If we neglect the correlation between the trans- 
lational and the rotational Brownian motions, each 
of the expressions for Tj’, Tj!, and Aw) de- 
fined by (4) and (5) can be separated into two terms 
corresponding to the translational and the rotational 
Brownian motion of the molecules. 

In calculating Q? for the translational motion 
of the molecule we should take into account the fact 
that a fraction of the molecules (*,) has a total 
nuclear spin equal to unity while the remaining 
fraction of the molecules ('/,) has a spin equal 
to zero. 


Then for the translational motion we have 
3x ee vA eee 
Ot = sp gt ust seas asks (34) 


where N/V is the number of water molecules per 
unit volume, 
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In the case of rotational motion we have: 


QF = "Joo gt won? O*. (35) 


Now, by utilizing (29) — (32) and (33) — (35) we 
can obtain expressions for the relaxation times 
T, and Ty and for Aw. 

In weak fields when TQW) K 1 we have: 


1 1 i a (Sie I es 
Eoin p = 9/2 gt gh (Fae + 5°). (36) 


The transverse and the longitudinal relaxation 


times are equal. 
The effective gyromagnetic ratio is of the form 


vari S)arae ay), 


In the first approximation the correction is de- 
termined by the translational Brownian motion 
where ae is given by (34). 

In the case of strong fields when Tew) > 1 we 
have: 


4 9 es 6x N _ ae 

To mee (Spaeth); oe 

4 Voe ap Noa 

= PE tet tp ato ee (89) 
Vi (40) 


Here Ty is determined largely by the transla- 
tional Brownian motion. 

7. The expressions for T, and Tj in the ex- 
ample discussed above have been obtained by Bloem- 
bergen, Purcell, and Pound.® In reference 1 it was 
pointed out that these calculations are not accurate. 

The expressions for T, and Tj obtained in 
reference 6 in the case of weak fields 


4 dl 9 ZS 3 Nise at 
Dea te gee a ea ta (Saze 34 b °) (41) 


differ from (36) by numerical coefficients. Taking 
‘for water® at 20°C a= 1.45 x1078 em, b=1.54 x 
107 em, Te = 0.32 x 10°!) see, V/N =130. x 1002" 
em’, we obtain.from (36) T= T, =T, =3 sec, 
which agrees with experimental data ( Ty = Ty = 


3.6 + 0.4 sec).? For Aw) we obtain in this case 


Awy = 1.4 Va: 107? sec! (42) 


As can be seen from (39) and Fig. 2, in strong 
fields Tj is proportional to we Such a depend- 
ence is determined by the translational Brownian 
motion, which makes the principal contribution in 
the case of strong fields. 

For strong fields the dependence of Tj on Tg, 
determined by (39), is given on a logarithmic scale . 
in the region woTg > 1 by a straight line witha _ 
Slope of 26.5°, and not of 45°, as called for by the 
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theory of Bloembergen, Purcell, and Pound.® 

e experimental values given in the paper of 
Bloembergen, Purcell, and Pound® for the relaxa- 
tion times for glycerine at different values of n/T 
fall in the case of n/T >1 ona less steep straight 
line with a slope of approximately 30°, which is in 


good agreement with the conclusions reached above. 


Moreover, it follows from (41) that in strong fields 
Tj is proportional to w/2, and not to ws, as in 
reference 6, which also agrees much better with 
experimental data. 

Thus, for the description of the phenomenon of 
nuclear resonance in liquids it is necessary to take 
into account the translational as weli as the rota- 
tional Brownian motion of the molecules. More- 
over the form of the correlation function for the 
two types of motion turns out to be different. Only 
in the case of weak fields when wyTg K 1 do the 
relaxation times turn out to be not very sensitive 
to the specific form of the relaxation function. 
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Multiple elastic scattering of polarized spin-3 particles in an isotropic homogeneous medium 
is considered. The kinetic equations determining the distribution function and polarization 
vector of scattered particles are solved approximately. A solution which is valid for both 
small and large scattering angles has been obtained as a series expansion in spherical har- 


monics and spherical vectors. 
1. INTRODUCTION 


ik connection with the testing of parity conserva- 
tion, electrons and other particles produced in the 
course of various transformations have recently 
been found to be polarized. In experiments with 
polarized particles it is necessary to take into ac- 
count the effect of multiple scattering on both the 
magnitude (depolarization) and direction of the 
polarization vector. The latter effect has been 
used in a number of investigations!» to transform 
longitudinal polarization into transverse polariza- 
tion, which can then be detected from the azimuthal 
asymmetry of electron scattering in nuclear Cou- 
lomb fields. 

Bethe and Rose? were the first to estimate elec- 
tron depolarization through multiple scattering. - 
Miihlschlegel and Koppe* recently determine the 
distribution function and polarization of multiply 
scattered particles for only small angles. How- 
ever, polarization effects are most significant at 
large angles, although the scattering cross section 
is greatly reduced with increase of the angle. In 
the present work we considered both large and 
small angles to obtain the angular distribution and 
polarization of particles passing through a scat- 
terer of limited thickness. Inelastic collisions 
were disregarded. The equations that were derived 
agreed with the results obtained by Miihlschlegel 
and Koppe for small angles. 


2. SINGLE SCATTERING 


The scattering matrix of electrons in a centrally 
symmetrical field can, as we know, be represented 
by 


Q = f (8) —ig (®)y+0, vy = [nxn’]/sin 4. (1) 


Here @ is the scattering angle; n and n’ are the 


unit vectors of electron momentum before and after 
scattering; o is the Pauli spin operator. The func- 
tions f and g for a Coulomb field have been given 
by Mott.° Approximate expressions for these func- 
tions up to terms containing ( az)? are given in 
the Appendix. 

Before scattering let the state of polarization of 
the electron beam be given (in its rest frame) by 
the density matrix p(¢) =(1+¢0)/2, where ¢= 
Sp (gp) is the polarization vector. Then the dif- 
ferential cross section for scattering from the state 
with momentum p=pn and polarization ¢ to the 
state with momentum p’ = pn’ and arbitrary polar- 
ization is given by 


S(n, &; n’) = Sp(QpQ*) = B(6) + D(6) vel. (2) 


The polarization vector 
is given by 


of the scattered beam 


S' = Sp (6.29.") / Sp (Qp"). (3) 
Using (2) and calculating Sp, we obtain 
QYS(n, $n’) = BO+ Fl[yx $] + C vx[yxG] + Dy. (4) 


B, C, D and F are given interms of f and g 
as follows: 


Bee el Cae ee, 


D=i(fg’—f'g); F=fe’ +f eg. (5) 


It is evident from (4) that scattering can change 
¢ in both magnitude and direction. Polarization 
effects in both single and double scattering have 
been considered in detail in many papers (see the 
review by Tolhoek, reference 6) and will not be 
considered here. 


3. THE KINETIC EQUATIONS 


An electron beam scattered in an isotropic 
homogeneous medium will be characterized by the 
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intensity I(n,r) and polarization vector ¢ (Dyer). 
The equations that determine I and ¢ are easily 
obtained from elementary considerations. Let us 
consider the product Ig =G which gives the in- 
tensity of spin transport. The variation of this 
quantity per unit length of path is given by the 
derivative (n-V)G and consists of the two parts 


— NG (n, r) (Sqn, Gn’) dQ’ 


and N |G’, r)S(n’, C(n’, r); n) dQ’, 


where N is the number of scattering centers per 
unit volume. Using (4) and denoting the total scat- 
tering cross section by o, we obtain 


neV G=—NoG + n \(AG’ + Di'y) dQ’. 6) 


Here G’ =G(n’,r), I’ =I(n’,r), and A denotes 
the operator 


A=B+F[yx...]+C[yvx[yx...]]. (7) 
An equation for I is obtained analogously: 
(ne Wii = Nek \ (er + Dyv-G’)dQ’, (8) 


We note that in a paper by Waldmann’ the kinetic 
equations for a particle with spin are given in ma- 
trix form using the scattering matrix. For the case 
of electrons these equations can easily be put into 
the form of (6) and (8). 

We shall consider a scatterer in the form of a 
_ plane-paralle! layer bounded by the planes z = 0 
and z=d. For a beam of finite width I and G 
will depend on all three coordinates x, y, and z. 
Both sides of (6) and (8) will be integrated with re- 
spect to x and y; the x and y derivatives van- 
ish and V is replaced by 9/dz. I(n, z) cos#dQ 
will represent the number of particles passing 
- through the plane z=const inthe n direction 
per unit time, and ¢=G/(n, z)/I(n, z) will rep- 
resent the polarization of these particles. Intro- 
ducing the dimensionless variable tT =Noz, Eqs. 
(6) and (8) become 


cos 901 /0t = —I + \ (Br + DyG’) dQ’, 


cos 90G /dr = —G+ \(4G' + DI’y)dQ’; (9) 


B, C, D and F in these equations differ from 
the expressions in (5) by the factor 1/o. 
The boundary conditions are 


I(n, 0) =1 8(n—n,), G(n, 0) = 15 3 (n — ny) 
for cost>0, 


for cos?<90; (10) 


I(n, t)=G(n, 7)=0 
Ny (3, Yo) gives the direction of the incident beam; 
t= Nod; the 6 function is normalized by 

f 6(n=—ny) d@ = 1. 
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Hereinafter we shall limit ourselves to a beam 
of normal incidence (cos ¥)=1). Instead of (9) 
with the boundary conditions (10) it is more con- 
venient to consider two system of equations with 
corresponding boundary conditions: 


414] Oe = — Iq +\ (BI, + Dy+G,) dQ’, 
6G, / dt = —G, + | (AG, + DI, v) dQ’, 
Iy(ny 0) = 18 (n — ny); Gy(n, 0) = JCS (nr n,); | 
cos 9 (01, /At) = — Iy+ \(8h + DyG;) dQ’ 
+. (1 —cos 9) A1,/d:, 
cos $0G,/dr = — G, + \ (AG; + Diy) dQ’ 
+ (1 —cos 9) 0G,/dr, 


I, (n, 0) = G, (n, 0) = 0 for cos?>0, 


I, (n, t) = — Jy (n, t); G, (n, t) = — Gy (n, ¢) 


for cosd}< 0. (II) 


When I=1)+1I, and G=G)+G, the equations (I) 
and (II) are equivalent to the original equation (9) 
and boundary conditions (10). 


4. SOLUTION OF SYSTEM (I) 


The equations of (I) differ from the exact equa- 
tions by the fact that cos ¥ is replaced by 1 in the 
left-hand members, which means that the true path 
dr/cos¥’ traversed by a particle in the layer dt 
is replaced by a segment dt representing its path 
in the original direction of motion. The distribu- 
tion function for unpolarized electrons was obtained 
in this approximation by Goudsmit and Saunderson.? 

In the small-angle approximation the right-hand 
members in (I) give equations for I and G in 
small-angle scattering. However, it ig our inten- 
tion to solve the exact system (9) for all angles, so 
that we shall first obtain an exact solution of (I). 

Ij) and Gp will be given as series of spherical 
harmonics and spherical vectors:* 


(othe) ae > Tim (t) ¥ tm (0); 


Gy (n, t) = >) Gym(s) Yiu (n). (11) 


JLM 
In order to transform the integrals in the right- 
hand members we expand the integrands in series 
of spherical harmonics, as follows: 


*We shall use Bethe’s definition? of spherical harmonics. 
The definition and properties of spherical vectors have been 
given by Berestetskii, Dolginov and Ter-Martirosyan. 10 
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B (8) = 2 BY im(n’) Yim (n); 


B, = 2x\ B (8) P; (cos 8) sin 8 d8. (12) 
\ 


Considering also that 


[Youle = (—1)7 


JM 
” CrMtumn Yim-+ ns 


where Oe sy, is a Clebsch-Gordan coefficient 


and the index y =0,+1 denotes cyclical compo- 
nents of a vector, which are related to its Cartesian 
components by 


Qy = Gz, Ax, = + (ax iay) /V 2, 
we obtain 
\B (9) 1,dQ' = D\Bilim(t) Yim (n), \B (8) Gy dQ’ 


= >) B.Gim (=) Vim (n). (13) 
For the expansion of D(@) vy, =D(@) [nn’], /sin 6 
in spherical harmonics we note that D(é@ ‘ain 6 
transforms as a scalar while [nxn’]), transforms 
as a vector component. We can therefore write 


D (8) {nxn’],/sin 9 = i >) DiC tna: Y im (1) Yim (1). (14) 


To determine D7 we let # =’ =0 in this 
equation. In virtue of the orthogonality of the 
spherical harmonics and of the Clebsch-Gordan 
coefficients, we obtain for D7: 


= (VRAIS) NCHnCt tin | sap a tn (n) dO 
D 


Tw 
= (ay (Ol aysid aay "On| (8) P} (8) sin 6 d9, 
where PJ is an unnormalized associated Legendre 
polynomial. 
Making use of (14), we obtain for the integrals 
contain D(@): 


\ DiGi yan SD la ee 
\ D (0) Giv dQ’ = — iD D:GinY imi (15) 
D, = [2n/Vid+ I}\ D0) P}(6)sin0d9. (16) 


0 


The integrals containing F(@) and C(@) are 
calculated similarly, using Racah’s formula for 
the summation of Clebsch-Gordan coefficients. 
We obtain 

\ F (@) [9xGo] dQ’ = 3) FLGiw V5; 


JLM 


(17) 


eas = 2n\ F (8) P7 (8) sin 8d8; (18) 


0 
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\ C(8) ¥x[¥xGo] dQ’ = par Ci GinV io: (19) 
Chi anCh = CA) 
Cy = 193i 4) Galea) 
+ Cy /( + 1) (21 + 3), (20) 


Ci! = — x (3l— 1) Co (Ql — 1) + wCz/t (21 —1), 


Ciig= Cig Oley (6) PH) ab, 
19) 
On = C (6) P?" (8) sin 0 d9. 
0 
Substituting these values of the integrals into 
(I), we obtain four first-order differential equa- 
tions associated in pairs: 


dlimjde = — brItm — iDiGim, 
dG{m/de = —aiGim — iD; (21) 
eG a erat Ga Gay oe crGuae 
m fade = — ar ‘Gin + c.Gtht (22) 
The following notation has been used: 
bila kB adage eee 
Cie ear (23) 


Equations (21) and (22) are easily integrated, 
the integration constants being determined by the 
boundary conditions 


Tim (0) =I Y (QL +1)/4rbq0, 
Gin (0) = IO VQ + Dae Cem Con (J = L, L#1). (24) 


We finally obtain the distribution function of scat- 
tered electrons: 


(0) 
Ig (n, *) = 7 Rie") P, (cos 9) 


De Cone 


ee 


1p, 1 (204 1) ky 
oS ny sin a 
4 us * AVTTE hd —#) 


( —%4T 


atu Pe 


Doro = by + af £[(b, — aj)? —4D3]", 


ky = 2Djf(b1 — at + V (6; —a1)?—4D3) , (25) 


where Py) =|¢)| is the degree of polarization of 
the initial beam, xy is the angle between ¢ and 
Np, andthe x axis isinthe ¢, n> plane. 

The second term in (25) gives the azimuthal 
asymmetry due to the transverse polarization com- 
ponent of the incident beam. For D=0, which 
represents the absence of spin-orbit coupling, Qs . 
and kj vanish, while a, becomes equal to bj. 
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Equation (25) is thus converted into the Goudsmit- 
Saunderson formula 


Ty (9, t) = (1 /4n) (21 + 1) e!* P, (cos 9). (26) 


For the vector Gj) in the case of initial longi- 
tudinal polarization (¢{ = ¢, ¢@ = oD ayy. 
we obtain 


ik, (21 + 1)72 
CWeetenpye 0 a7) Y 
l 
£(0) 
A+ st 


— «0 (see— 7 +e Bet) + 8, (1 + 1)” (eB — e-mt)} Viol}; 


[{(d + 1) (eB + steer) + sy" (e—07 — etn) Yi 


l 4 L— ij 1— My 
2By.2 = ay!’ +a; (+ [(ait*— aj *)? 4+ 4c3]™, 


sp = 2¢,/(a;"* — att + V (ih Sop ye ae Ace, 


(27) 


We also write the projections of Gg on the rec- 
tangular axes x, 7, £, which are in the directions 
of the vectors nxn), nx[nxXn)] and n, as follows: 


fod ws b, (2b +1) 
an “(1 — NV TO 1) 


= Eta see 
a par 1+ si] 


(e~#" —e—™") PH (9), 


(e-8 — eb) PH (9), 


Ge = (LC /4m) D) (1 + 82)2 (2 + 1) (e887 + s2e— #27) 
+ f (ste— Bs +- e— Bs) 


+ 2s,V L(L + 1)/(e-®* — e-**)} P; (cos). (28) 


The projection Gy is independent of the initial 
polarization, but gives the polarization of the ini- 
tially unpolarized electron beam due to multiple 
scattering (the Mott effect). However, this effect 
disappears when D=0, which occurs in the first 
Born approximation. 


5. SOLUTION OF SYSTEM (II) 


When the scatterer is not very thick each of the 
functions I) and G» possesses a very sharp peak 
in the direction of initial electron motion, since the 
Coulomb scattering occurs predominantly in the 
forward direction. I; and G,, which are deter- 
mined by (II), will have a considerably smoother 
form, because the functions (1-—cos #) O1)/ OT 
and (1—cos #) 8G)/dT in (II) as wellas I) (n, t) 
and G)(n,t) for cos ¥’<0, which determine |; 
and G, on the boundary, are smooth functions. 
Successive approximations can therefore be used 
to solve (II), as in reference 11 for the first equa- 
tion of (29) with D=0. 

We now rewrite (II) in the form 


cos $ 0/,/dt = J + (1 —cos 9) OJ 9/0, 


cos 90G,/dt = Y + (1 —cos 4) 0G,/dt, (29) 
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where J and Y denote the differences between 

the respective integrals and I, and G,. In first 
approximation we set J=Y=0. The error thus 
introduced is the smaller, the smoother the func- 
tions I; and G, and the sharper the forward peak 
of the single-scattering cross section. A more pre- 
cise criterion for the applicability of this approxi- 
mation will be given below. 


The equations now have the simple form 
cos 3 0J,/dt = (1 — cos 9) OJ, /dt, 
cos ¥0G,/dt = (1 — cos $) 0G,/dr, (30) 


and their solutions which satisfy the required boun- 
dary conditions are as follows: 


KY (n,t) = (sec — 1) J (n, 2), 

Gi) (n, t) = (sec 3 — 1) Go(n, 7), 
I? (n, t) = (sec 9 — 1) I (n, t) — sec 9J(n, #), 
G (n, t) = (sec 3 — 1) Gy (n, t) -- sec 9G, (n, ¢ 


| for cos >0; (31) 


feos 9 <a, 


(32) 

These solutions do not apply to the vicinity of the 
point = 7/2, where they possess a singularity; 
the approximate equations (30) themselves cease 
to be valid near J = 7/2. However, the angular 
region near 1/2-is of least interest since the num- 
ber of particles moving at such angles is very small 

To obtain the next approximation we substitute 
the values found for I; and G, into J and Y, 
which we shall regard as known functions. Then 
from (29) with the corresponding boundary condi- 
tions we obtain for cos J > 0: 


1 (n, 2) = (sec — 1) Jy (n, ) + sec | J (n, ') dr’, 


0 


G) (n, t) = (sec ® — 1) Gy (n, t) + sec | Y (n, t’) dt’; (338) 


0 


and for cos # < 0: 


12) (n, t) = (sec  — 1) Jy (n, 7) 
t 
— sec ¥f, (n, t) — sec A (nt )ae", 
G?? (n, t) = (sec  — 1) Gy (n, t) 
t 
— sec Gy (n, t) — sec +\ Y (n, t’) dt’. 


Tv 


(34) 


The method of estimating corrections contain- 
ing J and Y is similar to that by which the 
Fokker-Planck equation is obtained from the exact 
kinetic equation. We shall make use of the sharply 
anisotropic character of the Coulomb cross section 
and shall consider only small-angle scattering. In 
this case the first Born approximation can also be 
applied to heavy nuclei. Replacing sin 0/2 by 0/2 
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and cos @/2 by 1 and retaining the terms with the 
largest values when @ is small, we obtain from 
the formulas given in the Appendix: 


B (8) = 16 aq (8)/84; F (8) = 16 a9bq (8)/8%, 
C (9) = 8 oy b?g (8)/8?, D(8) = 0. (35) 

Here q(@) takes into account the screening of the 
nuclear field by atomic electrons and removes the 
divergence at 0 =0. 

If) (n’, 7) and Gf{!)(n’, 7) near the point n’ =n 
are expanded in series, keeping terms up to the sec- 
ond order inclusively. We thus obtain 


GY? (n’, t) = GY (n, ct) + (6V) GY (n, 7) 


++ 3)66,V.V.G2 (n, 2) 


tk 


(36) 


and a similar expansion for Nee In this expres- 
sion the difference n’—n is replaced by 0; |6| 

= 06, the vector @ lying in a plane perpendicular 
to n. i and k take two values; 0, = 9 cos ®, 
6.=0 sin®, 0=6=27. V is the portion of the 
gradient which operates on the angles. When inte- 
grating over angles we must replace dQ’ by 
6d@6d. Using (35) and integrating, we obtain 


Jingey == “V2 (nyt); 


Y (n, t) = «{V2G@ + 26x[nxV x Gy? 


— 6 (GM + (n-G) nj}. (37) 


1 
Here x denotes 81(0)/c) fa(8)a0/o. 
0 


The approximation under discussion can be used 
when the terms containing J and Y in (33) and 
(34) are much smaller than If!) and Gf), it fol- 
lows from (33), (34), and (37) [see also (41) and 
(42)] that this condition is satisfied when kt « 
|cos*¥|, excluding the angular region in the vicin- 
ity of “= 7/2 and limiting the thickness of the 
scatterer. At small angles |? < xt| the solution 
of (II) need not be considered at all, since in this 
region a good approximation is given by (25) and 
(27) or by the equations in reference 4. ; 

We can estimate the order of k by setting 
q(@)=0 for 96<x9, q(@)=1 for @> Xo, Where 
Xy =*/a, h=A/p is the de Broglie electron wave- 
length, a = 0.885 apzih is the Thomas-Fermi 
atomic radius and ay is the Bohr radius. xg < 
1072z!4 for electrons of all energies beginning 
with 150 kev. With o and x calculated in the 
same approximation, we obtain 


2x = x3 In (*/Xo)- (38) 


Finally, for I and G@ we obtain for forward 
scattering (cos 3 >0): 


Noo 2 OP 2 Schl 


t 
I (n, t) = sec 9Io(n, t) + see | J (n, «) dr, 
0 


t 
G(n, t) = sec $Go(n, ¢) + sec | Y(n,2)dt, (39) 
0 
and for backward scattering (cos v < 0): 
I(n, 0) = — sec 9Jy (n, ¢) — seo AFG t) dt, 
; 
G(n, 0) = —sec $Go(n, t) — sec | ¥ (n, t)dt. (40) 
0 


It is evident from (39) and (40) that, neglecting 
terms proportional to x, the vector ¢ equals the 
ratio Gj/Ip, i.e., Gg and Ip are good zeroth ap- 
proximations for the determinations of ¢. 

Integration over T in (39) and (40) can easily 
be performed when the explicit forms of Ij and 
G) are used. In obtaining explicit expressions for 
J and Y from (37) it is convenient to use the fol- 
lowing relations. When G=sec JG), where Gp = 
SG ae we have 


[nxV]x G = sec? [nx n] xGy + sec > »Y BLGiuVins (41) 
where ny is a unit vector inthe z direction; 


Best, BOS ieee ee eee 


V°G = 2 sec?0Gy — 2 sec?d (moe V) Gp + sec 3V?Gy. (42) 


Operation by V? ona spherical vector or spher- 
ical harmonic is equivalent to multiplication by 
-—L(L+1). Use of the operator (ny-V) is equiv- 
alent to calculating the z-component of the gradi- 
ent of a spherical harmonic, as was done in refer- 
ences 


6. EVALUATION OF INTEGRALS 


We do not know the exact functions f and g 
which determine the amplitude of electron scatter- 
ing by an atom. In order to evaluate the integrals 
in (12), (16), (18), and (20) we take the Coulomb 
functions f and g as series in (@Z) and con- 
sider terms up to (a@Z 3 in the scattering cross 
section. This is the second Born approximation, 
which is apparently sufficiently good for light and 
intermediate nuclei, and can be used for approxi- 
mate evaluation in the case of heavy nuclei. 

To allow for screening we shall regard the scat- 
tering cross section as vanishing for 0 < xo, the 
angle x) being given in the preceding section. 

In calculating the integrals it is convenient to 
use the representation of associated Legendre 
polynomials as sums of powers of sin (6/2).!2 

As a result of integration terms of the form 
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In sin (X9/2) © In (x9/2) and 1 —sin™(x)/2), 
n21, appear after the summation signs. The 
second of these (the difference) can be replaced 
by unity, after which the corresponding sums will 
depend only on 7 and In (x)/2) and can easily 

be computed directly. We finally obtain the follow- 
ing expressions for the integrals: 


By, = 1 — 8x (o/s) 1(/ + 1) [In (2/0) 
— So(L) + 1] + 8x8? (a9/9) So (2) 
+ 82?BaZ (9/5) [So (1) — 21]; 


\ F (6) P} (8) sin @ 40 


tt) 


(43) 


= — (oo/2) 6® + 86 (oo/2) {2 (L + 1) [In (2/%) — so (0) + 1 


— Ma (l + 1/2)?} — 4x BaZ (o/s) (20 + 1)4 (1 — 62)” 


X [(2 — 1) (22 + 3) + 2) —2(/ — 1) (21 + 3) — 5}; (44) 
Cp = 46? (99/5) {2 In (2/79) — 259 (L) — 8,0} 
—AnBaZ (39/2) b {84 —2/ (21 + 1)}; (45) 
Cig = 45? (39/0) (! — 1) (1 + 2) 
+ 8xBaZ (s,/s) (J —1)(U + 2)/(22+ 1); (46) 
\ C (8) P} (6) d9 = 262 (c,/s) 
x {20 (2 + 1) [ln (2/X0) — So (£) + 1] — (£4 Ye)?} 
QWnBaZ (s/o) b {2l — (1 + 4/2)? (%o/2)}; (47) 
Dy = 8xBaZ (49/0) [(1 — B2)/2 (2 + 1)]” 
x(q (L+ 1/2)? Xo In (2/%o) — So ()}; (48) 
og = 8msq {(2/X5) — B* In (2/Xo) 
+ xBaZ [2/X%) — In (2/%o)]}; (49) 
zi 
so (lt) = >) k= VUL+1) 4. (50) 


k=1 
W(1) is the logarithmic derivative of the y func- 
tion and C is the Euler constant. 
Equations (43) — (48) are valid for ly) « 1. They 
contain one parameter which is partly arbitrary — 
the screening angle Xp. 


7. COMPARISON WITH THE THEORY OF MUHL- 
SCHLEGEL AND KOPPE 


We shall show that when only small-angle scat- 
tering is considered our own Eqs. (25) and (28) go 
over into the corresponding equations in reference 
4, Following Bethe, we replace the Legendre poly- 
nomials with Bessel functions through the following 
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which holds true for 9 «<1: 


(2+ */2) Jim ((L + 3/2) 8). 


We shall integrate over @ from 0 to », Also, in 
the expansion coefficients (16), (18), and (20) we 
shall neglect all terms except those containing the 
highest power of 1, since terms with large 1 
make the principal contributions to the sums in 
(25) — (28). These simplifications lead to the fol- 
lowing expressions for the expansion coefficients: 


familiar formula, 12 


P;” (cos 8) = (— 1)" (51) 


Be an | B (8) Jy (£0) 0 d0, 


0 


Ch=— =} CO Jol 0) 0.0 —=\ C (0) (8) J (8) 8 a8, 
} 


0 


Ll Cy 
Cit = Ch 


eC), 1 (19) 9a0'+ =| (6) Jn (00) 648, 
0 0 


Cipata = Carga = F-\ C (8) {Jo (10) + Ja (18) 8.48, 
0 
me an | F (8) J (18) 6.49, 


0 


Ree On ke 


co 
(yee an | D (6) J, (18) 9d. (52) 
6 
By comparing (52) with the equations (24) of refer- 
ence 4 we easily obtain the relation between the 
notation of reference 4 and our notation: 


w(l)= Bit; w= Cittt=—2(4 +1); 


Pica (); Cyc — 2, Os eae vy 


Dye = ==) (L), 
(53) 


In (25) the summation over 7 is replaced by an 
integral and the use of (53) leads to 
7 (n, t) = x\ dll {cosh Ve—® 


Nee 


+ 
Vy— 


= sinh Veet, eo Jy (19) 


( 
+E Pasin y sin g \dl-t 


8 
ee ae sinh Ve—® — §? ee ee (19), (54) 


= 
which agrees with (30) of reference 4. 

The equations in (32) can be transformed in sim- 
ilar fashion. 

The author is deeply grateful to A. Z. Dolginov 
for valuable suggestions and to V. V. Batygin for 
discussions. 


APPENDIX 


Up to terms containing (a@Z )? the functions f 
and g are given by 
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f=—F'+G; g= F’cot(@/2) + G tan(6/2), 
F! = — (Ze®/2pv) (1 — 62)" [1 — iaZ/Q) (C +Insin >) 
G = (Ze*/2pv) oot? + (nfxZ/2)(cosee + —1) 
+ iaZ [ (2/8) cot? = (c + Insin 5) — (8/2) In cosec? >|} ; 


where C is the Euler constant. 
Up to (a@Z)* we have B(@), C(@), D(@), 
and F(@) given by 


B(0) = ay cosect >| 1 — p? sin? 2 + xBaZ sin + (1 — sin 3) ; 


G.(9) = 2b%,cot? > + 2xBbsyaZ (cosec oe 1) . 


D (8) = 48o,aZ (1 — B?)? cosec 6 In sin = : 


F (8) — 2Qs9cot > 7) [a ne. ge) "le ae cot” S| 


+ 2nBayaZ tan {{cosec’ = — 1) 


+(1— pe)! (i — F-cosec? >} (cosec 4 — 1) ; 
b = 1 —(1 — B)"; Go = (Ze*/2pv)?. 
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The energy and angular distributions have been obtained for particles obtained in diffraction 
disintegration of a weakly-bound quantum-mechanical system (deuteron etc. ). The energy 
distributions are practically identical with those observed in stripping, whereas the angular 
distributions are appreciably different. A simple physical explanation of this difference can 
be proposed, and it may be of importance in interpreting the experimental data. 


le Diffraction disintegration of the deuteron was 
investigated by Feinberg,! Glauber,” and Akhiezer 
and Sitenko,® all of whom used a computation method 
analogous to the Kirchhoff method in the diffraction 
of light. It yields good results only in the vicinity 
of the geometric shadow. The most reliable result 
in the theory of diffraction disintegration is there- 
fore the differential cross section of the process 

for small angles. 

Diffraction disintegration of a deuteron re- 
sults in simultaneous liberation of two particles, 

a proton and a neutron. It is possible in principle 
to set up correlation experiments by measuring the 
momenta of both liberated particles. Since the neu- 
trons are difficult to observe, the distribution of 
only oné particle (proton) is determined in prac- 
tice. This raises the question of calculating the 
angular and energy distributions for one particle. 

It was shown by Serber* (cf. also reference 5) 
that in the case of fast particles, to find the dis- 
tributions over the energies E of one particle it 
is necessary to calculate the distribution over pz 
for this particle (pz is the projection of the par- 
ticle momentum along the direction of the initial 
beam). Then pz = (E—Ex/2)/VEq/M . 

Akhiezer and Sitenko® derive a formula [ Eq. 
(16) of reference 3] for the energy distribution. 
Actually, however, this formula gives the distribu- 
tion over the modulus of the vector of the relative 
momentum f= v f% + ff + 2 ; the angular distri- 
bution of the vector f is already integrated in 
this formula, so that the required energy distri- 
bution cannot be obtained from it. 

2. We proceed to calculate the energy distribu- 
tion. Consider the wave funttion of the deuteron in 
the presence of an absolutely black nucleus. It will 
have approximately the form of the so-called “modi- 
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fied” function, introduced in reference 3: 


bo (@, £) = $0 (r) 2(e,) 2(e,). (1) 


Here p is the radius vector of the deuteron center 
of mass in the plane perpendicular to the axis of 
the incident beam; r is the radius vector of the 
relative distance between the proton and neutrons; 
~)(v) =Va/2r e '/r is the wave function of the 
relative motion in the deuteron in the approximation 
where the nuclear forces radius is zero, and R is 
the nuclear radius; 


0 
20)=| fOtae =< ok 


1 for p>R- 


The function (1) characterizes a state of the deu- 
teron beam directly after the passage of the nu- 
cleus. It contains the deuterons scattered as a 
whole and deuterons that have experienced a dif- 
fraction breakup. It is convenient to separate 
from % the portion orthogonal to @(r): 


1 (2, F) = 40 (@, 1) — u(r) \dr'gol(e, t’) gor’). (2) 
The function ~%, describes only disintegrated deu- 
terons. Henceforth we shall assume Rq «KR. We 
can then neglect, for deuterons passing near the 
nucleus at a distance ~ Rg, the curvature at the 
edge of the nucleus, and consider the nucleus to 
be a plane screen with straight edge, analogous 
to the procedure used in references 2 and 4.* 
Here %, becomes 


1 (2, F) = $0 (7) [2 (P,) 2(9,) — 11+ Go( 7 (9), (3) 


where 


*As shown in reference 8, the error introduced thereby is not 
greater than the error due to an inaccurately selected function 


Do (r). 
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1 for »<R 


i=) 
&,[4a(9 —R)] for p>R 


The function ¢,(x) is the Gold integral (see ref- 
erence 6) 


ex (x) =| dt. (4) 


We note that 
di(e,r)=0 for p< R. (5) 


At each point of the edge of the nucleus we in- 
troduce a local system of coordinates: The deu- 
teron beam travels along the z axis, andthe y 
and x axes lie in the plane of the screen, with 
the y axis being directed along its edge and the 
xX axis perpendicular to the edge and directed out- 
ward from the nucleus. To find the distribution of 
one nucleon over the momenta, we must expand the 
function 7%, in plane waves of the motion of the 
center of mass and in the wave functions 


g(t) =e — el fr (a —if) 


of relative motion, which correspond to the motion 
of the nucleons with relative momentum f at infin- 
ity, liberated as a result of the breakup. Since no 
momentum is transferred to the center of mass of 
the deuteron in the direction along the edge of the 
nucleus, it is not necessary to expand 7%, in plane 
waves inthe Y direction, and we can calculate 
instead the cross section per element dY of the 
length of the edge of the nucleus. Thus 


Oy (k,1-¥) = Cr) V1 CARs tle=’ eo Anya Norton) 


Here 


R= Por t+ Prx=K+B, fe = (Ppx — Pax) /2 = (K—p) /2, 


fy-= Poy fe = Pre: (7) 


Formulas (7) result from the fact that we con- 
sider here a screen with a straight edge and neg- 
lect the momentum transfer in the direction of the 
primary beam. For a screen with a straight edge 
we have 


bi(X. Y, r) 
=(* 0 for ee 0 
[o(Xn) + ©(%p)]G0(7) + e(4aX) g(r) for X>0, 
where 
URIOre (aU 
i =|, for x< 0. 


Using the Fourier expansion 


go (7) = (2ny-2{ SEER ota 


a 


and Eq. (4), we get 
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bi Qs ws Fy Fe) 


Vv a | 4 na 4 
= (Qn |P(u—r—i2P)(u—iP) ' P(w—-r + i2P) (iP —A) 


ie 


(8) 


oF “stat 2if 1 aa 
Here P= Va?+ a + £2; | d1 |? dAdudty df,dY gives 
the effective bees section of process, uy aihich the 
quantities Pnx, Pp, and Y are located in the cor- 
responding intervals. Integration over Y yields 
27R. Integrating over all the momenta, we obtain 
the total cross section, accurate to within terms 

of Ra: 


22R \ dddydf ydfe | 1? = 


this agrees with the cross section calculated in 
references 2 and 3. 

To obtain the energy distribution, it is necessary 
to integrate the expression 


27R 1h, (A, w, Fy, fe) |? (9) 


over the momentum of the neutron, pnx =u and 
also over Ppx =A and Ppy =fy. This integration 
is difficult to perform in exact form, owing to the 
presence of two different radicals P and f. How- 
ever, a good approximate expression can be found 
for the distribution over pz =fz. In the denomi- 
nator of the last term of (8) we replace the expres- 
sion 2a@-—2if+i(A+p)ft, which is slowly vary- 
ing, by its value at t=1. This does not introduce 
a great error, owing to the presence of a rapidly 
diminishing factor 1/t?. After this, (8) becomes 


is ee 4 4 
ies V (2x)8 \P(p—A—i2P)(u— iP) ag P(u—A-+ i2P) (iP —d) 


(10) 


; 4 

T (at +f) (2a — 2if + ia + ay ° 
The use of %, instead of %, causes the total 
cross section to deviate 15% from the value 
mRRq (2In2-%)/3. Furthermore, a special es- 
timate has shown that in the angular range < @ 
the differential cross section changes merely by 
10%. This indeed determines the accuracy of the 
formula obtained later on. After making the above 
simplification, the integration over A, pu, and f 
proceeds without difficulty, and we obtain the fol- 
lowing energy distribution: . 


do; RRq 1 
dq 4 (1+42)'2 
UE ee —-5 
+S tan tg— VIF A, 
g = (E — Eq/2)/VeEa- (li}4 
Here E is the proton energy, Eg is the energy 
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FIG. 1. Energy distributions: Solid line — diffraction disin- 
tegration, dotted line — stripping. 


of the primary deuteron, and ¢ is the binding en- 
ergy of the deuteron. 

The distribution (11) is shown in Fig. 1 by a 
solid line. It is seen from (11) that the center of 
the energy distribution of the proton is Eg/2, and 
that the half-width is VeEg . 

It is interesting to call attention to the following 
fact. Were it possible to neglect the interaction 
between the proton and the neutron after the deu- 
teron breakup, then the relative motion of these 
particles would be described by a plane wave 
eif-r and in order to find the momentum distri- 
bution it would be enough to expand 4; (X, Y, r) 
in a Fourier integral over the coordinates X and 
r. Calculations with a plane wave are simpler than 
those using the function y¢(r), and the results 
are quite close to each other. The energy distri- 
bution obtained by replacing y¢(r) with eif-r 
is shown dotted in Fig. 1. In addition, the same 
figure shows for comparison the energy distribu- 
tion for stripping. Obviously, all distributions are 
practically the same. 

3. Let us proceed to find the angular distribu- 
tion of an individual nucleon. For this purpose it 
is necessary to integrate in Eq. (9) over wu, fz, 
and », where X=p, cosq and f =p) sing 
(see reference 4). The exact integration leads to 
very complicated expressions. It is convenient 
to use the following approximation. Since the 
integral in the last term of (8) is preceded by a 
factor 1/(a? + f*), which has a sharp maximum, 
we can put in the integrand f=0 when integrating 
over f,. Furthermore, we can replace 2a + 2iA/t 
by 2a + 2iA, as was done earlier. These simpli- 
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FIG. 2. Angular distribution. 
tion, -—--——— stripping. 


diffraction disintegra- 


fications lead to an error on the order of 5% in the 
total cross section, and to an error of approximately 
10% in the angular distribution for p; ~ a. We 

then obtain instead of 2%, 


a7 ae 4 4 
aie ie \P(u —’—22P) (u—iP) oT P(u.—A + i2P)(iP—a) 
| 
2 (a? + f*) (a+ iA) f° 
Substituting this value of %3 for %, in Eq. (9) and 
integrating over uw, fz, and @~, we get 


™ 4+ ¢ 3r 8 
: came aateme peace) 
2402 44 22/2144 + 02) 3V9+e 
Briel, 8 2 8 4+07/3 9) 
a AE SEG ct ipsa | colette ts 
r Gea ees al BVO ah = ieee } 
Di eb, dQe = 2aCdc. (12) 


The distribution (12) is shown graphically in 
Fig. 2. The angular distribution in stripping, 
shown on the same diagram, is quite different, 
being “narrower.” This can also be understood 
qualitatively. In stripping, the stripped nucleon 
does not acquire additional momentum in the trans- 
verse direction, and has the same momentum that 
it had inside the bound deuteron. To the contrary, 
diffraction disintegration cannot occur without one 
of the nucleons receiving a momentum p | ~ a, 
sufficient to destroy the weakly-bound deuteron, 
and this leads to a larger probability of momenta 
proportional to a. 

4. So far we have considered diffraction disin- 
tegration of a deuteron, in which the proton and 
neutron have equal masses. However, there exist 
weakly bound systems which also can experience 
diffraction disintegration, but in which the masses 
of the component particles are quite unequal. An 
example is Be’, in which the binding energy of the 
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last nucleon is merely 0.6 Mev (see reference 7), 
i.e., even less than in a deuteron. Diffraction dis- 
integration of Be’ results in the production of a 
neutron and the nucleus Be®. This raises the prob- 
lem of finding the energy and angular distributions 
of the diffraction-disintegration products of a 
weakly-bound system, consisting of particles of 
unequal mass. This calculation is quite analogous 
to the previously analyzed case of equal masses, 
where instead of (8) we get 


5 a 4 
$10 Bs fas Ie) = Ve (PEL Tat PRL 


i A Ee OWT: Senet 
DAG PIT SE TMT 


4 dt 
"Chea \ 2 [(a — if) /a + ik; t] 


4 
Ce 


at 
Pia —if)/b+ik/ tf (13) 


ta 8 » 


The symbols in (13) are the same as in (7), except 
that now fx = bA-—ayu, where 


a=m,/(m, + M2), b= m,/(m, +m), a+-o=1. 


We note that the shapes of the curves are deter- 
mined by the parameters a and b. But in cases 
of practical interest, whenever a ~b, we also 
have a<b (for example, for Be® we have a= 
b/8). We shall therefore calculate our curves for 
two asymptotic cases: when a light particle is ob- 
served (a =0, b=1), and when a heavy one is 
observed (a=1, b=0). 

The shape of the energy distribution is the same 
for a light and heavy particle, and is given by 


dor = R (tc Fi 
dq 4a (1 + q?)'? \3 4 


1 + q? 
24 2)"/2 is. 
+e (1 49%) —2G4P tant gl, 


g — (CE == <q Enuc)/b 2Enuc/M, 


where Enyc is the kinetic energy of the incident 
nucleus, E is the energy of the observed particle, 
m is its mass, and M is the sum of the masses 
of the formed particles. 


(14) 
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The entire difference in the energy distributions 
of the light and heavy particles reduces to the fact 
that the center of the distribution for the light par- 
ticles lies at mEnyc/M, while that for the heavy 
nucleus is at (M—m) Enyc/M. It can be shown 
that the distribution (14), expressed in terms of 
the variable q, hardly differs from the distribu- 
tion for the case of equal masses, but the meaning 
of q becomes different. 

Let us now proceed to the angular distributions. 
The angular distributions for the light and heavy 
particles respectively are given by 


ds R 3n al 1 

wat, eee 

dQ, 3a i Ch (1-+¢2)"l2 aes Go) 
es \—., Ree a ) 
dQ. a (A+ erik 3Vi+ é) ae rat sVi+e 


{ 1 7x—8 
Bd + YF + = ( ace =) 82 (2,4 2 = * (16) 
Here ¢=p,/a, dQ¢ = 2ngdé. 
In conclusion, the authors thank E. L. Feinberg 
for guidance and for a detailed evaluation of this 
work. 
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Dispersion relations are derived for the electromagnetic form factor of a charged 7 meson. 
By including only the contribution to the imaginary part from a state with two m mesons, an 
equation is obtained which gives the form-factor in terms of the phase shift for scattering 

of m mesons by m7 mesons. 


EF OR the electromagnetic form factor of the  me- Consequently in the lowest approximation in e 
son one can derive dispersion relations that relate there remains only the one form-factor ay (q?) 
it to the imaginary part of the annihilation amplitude for the charged mesons. 


for two m mesons. These may be compared with Taking the complex conjugate of Eq. (1) and 
the relations of the same type for nucleons, which using the fact that for one-particle states <p|* = 
have been considered by Bernstein and Goldberger;! |p>, we show that ayy ( q’) is a real function for 
the dispersion relations for the meson do not real momenta of the particles (q?>0). In addi- 
involve the nonphysical region, and can be simply tion, ay (q?) —1 for qg?—0. 
derived with complete rigor. By means of reduction formulas? we can write 
We shall consider the analytic properties of the ay (q?) =a (q?) in the form 

matrix element of the electromagnetic current op- Vise 
erator jy (x)|x=9 [OAy (x) =—jy(x)] between a(q?) = inspF | er *dx 
m™-meson states with momenta p’ and p and ae eer P LV 

_ isotopic indices i and k — the element OTE), FeO) DCH)» fe (O)] 20%) P23. 6) 
<1! il jp (0)|p, k>. Such a matrix element ¥ (0) =I VECO Go sss) ie é(x) is the jfime deriva- 
enters directly into the expression for the scatter- Ae of the meson field @(x) [(O-yu a) (x)= 
ing amplitude of t-meson-electron collisions in —j(x)]. 
the lowest approximation in the electromagnetic In the physical region wp’ >u (py is the mass 
charge e. From the relativistic and isotopic in- of the a meson) the integral of the T product in 
variances it follows that the gauge-invariant part Eq. (5) is the same as the analogous integrals of 
of this matrix element can be written in the form the retarded and advanced commutators. Applying 


the technique of Goldgerger® and Bogolyubov‘ we 


Vinee ees Yeni 2 ie 2 us x 
ee ei Bilas) eG") Tale, (1) | onstruct'a function F ( Wp’) analytic in the entire 


where q=p’—-p, T3 is the operator for the iso- compiex plane of w p’(P’ = = (wh ,—u?)'/2e, with e 

topic spin component for T=1, and the unit vector in ile divection’ ae p’ and fixed vec- 
Gee TOP p= tors p and e) except on the negative part of the 

eay(q?) = iB = ray —— 2 oop (2) real axis from —p to —%©, where it has branch 

is the form-factor of the a meson (it will be sei ee 

shown that the factor ag(q”) defined by the al pao 

ogous formula with ie (0) is equal to zero). § (0) FO, =a(@), f= Pp—p) 0; 

and j¥ (0) are the ieotonies -scalar and the ee 1 1 = p’),601 1% (0) | pp’y)* 

vector parts of the current, respectively: F(-— op’) = 6,(q’) = (=p! 2V wo (6) 
iO) = J u(0) + in(0). (3) on the upper edge of the cut and 

It follows from Eq. (1) that the electromagnetic oe 
form-factor of the 7’ meson is equal to ag (q’), pi lia vee P ae ee 2 onan a) 


0 meson 


but in virtue of the charge parity of the 7 
we have the matrix element Erniegloweuicdeomicesk(y ETE yy (q2) 


<p'x9| j,(0)| px = 0, i.e., as(q?) = 0. (4) is the “form-factor” for the annihilation of a pair 
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of mt mesons by the electromagnetic interaction, 
and by, (q?) is the corresponding “form-factor” 
for the production of a pair of 7 mesons. 

Since F(wp’) is an analytic function in the cut 
Wp plane and is real on the part of the real axis 
from p to «, we have by the principle of sym- 
metry for analytic functions 


by (@,0) = b3(Wp) = O(wpy). (8) 


In the coordinate system in which p= 0, oe = 2uUqo 
= 2u(Wp'-pw); that is, F(wp’) is also an analytic 
function with respect to the variable q?. In this 
system we can write the dispersion relations in 
terms of q’, and because of relativistic invari- 
ance they will be independent of the choice of co- 
ordinate system. 

Nothing definite can be said about the behavior 
of a(q?) and b(q*) for |q?|—». It can be 
hoped that at high energies the cross-sections 
fall off with increasing gq? more rapidly than q~?. 
Then a(q?) and b(q’) fall off for |q?| — ~, 
and 


co 


te limb (—— dé? ps 
AG) <= = \ “—, ae (9) 
Au? 
4 c — 8?) de} 
Re b(q”) = s Pp \ a a a ’ q° a oat 4p? (10) 


If a(q?) and b (q?) approach constant values 
or increase for |q?|— «©, dispersion relations 
can be written if we divide a and b by a certain 
power of q?. If we confine ourselves to the contri- 


TeDYAT LOW 


bution to Im b(q?) from two 7 mesons only, we 
get from the unitarity relations for the S matrix 


Im 6(q?) = =E| 6(q?) | sin 8(q”). (11) 


6 is the pion-pion scattering phase shift for the 
state with angular momentum /=1 and isotopic 
spin T=1 (the + sign remains undetermined. 

The formula (11) is an exact relations for 
g? < —16u". If |b(q’)| falls off rapidly with in- 
creasing q? we can substitute Eq. (11) in the right 
members of Eqs. (9) and (10); this gives the relation 


4 € |6(—22)|sin 8 (VE — 4p2) ae? 
ag) =+ 5 | PO) 
4u2 
between physical quantities. 
In conclusion the writer expresses his deep 
gratitude to I. M. Shmushkevich for suggesting this 


topic and to V. N. Gribov for helpful discussions. 
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The transverse and longitudinal relaxation times and the correction to the gyromagnetic 
ratio are calculated for electron paramagnetic resonance without taking hyperfine struc- 


ture into account. 


l - The theory developed for the case of nuclear 
resonance in liquids! is commonly used to describe 
the phenomenon of electron paramagnetic resonance 
in solutions. In doing this, however, the specific 
characteristic features of the phenomenon are not 
taken into account. 

In nuclear resonance the principal role is played 
by the interaction of nuclear magnetic moments in 
the same molecule and between different molecules 
of the liquid. In the case of electron resonance in 
solutions, a significant role is played by the nature 
of the local electric field in the neighborhood of the 


_ ion which undergoes random variations both in mag- 


nitude and in its symmetry properties. 

The mechanism by means of which the transla- 
tional Brownian movement of the molecules of the 
liquid affects the line width of electron magnetic 
resonance is the same as in the case of nuclear 
magnetic resonance. 

The effect of the asymmetry of the local electric 
field can be easily taken into account by assuming 
that only the orientation of the axes of symmetry 
of the local field has random variations, which may 
be represented by means of a Brownian rotation of 
a certain static asymmetric field. 

Due to the interaction of this field with the elec- 
tron cloud of the ion and due to the existence of 
spin-orbit and spin-spin interaction, the degener- 
acy of the levels in the system of coordinates as- 
sociated with the local field is removed either 
partially or completely, depending on the symmetry 


of the local field and on whether the number of elec- 


trons is odd or even. In the laboratory system of 
coordinates the result of this splitting is an in- 
crease in the width of the absorption line. 

2. In the majority of cases of the solid salts 
that have been studied, the local field may be rep- 
resented by two components: a strong field of cubic 
symmetry and a weak field of lower, trigonal or 


tetragonal symmetry.” 

At ordinary temperatures those levels are pop- 
ulated which are separated from the ground level 
by < 10? cm~!. In many cases in order to describe 
the lower energy levels of the ion we may introduce 
the spin-Hamiltonian:? 


Hs = S\\Po > S;* Hy =f Agu > (Sp Hoe as SH ) 
j i if Fad 


oy. 

if 

+ AD >i(8, — 5 S(S-41)), (1) 
i j 4 


where Ag =g)— gg}, while the zj axis is the axis 
of symmetry of the local field of the ion. We shall 
consider that a similar expression will also hold 
for an ion in solution. 

By introducing the angles vj and Qj which the 
z4 axis makes with the stationary system of coor- 
dinates xyz, we obtain 


He = He +H", 4 
where | 
H, = hiv iS, (3) 
j 
hO = Q'Yollo, 8) 


(3”) 
The operator en” may be regarded as a perturba- 
tion if Ag/g «1, D/wy) «1. 

3. In addition to H,, the complete Hamiltonian 
of the system also includes i which contains the 
kinetic energy and the interactions independent of 
the spins (we do not take exchange interactions in- 
to account), and etl the dipole-dipole magnetic 
interaction between ions, which is also treated as 
a perturbation. 

If we neglect the correlation between the trans- 
lational and the rotational motion then the inverse 
relaxation times and the correction to the gyromag- 
netic ratio can be separated into two parts, which 
correspond to the translational and the rotational 
Brownian motion of the ions. In this procedure 


/ ! 2 - 
go = gi +5 Ag. 
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the part that corresponds to the translational 
Brownian motion determined by se’ and by the 
thermal motion of the ions will in the case of 
electron resonance be the same as in the case of 
nuclear resonance. The other part of the inverse 
relaxation times and of the correction to the gyro- 
magnetic ratio due to the rotational Brownian mo- 
tion must be calculated differently. 

The perturbation which depends on the orienta- 
tion of the local field with respect to the external 
field is given by §@” which can be written in the 
form 

GOT 


, Q=0, +1, 4:2), (4) 


vy 


where 


H, = —V 167/45 h 
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SS +1) Soj =e SoS (6) 


a 
Hl 4.2 = 


— V 2x/15 wD YS? Yoro (919); 
ip 
BG [142 Seek 18;);2 Sy Sz; 


C= (Ag 2) om 
Now, by making use of expressions (7) of refer- 
ence 4 and by assuming the distribution of zi to 
be isotropic, we obtain for Oe ar and f,(7T) the 
following expressions: 
Q%o a oe = 0, 
Qo 21 = Yas [(C? + D? (AS (S + 1)—3)/5}, 


(7) 


A 
Sea = 


OR,2 = “faD? (45 (S + 1) —8), 
8, = fas 1C* + 9/4D® (48 (S + 1)—3)/5], (8) 
OF Oe = ee? SAS 2 4)y 8), 
OF, = YaslC? + 9/5 D® (4S (S + 1) —3)], 
Fa(t) = 52 < x V 2a (9; (2) gi (0) Yan. (99). (9) 


In the above the angle brackets denote averaging 
over the angle coordinates. 

We choose the correlation function f,(T) to be 
of the same form as in the case of rotational Brown- 
ian motion in nuclear resonance:4 


ir(t) = f() = exp (—t/). 


By utilizing the results of reference 4, we can 
easily obtain expressions for the inverse relaxa- 
tion times and for the correction to the gyromag- 
netic ratio in arbitrary fields. 

We shall write them down for the case of weak 


(10) 


KOKIN 


fields when woTg «1, and for the case of strong 
fields when W Tg > 1. 


In the case of weak fields: 


4 


P= FSS+h) giuin? Tae, 
+42 cr 4 2 De(4s(S +1) —3)} «5 (11) 
p= FSIS + Natu 7 7 atc 
+ {iC + DAS (S + 1)— 3), (12) 
= {i+ SUAS SS +1) 
x guia? ae Va] On} . (13) 
In strong fields: i 
T= FE S(S + 1) guia? 4 a", 
rs {zc 24+ = D*(4S(S + 1) —3)h<, (14) 


A = At ns (S +1) gtugn? 2 arte, (ce) (18) 


| 30V2 


v =1(1+ gldg/e’). (16) 
Here, just as in the case of nuclear resonance, 
Tj, has a minimum in the neighborhood of woTc~1. 
4. It is known from experiment that the line 
width in solution decreases with increasing degree 
of dilution down to a certain concentration.’ Thus, 
in the case of aqueous solutions of salts of Cr**T, 
vott, Cut? and Mn** the decrease in line width 
ceases at a concentration of ~0.1 mole/l, with the 
limiting line width being of the order of 30 Oe in 
the case of Mn** and 200 Oe in the case of Cr**t 
at room temperature and for wy ~ 7.8 X 10’ sec}. 
The particularly small line width in the case of 
a solution of Mn*+ is associated with the high 
symmetry of the local field of the ion. Since in 
this case the Mn** ionis in an S state, we have 


Ag = 0. 

Assuming in the case of Mn**t a=2.4x 1078 
em*®, g=2, S=%, we shall obtain, in accordance 
with (11) 


1/7, = 0.25t,N /V + (64/15) Dx. (17) 


By utilizing experimental values® for the varia- 
tion of the half width of the line with concentration 
~ 80 for 1 mole/Z at 20°C we obtain Tg =1 x 107! 
sec and D=0.08 cm”. If we take in the case of 
water 7 = 0.01 poise, then in the case of the Mn** 
ion the correlation time corresponding to the ro- 
tational motion of the ion is given by es Ie . 
107!! see (To * eye 
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The value of the constant indicates a stronger 
asymmetry of the local field in the neighborhood 
of the ion than in the case of the solid salts of 
Mu? * (D=0.01 cm). 

To determine the constants D and Ag for 
other salts it is necessary to have also the fre- 
quency dependence of that part of the half-width 
of the absorption line which does not depend on 
the concentration. 

In conclusion, it is my duty to express my 
gratitude to G. V. Skrotskii for discussing this 
work. 
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The shape of a heavy nucleus can be determined from the rate of alpha decay to successive 

levels of the main rotational band of the daughter nucleus. The quantities a, and a, which 
are the coefficients in the expansion of the nuclear shape in Legendre polynomials, are com- 
puted. The calculations are performed for four even and three odd nuclei. The results of the 
calculations agree satisfactorily with each other and indicate that the contribution of the term 


a,P,(cos #) to the nuclear shape is significant. 


Sawn recent theoretical papers! are de- 
voted to the calculation of the intensity of the rate 
of a decay to levels belonging in the same rota- 
tional band. Calculations show that the rates of 


decay are very sensitive to the shape of the nucleus. 


It is therefore natural to use the experimental rates 
of a decay to determine not only the dimensions 
of the atomic nuclei, but also their configurations. 
In the present article we use for the calculation the 
intensities of a transitions only to levels that be- 
longed to the main rotational bands, since the the- 
ory has been derived precisely for these transi- 
tions. By main rotational band we understand the 
band of the daughter nucleus, beginning with the 
level that is characterized by the same momentum 
I and the same parity as the main level of the par- 
ent nucleus. The a transitions to these levels 
are not connected with a change in K (the projec- 
tion of I on the symmetry axis of the nucleus ) 

and are favored transitions. 

It was shown in reference 5 that the intensities 
of the a transitions to the levels of the main rota- 
tional bands are given by the formula 

hk 


W, Soe Aa? mows 
eo 


2 


evra 1 
Il. jo] F R(S)X(9) 
2s IC7.13 col | 2 IR ” (9) d(cos,9)| , 


(1) 
where Wy] is the probability of a decay to a level 
with spin I (I) is the spin of the parent nucleus), 
ky is the wave number of the a particles whose 
emission leads to the excitation of this level, yu 
is the mass of the a particle, CEM, Mp are 


the Clebsch-Gordan coefficients, 7 is the angular 
momentum carried away by the a@ particle, R= 
R(#) is the equation for the surface of the nucleus 
(outside of which the nuclear forces are assumed 
to vanish) in a coordinate system fixed at the nu- 
cleus, x(#) is the wave function of the a particle 


on the surface of the nucleus, Y])() is a spheri- 
cal harmonic, and yy (r) is the radial eigenfunc- 
tion of an @ particle with a momentum 7 (for a 
transition to a level with spin I). 

The theoretical problem is to find a nuclear 
shape R(#) compatible with the experimental 
values of Wy. It is natural to assume in the cal- 
culation that the unknown function x(/) is con- 
stant on the surface of the nucleus. 

The greatest difficulties are involved in the 
calculation of y17(r). Exact calculations of 
yyy(r) have been carried out thus far only for 
even nuclei, and necessitate the use of high-speed 
electronics computers. It was shown in reference 
5 that the use of an approximate function oP (r) 
in Eq. (1), at least in the case of even nuclei, pro- 
duces no substantial error in the calculation of the 
probability of the a@ decay to the rotational levels. 
The function g{P(r) is the radial eigenfunction, 
calculated without allowance for the quadrupole 
term (in the higher multipoles) in the Coulomb 
potential of the nonspherical nucleus, and is deter- 
mined with sufficient accuracy from a simple ana- 
lytical formula. Although a comparison of the ex- 
act functions g]j(r) and the approximate ones 
g(r) has never been performed for odd nuclei, 
one can hardly expect the odd nuclei to behave in 
this respect substantially differently from the even 
ones. This has caused the authors of reference 5 
to propose the substitution of y{P(r) for 91)(r) 
in the formulas, as is indeed done in the present 
paper. 

In the calculations we have computed the first 
two terms that describe the deviation of the nuclear 
shape from spherical 


R (8) = ro[] + %2P2 (cos $)+-a,P, (cos 3)], (2) . 


where P, and Py are Legendre polynomials, and 
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Fig. 1. Effect of the shape of 
the nucleus on the probability of 2 
« decay in transitions to excited 
levels of the main rotational bands. 
The solid and dotted lines join 
points corresponding to « decay 
to a level I,+ 1 and I, + 2 in odd 
nuclei and to a level +2 and + 4 
in even-even nuclei; the dash- 
single-dot lines and the dash- 
double-dot lines correspond to 
decays to levels I, + 3 and I, + 4 
in odd nuclei. The numbers along 
_the curves designate the assumed 
value of u’. The vertical lines cor. 
respond to the best value of «,. ? 


“203-08, 
The symbols for the daughter nu- 256 


clei are below the curved. 


@, and a, are coefficients that must be deter- 
mined. We have preferred to use instead of a, 
the quantity u? = (a2—b?)/a? ~ 2AR/R (a is the 
major semiaxis of the nucleus and b is the minor 
one). 

Figure 1 shows the results of the calculations, 
performed for four even-even and three odd nuclei. 
The calculations were made under differing as- 
sumptions concerning the shape of the nucleus: 

u? assumed the values 0.25, 0.30, 0.35, and 0.40 
while a, was assigned values 0, —0.03, and 
~—0.06. The optimum values of u? and a, were 
found by interpolation. 

To determine the size of the nucleus we used 
the rate of a decay to the lower level of the band. 
In determining the shape, the most useful quantities 
were the ratios W] /Wi, of the a@-decay rates to 
the level with spin I and to the lowest level of the 
band. Figure 1 shows the quotients of these ratios 
divided by the experimental values, as functions of 
ay ice... 


B= (WY, / Wcatc/ (Ws / W 1, )exptl- 
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The table contains the the theoretical curves for 
the optimum values of u? and a, and a compari- 
son of the calculated and experimental values of 
WI /W1, for these parameters. Since the nuclear 
spin in the transition to a higher level increases 
successively, the levels are identified in the table 
by the spin. 

As can be seen from the table, the intensities 
of the a transitions at lyin =4 agree well with 
the theory and lead to an almost identical shape for 
all the considered nuclei. The values listed in the 
table show a striking discrepancy for the levels 
I)+4 and I)+5 in Th2??, The rotational nature 
of these levels is not established with full assur- 
ance, however; since it merely follows from the 
fact that the energies of the levels fit well the ro- 
tational formula. The experiments specially set 
up by E. F. Tretyakov to investigate the internal- 
conversion electrons that accompany the a decay 
of U?3 have confirmed the rotational nature of the 
I) + 3 level, but have contributed nothing so far for 
the I) +4 and I) +5 levels. 

The calculated rate of a decay to the levels of 
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the I) + 6 type is in substantial disagreement with 
experiment. This discrepancy must, however, not 
be given any particular significance. The intensity 
of @ radiation with 1=6 depends both on v? 
and a4, and also on the term a, which has not 
been calculated. The contributions of the terms 
that depend on w? and on a, to the probability 
amplitude are almost equal in magnitude and op- 
posite in sign when /=6. The accuracy of cal- 


culations under such cancellation is naturally quite 
unsatisfactory. The discrepancy noted is appar- 
ently merely an example of the roughness of the 
theory. | 

Knowledge of the shape of the nucleus makes | 
it possible to calculate its multipole moments. 
Column 11 of the table lists the values of the in- 
trinsic quadrupole moment Qj, calculated under 
the assumption that the protons are uniformly dis- 
tributed. The calculations were carried out using 
the approximate formula 


Ona Zr? 2 (1 + 4/7 &), 


which follows directly from the usual definition 


(3) 


Qo = = : r? Py (cos 0) dz 


with allowance for Eq. (2). Direct measurements 
of Q) with which to compare our results are un- 
fortunately lacking for these nuclei. The measure- 
ments available for U?> and Np”®" pertain to the 
ground states of these nuclei and not to the lower 
level of the main rotational bands, for which our 
calculations were made. We give below for com- 
parison data by Newton,® which show that our cal- 
culations give the correct order of magnitude for 
the quadrupole moments: 


Nucleus: y233 ss 235 Np??” Pu7?* 


Q, (barns): 13.7 10.1 10.3 9.0 9,2 


That the theoretical values of Q) exceed some- 
what the experimental ones is apparently the result 
of our using in our calculations the nuclear radii ob- 
tained from the a decay (from the intensity of the 
zero level). These radii are known to be some 20% 
greater than the electrical radii of the nuclei meas- 
ured by scattering of fast electrons; this should 
yield, approximately, a 40% increase in the calcu- 
lated values over the true ones. 

Column 12 of the table gives the values of the 
24 pole moment, calculated from the formula 


fd 


Quy \ MPs (cos 9) de 5 Zr8 (ty + 1.5402). (4) 


In formula (4) the negative term ay, partially off- 
sets the positive term 1.54 ak, thus reducing sub- 
stantially the accuracy of the results. Direct ex- 
perimental measurements of Q, for heavy nuclei 
are unfortunately still not available. 

Column 13 of the table’gives the values of 
hey, 2Jey, Calculated from the excitation energy of 
the rotational levels, while the next column gives 
the values of the moment of inertia Jen thus de- 
termined. In the last two columns of the table are 
listed the values of the moment of inertia, calcu- 
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FIG. 2. Shape of U?%4 nucleus. 1— circle, 2— without allow- 
ance for 0, 3— with allowance for ,. 


lated from the model of the “solid nucleus,” Jgo), 
and for the “drop nucleus” with irrotational motion 
of the liquid, Jjp,. 

As expected, Jgo] is several (2 or 3) times 
greater the experimentally observed value of Jen. 
We cannot establish here a connection between the 
variations of Jgo] and Jen from nucleus to nu- 
cleus. Jiry is found to be substantially smaller 
than Jen, so that the “irrotational” model is ap- 
parently too rough. 

In conclusion we show in Fig. 2 the shape of the 
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284 nucleus, calculated with and without the term 


Q@4. For comparison the figure shows a circle rep- 
resenting a fully spherical nucleus. As follows 
from the figure, the contribution of the term a,P, 
is far from small. 

We are glad to make use of this opportunity to 
thank G. M. Adel’son-Vel’skil and A. P. Brizgal 
for the mathematical calculations. 
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Effects due to parity nonconservation in the B decay of RaE are studied. A formula is 
derived for the longitudinal polarization of the B electrons. It is found that the magnitude 
of the longitudinal polarization does not equal v/c. Throughout the calculation the possibil- 
ity of violation of time reversal invariance is allowed for. The experimental data on the 
magnitude of the polarization of RaE £ electrons severely restrict the region of possible 


violation of time reversal invariance. 


aa since the discovery of parity nonconserva- 
tion in weak interactions the B decay of RaE has 
aroused a lot of interest. 

First, Lewis! and Fujita et al.? pointed out the 
sensitivity of the 8 spectrum of RaE to a possible 
violation of time-reversal invariance. Secondly 
Alikhanov made the suggestion, confirmed by ex- 
periment,’ that the longitudinal polarization of B 
electrons from RaE should differ from v/c and 
the amount of this difference should, generally 
speaking, depend on the possible violation of time 
reversal invariance. 

Below we derive an expression for the longi- 
tudinal polarization of B electrons from RaE 
taking into account possible violation of time 
reversal invariance. 


1. BETA SPECTRUM OF RaE 


The 8 spectrum of RaE (a 1~—0°* transi- 
tion) is the only known example among first for- 
bidden transitions of this type which does not have 
an allowed shape. This fact was successfully ex- 
plained within the framework of modern B decay 
theory which takes into account the variation of the 
electron wave function within the nucleus.4~’ In 
these calculations B decay was assumed to be 
invariant under time reversal. 

Below we follow the procedure of Takebe, Naka- 
mura and Taketani,’ but without assuming that 
decay is invariant under the parity (or, possibly, 
time reversal) operation. Using the two-compo- 
nent theory of the neutrino and the methods of 
Berestetskil, Ioffe, Rudik, and Ter-Martirosyan® 
we find the following expression for the correction 


factor of the RaE spectrum shape (see Appendix J): 


C(Z, Ros W) = GC, (Z, Ro, W) 4aAG: 
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S and T Interaction 
Cy (Z, Ry, WV) = Mi Gee 
+ Ly [/sq2x? + y? + 0g? + ?/sqy (x — 1)] 
+ Ny [2/0q (x? — 1) + 2y (1 + x)] + Yale (2x — 1)?, (1’) > 


AG= [M, Sie 2 a Vege, Sig 2/6qNy] Aer (1")}9 


Here M,, Ly, L,, and N, are tabulated’ functions 
of the total electron energy W (in the following W 
is given in units of mc”). If variation of the electron 
wave function in the nucleus is ignored we have My; 
= My, Ly= Ly, L,= Ly and N,;=Np, where. Mp, 
Ly, Ly, and Nog are given in references 9 and 10. 
The two arbitrary parameters x and y denote 
ratios of matrix elements: 


x = igs\¢r/gr\ Boxe}; y = \Ga/\ etext]. 


It is assumed that violation of time reversal invari- 
ance manifests itself in a complex value of the sca- 
lar interaction coupling constant: Gg = gg (1 + iF), 
GT =gT, where gs, gy and F are real. 


V and A Interaction 
Co (Z, Ro, W) oar My, (1 se 


+ Ly P/sq?x? + y? + 1/69? — 2/aqu (x — 1)] 
+ Ny [—*/eq (x? — 1) + 2y(1 + x)] + ely (2x —1)2 2") 
ACr=s [M, =e a a VWg?Ly == 2/5qNq] I ig 


Now x and y are given by 


(2”) 


e 


x= igv\r/ga\ ext}; y = gv\a/ga\ text. 


and it is assumed that violation of time reversal 
invariance manifests itself in a complex value of 
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the axial vector interaction coupling constant; 
Gy=sgy, GaA=ga(1+iF) (gy, ga, F — real). 


2. POLARIZATION OF BETA ELECTRONS 
FROM RaE 


We write the polarization of the 8 electrons 
from RaE in the form 


<5) = (Do (Z, Ro, W) + AD) /(Co(Z, Ro, W) + AC), (3) 
where Cy and AC are given by Eqs. (1’), (1”), 
(2’), and (2”) while Dy and AD are given respec- 
tively by (see Appendix 1): 

For S and T Interaction 
Do (Z, Ro, W) = sin [8, — 8] {(Mi — M24)" (1 + x)? 
+ (Lj — £24) HY/sq?x? + y? + eg? + /agy (x — 1) 
— Mo [(Li + L_1)'*(M, + M4)" 
+ (L; — L_1)* (My — M_4)*] @/2q (x? — 1) 
+ 2y (1 + x))} + sin [6, —8_9] (LZ; —L?,)”* (2x — 1)? /2, (4’) 


AD = sin [6-8 OM — M*,) 4 1g? 12 — 12)" 
— Yq (Ly + Ls) (M, + M4) 
+ (Ly — L_1)"* (My — M_1)'"]) 22°F? 
Fe Dein (6426, (e i) et 
+ cos [8, — 8 4} (Li + L_1)#(M, + M_,)* 
Sag) AM MY (Yi 2/5) 0F 


(4”) 
For V and A Interaction 
Do(Z, Ro, W) = sin[8, — 8_,) (2 = M2)" (1 + x2) 

+ (Li — E24)" P/aq?x? + y? + 4/0q? — */say (x — 1)] 
ola Ly? (My -- M4) + (Ly — £1) 4 (My — May") 
x [— */sq (4? — 1) + 2y (1 + x) 

Seite (Oe Oe Lay Oe 1/2 452) 


AD = sin [8, — 81] (Mj — M21)" + 4/6q? (Li — L24) 
—4/q (Ly + L_1) (Mi + M1)” 
ae (ie a Lave (M, iia M_4)"} ee 


+ 4p sin [82 —8_9] (Lg — L? 2) "F? 
371008 10) == 0:4] [(Lit L_4)' (My + M4)" 
(Ey, £1) (Mr Ma) 1 709%) P- 


(5”) 


All roots in Eqs. (4’), (4”), (5’), and (5”) are to be 
taken as positive. The functions M_;, L_; and 
L_, are given in Appendix II. 

The symmetry between the functions Cy) and 
Dy should be noted. Indeed, wherever Cy contains 


the quantities M,, Ly, L, and N;, Dy contains 
instead 


M, = [M?— M2) sin(8,—8_,); 
De [Lp ih (6, 8,) 
Ly Leg? Sits yo): 
Ny= —¥Yo[(Li + L_1)(My + M4)” 
+ (Ly — L_)2 (M, — M_,)2]sin(6,—8_,); 


If in the expansion of M,, Ly, etc. and M_,, L_y, 
etc. only terms up to first order in pRy are kept 
(and further if the nuclear charge distribution is 
approximated by a point charge and the electron 
wave function is assumed to be constant within the 
nuclear volume) then, as was shown by Lee- 
Whiting,!! 


M,/M,=1,/L,~1;/L,~N,/N,~0/c. 


This leads to a longitudinal polarization of the B 
electrons equal to v/c. In the case of RaE, how- 
ever, the above approximations are not valid and 
the longitudinal polarization of the 6 electrons 
differs from v/c. 


3. RESULTS OF CALCULATIONS AND DISCUSSION 


We consider first the case when time reversal 
invariance is valid. 

Using the values of x and y determined by 
Takebe, Nakamura, and Taketani’ from requiring 
the best possible agreement between the theoret- 
ical and experimental Cy, we obtain in the case 
of S and T interaction the values listed in Table 
I for the deviation of the polarization from v/c. 


TABLE I. Values of 


<o>/(v/c) for S, T inter- 
action (rp = 1-17.10 1) 


W 
. 4 422 1.8 2.4 3.0 
ORS EASe Sm OkOSs|ROR4 oul OmZOainO tars 
0:4) 22.4 10.67 | 0.64 | 0.57 | 0.44 
On WP Pae7e WOeTAl | OOS th WsGsi | Oo ae 
10) NaBv4 wo Osi | Ox rea Oe ral {Oy 
Ae eS ROMO MOST OMlORnicamORGe 
SOMOS CS OLSON TOnSOn|) ON7SaeO; do 
one Oe 0.80 | 0.80 | 0.77 | 0.76 


For the V and A interaction a region of val- 
ues of x and y was determined by requiring a 
satisfactory agreement between the theoretical 
and experimental values of Cy. As was to be ex- 
pected, this region turned out to be somewhat dif- 
ferent from the corresponding region for the S 
and T interaction. The deviation of the polari- 
zation from v/e inthe case of V and A inter- 
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TABLE II. Values of 
<a>/(v/c) for V, A inter- 
action (rye dali <10e) 


W 
‘ 2) 1.2 1.8 Qh 3.0 
0.2 | 19.85) 0.83 | 0,83 | 0,81 | 0.76 
075 | 24.6 | 0,80) 0-80 | 0.77 | 0,70 
OUeS2e o oils LOM Onan Oman | eOnoz 
(om to 0.74 | 0.73 | 0.68 | 0,60 
MTN 4205) | ORAM On 68n 20x62, 1056 
ZO Gisos | 0869 | ON65) OFS (O54 


action is listed in Table II (it is clear that for 
for x=1 there is no difference between the S, 
T, and V, A interactions). 

The dependence of the polarization of the 6 
electrons on x allows, in principle, a unique 
determination of x. The experimental data® avail- 
able at this time do not contradict the theoretical 
calculations for x * 1.7 (V, A interaction) or 
x 20.6 (S, T interaction). 

The different x-dependence of <a>/(v/c) 
should be noted: for the S, T interaction <a>/ 
(v/c) increases, and for the V, A interaction it 
decreases as x increases. However, for all inter- 
actions and for any x and y which permit the fit- 
ting of the experimental spectrum shape of RaE by 
the theoretical one, we have (— <o>/(v/c))max 
< 0.84. 

Let us next take into account the possibility of 
violation of time-reversal invariance in 6 decay. 
Before quoting the results of the calculations for 
various admissible values of F let us explain why 
it is impossible to reconcile theory and experiment 
for large F (F~1) inthe 6 decay of RaE. We 
make use of the well-known fact that the experimen- 
tally required energy dependence of C = C(Z, Ro, W) 
can only be obtained provided there are strong in- 
terference effects in C(Z, Ro, W) (with a simul- 
taneous decrease of C(Z, Ry, W) by about two 
orders of magnitude). 

Let us solve for y in the equation Cexp = 
C(Z, Ry, W), for some fixed x. From Eqs. (2’) 
and (2”) we have for the V, A interaction: 
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y= (1) E)tep et el, Ge Pee er 


where ie te 
& = Yoeg(x —1)L,—(1 + +) Nae 


6, = x2 (My + 3/sq?Ly + 2L2 — 2/sqN1) + 2x (M, — Ly) + és, 


fo = M, cle Ve a sy pg or 2/aqN. 


We give below values of «2— €,L; and ely for 
various x and W. . = 

As was mentioned above, L,Cexp ~ €§— €1L4. 
On the other hand, we have from Tables III and IV 
that «2-«,L, «K €,L;. It then follows from Eq. (6) 
that F cannot be of the order of magnitude of unity 
(since y is to be real). It is important to note 
that the above considerations remain valid for 
slight changes in the functions ity, ite M,, and 
N, (such changes could be due to insufficiently 
accurate knowledge of the nuclear charge distribu- 
tion, to corrections arising from third forbidden 
matrix elements, etc.). 


TABLE III. Values of 


(€§ -—€yLy) 
| Ww 
x i ! 
slam | “Ls Ais FIle a) 
WD. 120,37 0.26 0.20 | 0,20 
1.0 Al tae) 0.98 ORChe OG 
2.0, 4.33. | 2:93.) 2,36) 2,62 


TABLE IV. Values of ely 


1.8 


ely , | 124,70 l126.77|130.80l134.38 


However, for small values of F (F< {Ome one 
finds from numerical calculations that a satisfac- 
tory ‘theoretical fit to the experimental spectrum 
shape of RaE is possible. The longitudinal polar- 
ization of 6 electrons in the allowed region for 
x and y andfor F*?=6x10~ and F?=3 x 1073 
is listed in Tables V and VI for V, A interaction. 
As can be seen from Eq. (5”) the polarization de- 
pends not only on the magnitude of F* but also on 
the sign of F. 


TABLE V. Values of <o>/(v/c) for V, A interaction with 


F? = 6 x 1073 
Ww 
1.2 1.8 2n% | 3.0 
x y F<0 F>0 F<0 F>0 F<0 | F>0 | F<0 | F>0 
0.2 19 0.94 0.67 0.90 0.72 0.89 0.70 0.87 | 0,68 
Ive 36.25] 0,86 0.59 0.80 0.641 0.74 0.55 0.69 | 0.50 
diet 42.4 | 0.84 0.58 0.77 0.59 0.74 0.53 0.67 | 0.54 
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TABLE VI. Values of <o>/(v/c) for V, A interaction with 
F2=3x10° 


W 
12 1.8 2.4 | 3.0 
( I 
x y F<0 | F>0 JPY) F>0 F=<0 | F>0 Fa0 | F>0 
0.2 19.4 0.89 | 0.73 0.87 0,76 0.85 0.73 0.81 | 0.68 
des 36,59 0.81 | 0.64 0.76 0.65 0.74 0.59 0.64 | 0.54 
ARG 45.76} 0.79 0.62 0.73 0.64 0,67 0.55 0.63 | 0,53 


TABLE VII. Values of <o>/(v/c) for S, T interaction with 


various F 
= = 
1.2 1.8 2.4 3.0 
Pe x y l 

F<0 | F>0 F<0 F>0 F<0 F>0 F<0 FS9 

10-10-83 0.4 | 24.94) 0.82 0.47 0.72 | 0,47 | 0.62 | 0.36 | 0.49 | 0.23 
Over Pp 2G, 20. ey 0.54 0,84 0.54 | 0.78 | 0.49 | 0.73 | 0.45 

6-10-38 1.2 | 34.66) 0.89 0.61 0,84 0.64 | 0.80 | 0.60 | 0.75 | 0.55 
2.0 | 47.20) 0.92 0.65 0,88 0.69 | 0.86 | 0.67 | 0.84 | 0.67 

3-10-78 2) 3000) 0284 0.66 0.80 0.67 | 0.75 | 0.62 | 0.68 | 0.54 
(er SnO 62265 0589 0.67 0.85 0.69 | 0.83 | 0.66 | 0.82 | 0.67 

In Table VII the deviation of the polarization APPENDIX I 


from v/c is listed in the case of S, T interac- 
tion for various values of F? (in the S, T case 
values of F? upto F?=107 are allowed). The 
irregular variation of <o>/(v/c) as a function 
of F? is apparently due to the fact that for vari- 
ous values of x and F the theoretical and expe- 
rimental spectrum shapes do not agree to the same 
degree of accuracy. (This irregularity is also 
present in the V, A case but only at high electron 
energies and to a much smaller extent .) 

The following statements can be made based on 
a comparison of Tables V, VI, and VII with refer- 
ence 3: 

1. For V, A interaction: assuming that time re- 
versal invariance is violated in B decay the expe- 
rimental data exclude F<0 for F?=6 x 107° and 
F?=3%x107*. For F>O0 theory and experiment 
can be made to agree for x * 0.2 (F? =6 x 107%) 
or x#0.7 (F*=3 x 107%). 

2. For S, T interaction: the value of F* = 107%, 
which is admissible as far as comparison of expe- 
rimental and theoretical spectrum shapes is con- 
cerned, is excluded by the experimental data on 
electron polarization.? For F?=6 107° and 
F?=3x107 the case F <0 is excluded, and the 
case F>O0 with either value for F* is allowed 
Pax 1.7. 

The authors express their sincere appreciation 
to Academician A. I. Alikhanov, who stimulated 
this research, for many discussions and to B. L. 
Ioffe and V. A. Lyubimov for advice. 


We shall use the methods of reference 8 (re- 
ferred to hereafter as 1). We write the electron 
wave function, with finite nuclear size effects taken 


into account, as 
M Ve 
Xp Ve 


where V¢ is the two-component unit spinor deter- 
mining the electron polarization, 


(A1.1) 


Gp = % + (pera, + Z (or) (o-n) By, 


Xe = [Bo + ip-r8, +i(o-r)(o-n)a,](o-n), (A1.2) 
p is the electron momentum, and n= p/p. 

The quantities aj and- 6; are chosen as fol- 
lows: 


rate 3 ‘ 
ROC 2-1 a, Oe er Paige: 


1 , : 
Be = a—— (e~*: g, — eP4g_ 5); 


3 : 
ae Gras: 


Rite: Ce 


Bo = ae—**s fF; 


te = a (ef, —e“* fy), a@=Va/2pW- (A1.3) 


In the actual calculations we used the phase 
shifts given in reference 12. The relation of these 
phase shifts to the ones in Eq. (A1.3) is as follows: 


Oy — b1/, 1/05 


Oo — dy, =i), + m2; 


; =) 
One Dey, =p 85 ass Oa, Bp 2 
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The values of the phase shifts are tabulated below. 


Values of phase shifts 


Ww | lp ' 4.8 | 2.4 3.0 
a : . 
Bij, 3 0.0298 | 0.2618 0.3228 0.3604 
Syne, ‘| 0, 7647 0.6646 | 0.6104 0.5713 
Sy, y, | —0.8175 | 0.4438 | —0.3643 | —0.3204 
Si, 1 0 B847 ly 02928 a) OL DIEd, de), 09126 


The functions C(Z, Ro, W) and D(Z, Ro, W) 
according to Eq. (1.35), are given by 
C(Z, Ro, W) = hirAie — pindizy 
D(Z, Ro, W) = indir — vivir. 
D(Z, Ro, W) = D(Z,Ry, W) + AD; Ber=nbyz. (A1.4) 


After averaging over the direction of emission of 
the neutrino, summing over the final and averag- 
ing over the initial nuclear spin states, according 
to Eqs. (1.32), (I.38), and (1.39) we have for the V, 
A interaction (where the fact that the RaE B 
decay isa 1~ — 0? transition has been taken into 
account )* 


Age = =1C2—¥sGCv] Ca; be = 0; 
Cig On Diem == pCa Ce, 
bor = "ap [Cz — 1/9qCv] Ca; 
Acc =CaCa; Dee = 0; 
Ay = */sp?| Cel? + '/6p?| Cr [?; 
oo = 1/397 |Cr|? + | Cz |? + 1/6q?| Cr |? 
==/;q[ReCrC,— ImCrCcl; Ogg = 0. 


Aa1 = 0; 
by, = 0; 


(A1.5) 


where 


a = Gy \r— iG\ foxei; bee Gy\r + iGa\ fexnl; 


R = Gy\r; t= —iGy\a; T= Ga\[exr). 


Assuming that violation of time reversal invariance 
is connected with the A-interaction coupling con- 
stant and introducing the ratios x and y of ma- 
trix elements we obtain (here in all Aj, and bj, 
the common factor Pan | foxx |2 is omitted; {|oxr 


and fa are purely imaginary, ies is purely real): 


Ace = — [y (1 + x) —¥sq (x? — 1 — F?) 
tH Y — 7 /eGX) age == 0; 


Ay =0; Pye = —3/spAce; Ar = 0; Bor = — Ysp Ace! 


*We take this opportunity to point out an error in reference 
8 in the definition of a: the correct definition is a =m — it 
(and. not a =m + it). 


Ace = (1 + x)? + F?; Bee = 0; 
Ay = 1/sp?x? + ep? (1+ F*); On = 905. 
Ago = 1/39?x? + y® + */0q° (1 + F?) 


Bey esi0 (A1.6) 


— */sq (x — 1) 9; 

Noting that for the S and T interactions q goes 
into —q and assuming that violation of time rever- 
sal invariance is connected with the S-interaction 
coupling constant we get analogous expressions for 
Aik and biz inthe S, T case. 

In the determination of Aj, and xj, we note 
thé connection between the functions g,; and fj 
and the functions Ly, Po, My, Qo, Ly, Py, and 
N,.2!° Then, omitting factors entering into the 
phase space factor and the Fermi function, we find 


hoo = Lo; x00 = (L§ — Po) sin [8_, — 8]; 

w= CMs os 

Bp = My ee CMe = On) (Ly, =P) costa ano 
— (Mg + Qo)? (Li + Px)” cos (8; — 8_4); 


Xa = (9 / p°\(L7 = Pi)" sin [dag oo 


Yoo = (Mj — Qi)" sin (84 — 8) + (L? — Pi)" sin (8g — 85) 
+ (Ly — Px)" (Mo + Qo) *8in (82 — 8) 
+ (Li + P1)"(Mo— Qo)" sin (82— 5-1); 
hor = — (34 / 2p) {(Lo + Po)"* (Ly -+ Pa) * O° 
+ (Lo = Po)" (La Py) ery 
Xor = — (8/ 2p) (Lo Po) (Lj Pye Op 
EG PO Ep ee eae 
hoe = — Me {2No — (Lo + Po) (Ly — Py)? ef -—™ 
+ (Lo Pols (Lach Pyne gia 
Xoc =*/5 i {—(Lo + Py)"(My+ Oy agar, 
+ (Lo— Po)""(Mo— Qo)" e = 
+ (Lo + Po) (La + Pi) * ef) 
+ (Lo — Po) (Ly — Py)? 
Ave = (3 /2p) {2 (Li — Pi)" sin (8-2 — 8) + i (Ly + Py)” 
x (Mo— Qo) "eh 4 i (Ly — Py)*"(My + Qy)*); 
Hae = (3 / 2p) {(Mo + Qo)” (Ly + Py)? O20 
— (My — Qo) (Ly — Py) ef) _ 91,3, (A1.7) 
Using the above expressions for Aik, bik, Aik 
and Xi we obtain, after some simple manipula- 
tions, the values of C(Z, Ry, W) and D(Z, Ry, W).. 


In the case of RaE which is of interest here one 
must make the replacements My — My, Ly > Lj, 


Ly— Ly, No—Ny, Qo —--M4, Pp +-Ly and: 
Pp =— Lp. 


POLARIZATION OF BETA- 


APPENDIX II 


From the definitions of the functions M,, Ly, 
and Ly it is easy to obtain the following expres- 


sions for the functions M_,, L_y, and L_,: 
2M_, = (X24 + i) MY? + (X2,— 3) MM, 
2L_y = (XP + ¥24) LY? + (Xi— 24) LY, 
Cie (Rey LO a (x? ayy ©) ,.(A2319 


We give below values of M_;, L_y, and L_, ob- 
tained using the functions tabulated in reference 7. 


Values of M_;, Ly, and L_, 
(rye an71078) 


a | 


M1 | 


Foes | L-2 
422, 104,270 —0.52366 —0 ,02967 
1.8 Os, Ad —0.34027 —0 07549 
2.4 48 663 —(0.24878 —0 12031 
3.0 Ot. oT, —0.19404 —0 16538 
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It is shown that it should be possible to observe the process of direct interaction between 
complex nuclei, in which the nuclei exchange neutrons when located on the external boun- 
dary of the Coulomb potential barrier. For large values of neutron moments in the outer 
shells, this process may result in a large range of the spins of the interacting nuclei and 
in excitation of all levels, which practically would not be attainable in any other way. The 
exponent that characterizes the probability of the processes under consideration is esti- 


mated. 


A contiration of heavy ions makes timely at 
present the observation of a unique nuclear process, 
namely the direct (i.e., not involving compound nu- 


cleus) exchange of neutrons between complex nuclei. 


We cite two possible examples of such a process: 


18 20 13% 
810 + 10Neig oe, 


8-10 
OF OF 0,2, 4+ 


+ yNeip” 
Oh, Wee 
(neutron exchange in the dy shell) 
2 


84 - 84 
goKrag + ggKtag 
Ot Qt 


ai os € NS oy 
ONZE on OF 25 Omor 


(neutron exchange in the Bo/ shell). 
2 


It is obvious that at large moments of the neu- 
trons in the outer shells, such an exchange may 
lead to a very strong change in the spins of the in- 
teracting nuclei, i.e., to an excitation of ievels 
which differ greatly from the ground state in the 
value of the moment, but which are relatively 
weakly excited (< Mev). Since the excitation of 
such levels by any other means is of very low like- 
lihood, it is not excluded that this process, in spite 
of its uniqueness, may be of interest also for the 
study of new, still unknown nuclear levels. 

To estimate the probability of this process we 
can use the general method proposed by Landau! 
to describe transitions in quasi-classical system 
and applied by E. M. Lifshitz to interactions be- 
tween deuterons and nuclei* and to neutron transfer 
from one complex nucleus to another.’ We use 
Landau’s method for the analysis of this case in 
complete analogy with the method used by Lifshitz, 
the only difference being that one must consider 
not one act of neutron transfer from nucleus 1 to 
nucleus 2, but two such acts (transfer one neutron 
from 1 to 2 and of another from 2 to 1), the aggre- 
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gate of which comprises the neutron-exchange in- 
teraction. 

We used in the calculations the same approxi- 
mations as in reference 3, namely that the nuclei 
are considered concentrated in a point, the neutron 
mass m is assumed small compared with the nu- _ 
clear masses (m < Mj, i=1, 2), and the energy 
of the relative motion Ey, of the nuclei is suffi- 
ciently large (Ey) > Jjm/Mj;, where J, and J, 
are the binding energies in nucleus 1 or 2). With- 
out dwelling here on the intermediate derivations, 
we cite only the final result: the sought probability 
of direct neutron-exchange interaction is propor- 
tional to 


D = exp{—2V2Z,Z,e Vm (Vi + VJa)/ Eo}. (1) 


If the energy J; of the detachment of the neutron 
from nucleus 1, which is the first to join the addi- 
tional neutron, is less than the energy Jy, or if 
an analogous relationship (Jj < J,) is satisfied 
for nucleus 2, then the most probable process is 
one in which the neutron first joins nucleon 1 or 
nucleon 2, and only then does this nucleus emit 
the neutron that goes into “exchange.” Then the 
term VJ, + J in the final expression for ® 
should be replaced by the smaller of the two sums, 
VJ, +Vd, or Vd + VI. 

The relations obtained (like the omitted inter- 
mediate derivations) are quite analogous tc those 
obtained by Lifshitz for the transfer of a neutron 
from one complex nucleus to another. The final 
result — the quantity 6 — differs in our case from 
that given in reference 3 only in the presence of 
two terms V Ii instead of a single one, either 
Vida, or VJ). To test the applicability of these .~ 
relations and to estimate the effective values of 
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log # 


8 19 2 OVI 28 Bh 28 7 
E Mev 
Nap Mev) 


@— Be’, +— C’, o— 0%, 
VY — Me™, 4— Mg”, * — Al?” 


x — Na** 


Oo — Mg”, 


the factors in front of the exponents it is neces- 
sary to compare the formulas obtained in refer- 
ence 3 with the large experimental material accu- 
mulated recently on the transfer of neutrons from 
N** nuclei to various bombarded targets.4~® For 
N'4 we have: Z,=7, J = 10.55 Mev, Ey = 

{ (14/(14 + M;)} EN Jab- 

The experimental dependence®~® of the cross 
sections for the neutron transfer to various nuclei 
by the nitrogen nuclei on the energy of the nitrogen 
nuclei is illustrated in the diagram in the form of 


the logarithms of the factor in front of the exponent 


[Log k = log o@ppn) + &/2.3 EN Jah] at various 
values of Ey jap. The diagram shows that, at 
least for six nuclei (Be’, Na?*, Al?” and the three 
isotopes of Magnesium) the sum log oa+ 
a/2.3EN jah is actually constant, thus confirming 
qualitatively the applicability of the discussed re- 
lationships. 

Data on neutron transfer from N'4 to B!? and 
N" do not fit into the relation obtained in refer- 
ence 3, since the cross sections of these reactions 
increase with energy rather slowly (exp is less 
than that cited above), and the values of log a + 
a/2.3 EN jah diminish with increasing energy of 
the nitrogen ions. However, even in these cases 
the discrepancy between the experimental data and 
the ordinary formula for the probability of pene- 
trating through the Coulomb barrier is consider- 
ably greater. 

The values of the factors in front of the expo- 
nents, obtainable from the diagram (0.2 to 0.4 
barns for Be, C, and O and 10 to 100 barns for 
Na, Mg, and Al) are naturally too high, since in 
the derivation of these relations the nuclei were 
assumed to be concentrated in a point. 

Without dweliing in greater detail on the role of 
the finite dimensions of the nuclei in the exact cal- 


culations, we point out only that the region in which 
the sharp increase in the cross section of neutron 
transfer by the N'* nuclei increases rapidly with 
energy is shown experimentally to extend to ener- 
gies somewhat in excess of the usually employed 
Coulomb potential barrier. However, the exact 
contribution of the barrier factors to the foregoing 
effective values of the factors in front of the expo- 
nents is immaterial. All that is important is that 
the true values of the factors in front of the expo- 
nents are close in order of magnitude to those pro- 
posed for the direct neutron-exchange interaction. 
In the latter case we can expect only a relatively 
small reduction in the factor in front of the expo- 
nent for the production of each of the final states 
with different spins, owing to the large number of 
these possible states. A comparison of the geomet- 
rical cross sections with the cross sections of the 
neutron-transfer processes, together with a com- 
parison of the values of @ for neutron exchange 
and for neutron transfer, give therefore grounds 
for assuming that the direct neutron-exchange 
cross sections of complex nuclei may reach val- 
ues on the order of 1073 — 10729 cm? near the lim- 
iting barrier energy and that such an interaction 
can be thus observed by recording the subsequent 
y radiation (in particular, the coincidences be- 
tween y quanta from both final nuclei) and in 
some cases by detecting hitherto-unknown isomer 
transitions (relative to the long-lived low-energy 
E2 transitions). 

The author expresses sincere gratitude to A. S. 
Kompaneets and E. M. Lifshitz for valuable advice. 
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Explicit formulas are obtained for the polarization of 6 particles and the B-y correlation 
for first-forbidden transitions of oriented nuclei. All five types of 6 interaction are con- 
sidered, and nonconservation of parity is taken into account. Effects of the Coulomb field 
of the extended nucleus are included. Unoriented nuclei are treated as a special case. 


In an earlier paper by one of the writers! general 
formulas were obtained for the angular and polari- 
zation correlations of the particles from B decay 
transitions of any order of forbiddenness. Here 
we shall examine first-forbidden transitions in de- 
tail, and shall give for this case explicit formulas 


suitable for practical calculations. Since the method 


of the calculation has been described in reference 1, 
we shall present at once the final expressions for 
the correlations. 

We take a right-handed system of coordinates 
with the z axis along the preferred direction of 
orientation of the nuclear spin jy. We introduce 
the notations: p(p, ¥, gy) is the momentum of the 
electron; k(k, 8, @) is the momentum of the y 
quantum; I is the multipole order of the y quan- 
tum; jo, jy, and jy are the angular momenta of 
the nuclear levels for the B-y transition 
Jo(B) 51 (7) 523 Ho, v1, and py are the z compo- 
nents of the angular momenta of the nuciear levels; 
and ¢(1, x, w) is the polarization vector of the 
electron is the system of coordinates in which it 
is at rest. x and w are the polar angles of the 
vector ¢ in the right-handed system of coordinates 
formed by the vectors 


(1) 


The probability of finding the electron with the po- 
larization ¢ and the momentum p from the first- 
forbidden 6 decay of the oriented nucleus is given 
by the formula:* 


Zp \|P, Xp || Pxjor Yall [Pxjol x P- 


*The expression W(j,p¢) for the STP interactions and 
without inclusion of the effect of the finite dimensions of the 
nucleus has also been obtained by Berestetskii, Rudik, loffe, 
and Ter-Martirosyan.2 We have learned that they have general- 
ized their result, but have neglected in their calculations terms 
of the order (pR)? and vyy.’; these can however, have an im- 
portant effect for certain values of the nuclear matrix elements. 


W ops) = a Afi hg (jo) W (aL jogsioL), (2) 
is Go) = ie 1) Gi eaaseleds (3) 
Aiv = zip V 2g + 1 Pe (cos 9) 
+ (= 198 Dyfe fm (x, 0, 9). (4) 


m 


Here L and L’ =0, 1, and 23: g=0,' 1,22, 3, but 
with g < 2j3) m=0,1,...9, with m=0 for 
g=0, m=1, 2,3 for g=1, m=4, 5,6 for 
g=2, and m=7, 8,9 for g=3. Common factors 
have been omitted throughout. If the polarization of 
the electrons is not observed, we have 


Afp == zi VY 2g + 1 Pz (cos 9). (5) 


For aligned nuclei (obtained, for example, by the 
method of Bleaney? or Pound‘) only even values of 
g are possible. For arbitrarily oriented nuclei 
(obtained, for example, by the Gorter-Rose meth- 
od°) odd values of g are also possible. Chee are 
Clebsch-Gordan coefficients,® W (abcd; ef) are 
Racah functions,’ and w(uy) is the probability of 
a given value wy for the angular-momentum com- 
ponent of the oriented nucleus. The values of zeae 
and You are given in Appendix 1. The values 
of fm (x, w, #) are given in Appendix 5, and 
Pg(cos #) is the Legendre polynomial. The values 
of jg (Jo) = jp She (Jo) are given in reference 8. 
The angular 6-y correlation for first-forbidden 
transitions in oriented nuclei has the form 


W (ios BK) = dD) zi USerhe (Jo) BsF ses (P,k), (6) 
SJg L<L’ 
User = (— 18 VQg + NOS+N 
XX (hhS; jojiog, L'LJ), (7) 


368 


BETA PARTICLES AND BETA-GAMMA CORRELATION 


Bs=VCAF YAN —S(S +1) /270 +1) 


XW (jl AS; jl) Cipso- (8) 


Herewile and aise 01, os J= 0 1, 2:3: 0O=g< 
2j9, with |S-—J|=<g=S+J. As before, only even 
values of g are possible for aligned nuclei. The 
quantities X(abc, def, ghi) are Fano functions; 
their properties and explicit form, together with 
a number of particular values, are given in ref- 
erence 6. The Fsgy (P, k) are given in Appen- 
ix’ 5. 

If we are interested in the correlation between 
the direction of the 6 particle and the circular 
polarization of the subsequent y quantum, we 
must insert in Eq. (6) or Eq. (14) instead of Bg 
the quantity 


Bsm = VQ + 1) (2j,+1 ) Ciso W (jal i1S; i)y #79) 


where M=1 or —1, respectively, for right or 


left circular polarization of the y quantum. In the 
particular case in which S = 1, 
Byu= Mii (is - 1) Ie (Jo 1) 
170+ +) VAG + DP. (10) 


If the observed B-y cascade has the form 
jo (B) js (M1) je (¥2) ---IN-1 (7) IN, and an experi- 
ment is made to study the angular distribution of 
the y quantum of the jn-;(v)jn transition, then 
we must take jn-; instead of j,, jn instead of jp 
in the expressions for Bg or Bgjy and multiply 
these expressions by the product 


N—1 


[LV Gh + 0G 
h=2 


EU) W (juleSinnsi in-ain)- (14) 


If the y transition is of mixed nature (for ex- 
ample, E2 and M1), then instead of Bg we must 
take the expression of Eq. (13) of reference 9. 

If the nuclei are unoriented, g=0, and the ex- 
pression (2) determines the total polarization of 
the electrons. The degree of polarization can be 
characterized by the quantity 


WV (x=02)—-—Wy=) P 


= 7y=DEW ==) P oe 
Using Eq. (2), we get 
> = (p/p) Dy, [Bee (13) 
L 


Setting g=0 in Eq. (6), we get the expression for 
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the B-y correlation for unoriented nuclei:* 
Wk) = 2% 2 OS+)) ze 
S=0,2 L<L’ 
XW (joi LS; L'jy) BsPs (cos 99x). (14) 


In the case in which the nuclear charge Z > 2A'/3E 
the expression (2) can be considerably simplified: 


V (jo, ps b) = Ao = bV1/3 (3211 + ( (Yoo +V1/3 [3 Yi) COS 7 
A V8 AU zh) Coss 3 (yi Voy ye 
~ (Yor — V 2/5 yin)] cos x cos ¥ — 3 (yi + V foo Yn) U 
— (Yir + V 4/10 Yex)] Sin 9 sin x cos 


~8V 4), (ynU — ys) sin S sin x sin @} 
X [fo Go + 1)" >} pow (9), 


V2U = [jo (io + 1) — fi (i + 1) + 2) 


X [2 V fo (io + I (15) 


The values of Zee and YLL! as used in Eq. (15) 


are as follows: 


V Sz ef (Oy; ben 2. V 261), 
3V 382i = Vb yh = V 2 0268 (Cy, + 2ege + 2V 20), 
27 yt, = V 2%? [Er] (bu + 2bo5 + 2 V2 drs), 
QT ys) =A YV 5x? (br, + Qe, + 2V 2 bie), 
Opts = aes (ey 2 2e55 DV Dee); 
OZpu == 2e°E3 (Crp | V 2 Cog), 
9V6 ye =S8V 5x7, (Ors + V2 doe), 
OVS yor = 2 [Er] (Die + V2 bo0), 
3 /6 y> =— 4x?ee ( (Ope V, Dees) 


nO 
Yoo = = X"G3Co0. 


Here 
6 be = (W —1)°(E + 1)Re bir +-(W + 1)?(E —7) Re bin, 
“(Ebr = —3(W — 1) (E + 7) Re bi 
+ (W + 1 (E — 1) Reba, 


Py by == (W + 1)? (E — 1) Re bw, 


Eb sci = PRE (ci + cy) — aZ Im (Cy — Cy. 
*W(p, k) agrees with Eq. ( 10) of reference 9 if we note that 


in the notations of reference 9 the quantities ea are (2S + 
a Obes 2! ReM, ,M* sk] CSEL", Unlike those of re- 
<k 


ference 9, our ee ters ze! are given for the B interac- 
tion of general type with parity nonconservation. 
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We get the values of K*eybjj7 and Ee§ejjr from 
KETbyr and Eé$cjj- if in the latter we replace 
Re Xj} by Im xf and Im xf by —Re xii". The 
values of b;j’ and cjj- are given in Appendix 1. 
‘The forbiddenness of the 8 transition that comes 
from the smallness of pR is removed for large 
values of Z, since instead of p the integrand 
contains the quantity x =[(E+V)?—1]!/, and 
K >p. Since x-* V, where V is the étfective 
depth of the Coulomb well in the region of the nu- 
cleus, the dependence on the energy drops out, 
and the £ transition becomes similar to an al- 
lowed one. A comparison of Eq. (15) with the for- 
mula for the polarization of the B particles from 
allowed transitions of oriented nuclei! shows that 
the character of the polarization is the same in the 
two cases (the nuclear matrix elements are of 
course different). 

For Z > 2A”3E the expression (6) also be- 
comes simpler. 


WECjanbs Deas 


k) =>) V2S 41 {[(2ho + 
S,g 


+ V3 W (Sioils fo i1) 21] 8sePs (Cos 8) 
a ls V 2g + 1 [2 W (joSiol; jog) V1/8,(2jo-+1) (— 1)* 


aE ZX (jiJiS> Jofog, 111] Fsgi (p, k)} hg (jo) Bs. (16) 


For the case of an even value of the quantity S+g 
+ J the values of Zee) are the same as the cor- 


responding values of z@ 7 in Eq. (16), and in the 
case of odd values they are obtained from them if 
we replace «é[bii7 by Kepbijr and Eé$ciyr by 
Ee§cjj". In allowed transitions of unoriented nuclei 
there is no B-y correlation. Thus it is to be ex- 
pected that for Z > 2A¥’E the correlation will 
also be small for first-forbidden transitions. This 
result can be obtained directly from the explicit 
form of the A appearing in Eq. (14). On the 
other hand, for 6-y transitions of oriented nuclei 
we must expect a large correlation in the case 

Z > 2A13R, since there is such a correlation for 
allowed transitions. Comparison of Eg. (16) with 
the expression for the B-y correlation in allowed 
transitions! shows that the character of the corre- 
lation is the same in the two cases. 

For aligned nuclei with Z > 2A'3E the corre- 
lation between the directions of jy, p, and k can 
be large only if the invariance of the theory under 
time reversal is violated. 


APPENDIX 1 


Values of stag in Eqs. (4) and (5) and, for the 
case of even values of the quantity S+g+J, in 
Eqs. (6) and (14): 


and NPs Oro 


Zn = xp, 61 Doo = 6x2pobiOos + Voki Oss 
a 2x? p2E] Coe at goer Qog + G?Go01 Doe, 
V 32t1 = gr (Er + 262) bir + (261 + Ee ) Occ 
+2V2(& —E) die] +6 V3 oki (V2 big + O14) 
+ 279 Ef bas — 2queP abt [Aur — 240 + 4 V2 (Ger — G10) 
—6V3 qe (Q144 — V 2 das) + 344001 (O11 + 266) 
V15 1 = — wo, [265 (V 26 a V 2 S66 + 261, — 861) 
+8 (V 261 + V/s bos — 2616)] —6 V3 xg 25 (V2 bia — Oca) 
+ 2gx*p205 (V2ay + V2 agg — 2ayg — 41), 
2h = V5 (Pets + G20: ) Oss, 2V 522 = —V 14 Porte bss 
V 5 zoo = —2V 2 LP qik5 O52 — 3x2 p 285653 — Gx G2P5A50}, 
V 522 = — V2 {«?@, [Es (V2 bs1 + 2056) + &2 (O56 — V 265:)) 
+ 3 V6 2 p085054 — 79205 (V2 a5, — 2a50)}, 


BV 32 = V2 (4%, [63 (Cu + 2Co6 + 2V 2 C10) + 2E4 (Coo 
014, = V2 lig OV ea) ee Cn ey eee 
+ 6 V3 x [EF (Cra + V 2 Coa) 

— EF (Cra — V4] Coa)] + 2708 SCas | 
— 2qxgo [03 (dir — 2de6 — V 2415+ V 2 de1) 

— 04 (des + dy, — V 2c. 
~~ V4/2d61)] — 6 V 3 quepots (dia — V2 dea) 

+ 3q?x9003 (1/2 Ces — V 2 C16)}, 

V 35 Zip = —3V 2x08 C55, 

V 30 225 = (3x8 p15 + 592x003) C5, 

Bzi1 = 2 (ps [63 (Cre + V2 C56) + 4 (2er2 — V2 Ce2)) 


+ 3x$_ [ee (Voce Fe V 2Cc5 — 13) = a (Vilas — 2¢3)] 
Van dz_ — Vp /2 deo) “te Oa ( (di. — V fe /s de2)) 


= Bqxeoes (V Odin dat Dae) 
—9V 3 xpo€sCsa + gx 9003 (C12 — V2 Cag)}, 
— V5 (e682 (2es1 -+ V 2 Cys) —6 V Sx ookF Coa 
(Qds1 — V 2dgg) + 2q?xmg0? (Qeys + V2 Coe), 
V 35 zt = 6x6,55 (Cos V2 Cis) 


Values of Yeu in Eq. (4): 


= 29%L2 [03 (dig + 


1 
3212 


— Jep2o4 ( 


Yoo aS x33 Con — Bxpoee Cog + Qx@yks C33 
=a 2gxP203 d 22 —F 6 qx oE3dog - =F G?XPo03 Coo, 
9V6 yin = 4 V5 291 |Z (bre + V Dee) 
2 Gs Ue ae V %hob.0)] + 3x, [26 (V3 554 oar V 2b, 
ae by3) + & (Ve; bs5 — bys)] ae Geos [20° (doy + ys 
a V2 Ax + V2 Ago) ++ 05 (Ay. — Vi4fe Ag2)] — 6q¢08 (V3 a,4 
— Q43 + V 2 dg) — 18 V 3 obi baa ae 297401 (Or — V2b.0% 
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SV 5 Yia= 2 (2 182 Osa — Sxgeots Cog — quoi deo)s 
ee pe = S0 yeaa 7 125s 
Oy aw OTe OVS mae 8 V2 Oi, 
2 een OMe lo, 1275 Py, 
V2 yn = 38my —V3 Qs, 
PY 10y;— 3b, OVO, =—3)/7n!,, 
Y= V6 ime, 32 y,= — my, 
3V5 yi2= >, Ty, =--2V5mi,, 
A9jp, = 2431, V6 Yo = ——25n, 
Vege 252, GV 20. = Sin. 
TV soy V2 th, OV yi Onis = 2 V 55, 
Dy C2225 (Vion 8), 25) 24, = 30, —YaV 1423 
5Yi2 = 7/3 V 4/2212 + °/5V 7 mip. 


In the expressions for Ao and Yu the fol- 


3g = -—-V 6s, 
3Y x2 = — 25%», 
V 3 Yn = —V 252, 
Vio Fis 53, 


7) 3 
3Yi2 = — 2812, 


lowing notations are used: x? = W*-1, W=E+V, 
where E is the energy of the electron in units mc? 
including the rest energy (hHh=m-=c=1). For the 
case of a surface distribution of charge V = aZ/R, 
where R is the radius of the nucleus; for a uniform 
volume distribution V =3aZ/2R. The energy of the 
neutrino is denoted by q. 


> 


ET xiv = (W + 1) (87 Re + af Im) x 
+ (W = 1) (87 Re + a; Im) xi, 


elxw = (87 Re + af Im) xf + (87 Re + ay Im) xp. 


37] 


function at the surface of the nucleus. The explicit 
forms for these quantities are given in Appendix 3. 
The quantity xj; is any one of the quantities ajj-, 
bij, Cj, or dijr. 


For the STP or VA interactions py = 3) and 
pr = eT. The meanings of PIXiy" and PIXi" be- 
come the same as those of ET xy! and eli re- 
spectively, if one replaces all the BT by 67, all 
the aj by ay, and vice versa. The expressions 
for aie for odd S+g+J can be obtained if in 
the values of ATE given above one replaces 
Re xii by Im xq and Im xq by -—Re xj. In 


calculating y?,; one must replace #; and af by 
36f and 30 and set ~f = af =0. In the calcu- 
lation of yf. one must put —56f and —5a7 in- 
stead of Bf and af. We get ys, from y}, if we 
multiply 65 and as, By and aq by —2(%)72, 
(7,)¥2/4, respectively, and set 8, =—3;, a] = 
—3aj, and Bf = af =0. We get y, from y%p 

if we set Bf =af =0 and multiply By and aj 


by 2(14)1/2, We get mn heat and te 

in the corresponding Zee we replace BF by 
VBL and Ori by Vioj, using the values of Vi 
from the table. We get see if in addition to this 


we replace Re XG by Im xii and Im xii by 
a + : ; 
The quantities BT and az are determined from Re xt 
a eee vel SO 
the condition of smooth joining of the electron wave 11 
Odd values of g 
ery Sis mi, | bi | ae | Sze | So | Mia | M2 | Str 
| | 
y= | 4 ae ES 0 4 1 1 0 0 { 
agar | | 
aie! nae eee ee ae Oe 412. 125. alone aie 
Bee ee ex aieess 1 foe 43) An 
‘4 | 
ir 2 ag es 2 5/3 re 


Even values of g 


| | 
hye 

T mi, My, re My Mo M22 we Nd, oS my, Ny Si | bi 
y, | —3 Oni e 0 
+ 4 eae 10/3 
i PD sere ! 
y+ | 3/2] 0 310 Blat/7 | 3 1 85a =6//ol me Oseei end 
s y 
me aay 2n| 0 kOe esd a ae 0 4 Dal a ee 
i | 
pelle ie Ses larul at etme 
Mer 1 1,2 | —2 
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Qi: Gey [pr } (Qi. + /obeg + V 26,6), 
Qo = 4G [01 ] (O15 +- V7 /abes) 
Q3 = GPx 903 (C11 + YeCeg + V 2C1¢)- 


We get [p;] if in the expressions for pj we re- 
piace, the quantities Be and af by — 36 
—3ay. We get the values of P; and P, from Q; 
and Q, if ne set Bj =ay =0 and do not muna ly, 
Bf and of by —3. All the other 2? >, and yyy) 
are zero. The quantities x;,;- for the STP inter- 
action have the form: 
aii = OB =wKKi, 
Ue = Cie CC 
ju =(CsP+[Csl, tsa =|Crl? +|Cel, 
ms = CsCp + CsCp. 
the =CsCr+CsCt, ge =CrCr+CpCr for k= 1,3. 
nee’ =(Cr?+|CrP for k, k’ = 2,4, 5,6, 
hie Nii 
The quantities Cg, Cy, Cp, Cy, and Ca are 
the constants for the scalar, tensor, pseudoscalar, 
vector, and axial-vector 6 interactions; Cy, Cr, 
and so on are the analogous constants for the terms 
that can be admitted only since there is parity non- 
conservation (i.e., the terms containing an addi- 
tional factor Yy5 = ¥1V2V3V4, Ys = — 8); the Kj are 
the nuclear matrix elements for the 8 interaction. 
Their explicit form is given in Appendix 2. For 
the VA interaction 


ex Bo ‘ r* 
Ce = des ni K ers 
P re home 
Pith CiGe ae Cir, 


bie = — jp =CwLiLe, dis = —ciz = Ge LiL?, 
tw = CCr +6; Gr= Clr + CC), 
Cy?+ Cy?, 
for'k, k == ,.4; 
TORR aes 4. 


6a Psi s 
Ou tan C44 iach Ke Nace 
Cer = Ca?+ Ca? 
ia a 5 ‘ a 
Crk = Cae = CyCa + CyCa 


ie Pa 


ii’ Sitis 


The nuclear matrix elements Lj differ from the 
corresponding Kj by an additional matrix 8 in 
the integrand. The expressions for xjj’ in the 
general case of STPVA interactions are given in 
Appendix 4. Equations (2) and (6) contain the imag- 
inary part of xjj" because we have not assumed 
the invariance of the 6 interaction with respect 

to time reversal. If we make this assumption all 
terms containing Im Xi! must be thrown out, and 
comparison with experiment becomes considerably 
simpler. To settle the question of the invariance 
of the theory with respect to time reversal it is 
‘better to study the~8-y correlation and the polari- 
zation of the 6 particles from allowed transitions 
of oriented nuclei,' since in that case the interpre- 
tation of experiments is simpler and more unam- 
biguous. 


and (NN; (P23POROY 


The values of zy and yp’ given above are 
for the case of a surface distribution of the nuclear 
charge. If we assume a volume charge distribution, 
we must make the following replacements: 


fu > Fa» oe sc Pabi se (adie EY + (32.2/10%R)? Er, 
ob a — (3aZ/ 102R) ef El, $i — Pete » 
inna = es — (3aZ/10R) 3, ox > Gebs, 
ibs — [$4 — 8aZW JSR + (3 az/10xR)?]§3, 
gibt —> grb — (3aZ/107R) Bi, $205 > Fs65, 
gots —> bs — (32Z/10R) 5, G66 —> Pebs, 
9003 —> 9sPs — (3aZ/10R) 9%, pobd 
2a —> Pala 
V = 4Z2/R— 3aZ/2R. 
The values of the yj are given in Appendix 3. 
Apart from terms of the order (wZ)*/4 one can 
set gj=l1. 
To go over to the case of a point nucleus one 


must take the formulas for the surface charge dis- 
tribution and set V = 3aZ/2R. 


aaa Gti, 


APPENDIX 2 
Ki = V4 Vib iad, Li = VER Vin BOMi aud 
Oz = (G ofP (Yoo), 
On = == — iC oBysY 007 Or iC,B (a*Y7,'), 
Os; = CorB (sY3,° Ne OF <=) CirB (o-Y}3), 
Cr= (Citi) 
K=Vs i = \Bowr, Ko=—i\ Brs, 


K, =\ ia, K,= aN Kite { 8l¢xr] 
L,= vate Ll, = \e-r, and so on. 


vj atte and 4j iM, are the wave functions of the initial 
and final states of the nucleus; T is an operator 
that acts on the isotopic spin variables; 8, ys, o, 
and @ are Dirac matrices; Yj) is a vector 
spherical harmonic (cf. reference 1). 


O, — CyrBY x, ’ 


APPENDIX 3 
Br = az, [(W +1) x), 
BF = Vaio (W + 1) 8), 
Bt =e Ar),1/,Arfp—1/% * cos (5/711, tay Ox}54.1/,) 5 
Ba == 3ah),+1),A%),41), [(W + 1) x7] cos (8,41, — 8s/,+1,), 


oH & 

Bs = 3ay,$2),A2), 41, * COS (51,41), — by, 41/,), 
+ pS 

Bs = 9as/, 3/,Qof,1/.% * cos (8),4:1/, 7 ke Ss/,+3),)- 


Here the aj, are the coefficients for joining-on 
the electron wave function at the edge of the nucleus; 
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j is the total angular momentum and 1] = j+ A the 
orbital angular momentum of the electron, A=23. 
Tables of the numerical values are given in the book 
of Sliv and Volchek.!” The 6jx are the phase shifts 
of the electron wave function in the Coulomb field 
of the nucleus. Tables of the 6j, are also given 
in reference 10. 

ue quantities ay differ from the correspond- 
ing #7 only by the fact that they contain sin ( Or 
ee. instead of cos (65 - OFA’), and af= 
a2 =0. Neglecting terms smaller than the order 
Of (wZ)*, we can obtain simple expressions for 


By and a7: 
Br = (EW 1), Be = [p? + (@ZE)]<*B/, 
Bs = p'fxVp? + (@Z)*, BF = Vp? + (@ZEPB# cos me, 


bs = Vp? + (aZE)*px cosas, 
35 = 2p*[p? + (@ZE) "IP V 4p? + (a2), ag = + aZBH/p, 


+ _ = AZ p+ 
A =a apie 7 


a : = =e as = 
0, == 87; Laniop,. 0, = 6; tana, , 


Pele) 
tanof = [5 SE 4.2%) 
[iso ap 22 er ot er 
1=V1—(@Z). 


yp = 1—(R)%/5, $1 = 1 — 3 («R)®/25, 99 = 1 — 4 (eR)P/25, 


3 = | — 11(«R)?/75, 94 = 1— 2 («R)?/35, $5 = 1 — 7 (xR)?/75, 


0, = 1—3(«R)2/35, 9, = 1 — 12 («R)2/175, 


gg = 1 — 4 («R)?/35. 


APPENDIX 4 


For the STPVA interactions the quantities ajj-, 
bj;-, and so on have the forms: 


aie = (qv KiKi — tw Lil) £ (yeKiLe — qilsK), 
bi = (nw KiKe + Se Lili) © (aeKiLi + GL sKi), 

Cie = (wK Ke —SeLiLe) £ (ya KL — peel ik?) 
die = (er KiKi + Geli Li) + (yerKili + yeiLiK?). 


The values of nj’, Nir, Cit, and Cjj are the 
same as in Appendix 1. For xj; we get: 


vie = a Coan CsCy; jel == jen = CpCy + CeCy; 
Ler = Yun = CrCy + CrCy, R# 1,3, var Eyed 
ig CsCant-CsOa, yse= CpGa + CeCa,, kE1,4; 
yee OrO wt Cr Cay Rael, 3k’ ad. 


If x47 = C,Ch + CiCi*, then Xjgr = CyCiF + CiCiF. 
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APPENDIX 5 

Values of f(x, w, #) in (4) and Fgog (Ps k) in (6). 
fo = cosy, f1=3 {cosy cos 9 — sin zy sin 9 cos}, 

fo= 3V hsiny sin % sine, 

fs = —3 V4/19{2 cos x cos 9-Lsin y sin 9.cos «}, 


fa = —V */2 {cos y (3 cos? ¥ — 1) — 3siny sin 9 cos $ cose}, 
is = */2V5/; {cos y (3 cos? ¥ — 1) + 2siny sin 9cos 9 cos }, 
fe = — 3V /esiny sin $cos$ sine, 
fe = 34V7 sin x sin 9 (5 cos? § — 1) sine, 
Is = */,V"/s {cos x (5 cos? & — 3cos 9) 


— sin y sin 3 (5 cos? 3 — 1) cosa}, 


fp =— Yq V'/s {4 cos x (5 cos? + — 3 cos 9) 
+ 3sin xy sin 9(5 cos? 3 — 1) cos}, 


Fsgi (p, k) = 4n:i” >) Cy’scY so OD)Y jo (99), 


where Ons Ee ony ney: 


Some particular values of F soy (p, k) can be 
expressed in terms of the values of fy, (-9, 9-@ 
wv): 

Fi = =o} Gs Frio, = hh 
Fin = jie Fy = fs, Fis = Satie 


Fis2 = Swit, Fin, = les Fy35 = 7: Ping = Iss Pigg = io. 
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The parameters of the average nuclear potential have been found on the basis of data on the 
levels of nuclei with doubly-closed shells plus or minus one nucleon. It is shown that the 
potential parameters are the same for all nuclei lying on the nuclear stability curve. A for- 
mula has been derived for the depth of the potential for prescribed values of N and Z. An 
expansion of the nucleon functions in terms of spherical oscillator functions is considered. 


Tae wealth of experimental data leaves no doubt 
that there exists in the nucleus a self-consistent 
field that determines the approximately independent 
motion of the nucleons andthe formation of nuclear 
shells. So far it has not been possible to derive the 
self-consistent field from the nucleon interactions. 
One is, therefore, limited to finding an average field 
close to the self-consistent field on the basis of the 
known experimental information. 

A detailed knowledge of the form of the potential 
of this field is not very important for obtaining qual- 
itative results. For example, to determine the level 
ordering, one may use an oscillator or square-well 
potential with the right choice of parameters. How- 
ever, the correct level spacing cannot be obtained 
in this way. 

On the other hand, it is known that the differen- 
tial cross sections for the scattering of nucleons 
from nuclei agree with experiment only if the dif- 
fuseness of the potential at the boundary is taken 
into account.! The proton distribution in the nucleus 
has, according to the scattering experiments with 
fast electrons, a diffuse boundary, and so does the 
corresponding potential.? The analytic form of this 
potential, as proposed by Woods and Saxon,? is 


VQ) Vg ae et), (1) 


where rp = R)A’/? x 1073 cm is the nuclear radius; 
@ is a parameter determining the diffuseness of 
the nuclear boundary (in units of 10!% em7! ); Vo 

is the depth of the potential at the center of the 
nucleus. To the potential (1) one must add a spin- 
orbit term of the form 


(I*s), (2) 


(aeNO OV, 
=i ome) op ae 


where A indicates the relative strengths of the 
nuclear spin-orbit interaction and the relativistic 


374 


Thomas term. The potential, then, contains four 
parameters: a, A, Vo, and Ry, which must be 
determined from the experimental data. 

There already exists a series of papers devoted 
to the determination of the potential parameters 
from an analysis of various experiments.* Itvis, 
however, difficult to make the obtained parameter 
values agree with each other, since the dispersion 
of the results is so bad that it is even impossible 
to detect any regularity in it. In this connection, 
principal doubts have been raised as to the exist- 
ence of a common potential for all nuclei or even 
for one and the same nucleus in different reac- 
tions. 

We made the attempt to determine the average 
potential parameters for a number of nuclei dis- 
tributed over the entire periodic system. If the 
parameters are subject to any variations, we give 
the physical reasons for these changes. 

The determination of the parameters is based 
on the data on the ground and excited levels of nu- 
clei. The lower levels are useful for our purposes, 
as their energies and spins are now known with 
good accuracy. We restrict ourselves to nuclei 
with doubly closed shells plus or minus one nu- 
cleon. In this way we are certain that the levels 
contain only one particle and that their energies 
are not altered by interactions between nucleons 
in unfilled shells nor by interactions with the core. 
To be sure, a nucleus with one odd nucleon will be 
weakly polarized; but this polarization will be so 
small that its effect on the position of the levels 
will not exceed 100 kev. It must also be kept in 
mind that the levels may deviate from their single 
particle position by a large measure for excitations 
of more than 2 Mev. We regard the excited states 
as real excitations of the last odd nucleon in the ~~ 
potential of type (1). 
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METHOD OF CALCULATION 


The equation of motion for a neutron (or a 
“hole”) in the potential V(r) with spin-orbit 
coupling has the form 


Dae hk \2 Ies OV (r) 
En VAD) (oma) ears |y Sey. (3) 
In the case of a proton the additional Coulomb 
term 
y= ie pati) (2 Metro Ore ro, 
F (Z—1)é/r fori 7 fe.2 (4) 


must be introduced. This choice of Vg is not en- 
tirely correct, since the charge radius is always 
smaller than the range of the nuclear forces. Fur- 
thermore, the proton density is not necessarily 
constant over the nucleus, but may fall off towards 
the center and may certainly have a diffuse boun- 
dary. The main effect of such refinements, which 
’ we shall not consider, would be a change in the 
depth of the proton potential by a few percent. 
Among the four parameters to be determined, 
the radius Ry is to be singled out as a constant. 
The linear substitution Ry — Ro has the following 
effect on Eq. (3) for neutrons: the equation remains 
invariant under the substitution 
ARo = 2'Ro, (Vo+ E)R5=(Wo+ ERG, Wo=hVo, (5) 
For the eigenvalue E; we have the following rela- 
tion: 


E; (a, k, Vos Re) — seg ? (5a) 


where EPxP 


level. 

The hypersurface (5a) is different for different 
levels of the same nucleus. The optimal param- 
eters for all levels of a given element must be 
chosen such as to correspond to the point of inter- 
section of all the hypersurfaces, if such exists. In 
the region under consideration, 1.2 = Ry = 1.4, 
these surfaces can be significantly different only 
if |E;/V)|~1. In our case |Ej/V)| «1, so that 
the surfaces (5a) coincide within the limits of accu- 
racy, and all Ry are eauivalent. Thus, for Pb?, 
the parameter R, is varied along with the others, 
and a preference for any value of Ry is impossible 
in the light of the foregoing considerations. 

The most consistent way to obtain Ry would be 
the following: from Eq. (3) with the potential (1) we 
could determine all the nucleon wave functions in 
the given nucleus; we then could calculate the den- 
sity distribution of the nucleons, and determine Ry 
by comparing the latter with experiment. Since 
we only calculated the wave function for one nu- 


is the experimental energy of the 


cleon, we had to choose a different method. As 
usual, we assumed that Ry = 1.3.* 

The determination of the energy levels of the 
excited states of the nucleon in a given potential 
reduces mathematically to finding the eigenvalues 
of the second order differential equation 


Ad Fa aR (r} h? ((L+ 14) 
2M r* dr [ dr | V+. E+ A 
i? Les dV 
ie Hlan= 


where R(r) is the radial part of the wave function. 

For neutrons with 1=0, Eq. (6) reduces to the 
hypergeometric equation. The eigenvalues E are 
determined by a certain transcendental equation. 

In the general case it is not possible to express 
the solutions to (6) through special functions. The 
eigenfunctions and eigenvalues must then be found 
by numerical integration. 

We chose the Runge-Kutta method for our calcu- 
lations.’ We used this method for the integration in 
the whole interval, except at r—0, where the po- 
tential is singular. Ordinary power expansions 
were used for the integration in the region r ~ 0. 
The eigenvalues were found in the following order. 
For a tentative energy value E the corresponding 
wave function was determined. If the function had 
k zeros in the interval (0 ++), after which it 
grew beyond all limits, then Ey, < E < Eyuy. 
Changing E gradually, we found the interval in 
which E lies. The error in E did not exceed 
0.03 Mev. The eigenfunctions were, at each point, 
determined with a relative accuracy € = 107°; 
they were computed up to values of r at which 
|R(r)| < 5x10 of the last extremum. 

By varying the potential parameters a, X, 
and V) we obtained a series of eigenvalues for 
each level with given n, l. If three or more levels 
are known in the nucleus under consideration, it is 
possible to find the optimal values for all three 
parameters, for which the eigenvalues give the 
best agreement with the experimental data. The 
calculations showed that the level energy Ep] 
depends linearly on A and Vy with good accuracy. 
We therefore list, in Table I, only the values of 
the derivatives 9E/9A, 9E/dV,) for each nucleus. 
To determine the dependence of Enj7 on @, we 
had to compute a sufficient number of points for 
the construction of the diagram (see, for example, 
Fig. 2). As a result of the interpolations, the ac- 
curacy of the calculations of the levels dropped to 
0.1 and possibly 0.2 Mev for the levels with large 


*If necessary, one can always convert the neutron levels to 
a different R, by making use of the relations (5). 
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TABLE I. Determination of the potential parameters 
from the experimental data on the energy levels* 


PBs 
¥ {OSM ads lea || Ss 
: OF OE 
a 39 39 39 28 A Py av, Fs 
Vo, Mev 41.8 41.8 41.8 41.8 
3p), == 1S. |-Ocout—== 6. Sal —veON| Ole —6.8 —0.62 0.02 
ope, Ve er pe ay ga Re On| ea ae eet 6 0.04 
3ps), 7.75|—7.75|—7 .80|—7 .6 0.2 —7.75 —0.66 | —0.04 
tis), 6.0 7 SS 8i4 6.5 1191) 8.48 | 270.75) 0.07 
Pye 9.4 9.6 9.9 9.3 | —0.2 —9.13 —0,.75 | —0.025 
207° 
s ea) Wel sey apes | aki 
'OE dE 
d 4h 47 47 33 A Fp =, Fat 
V,, Mev 54.1 54.1 54.4 34,1 
1 po LS es| —lono| toad —=lose AOOR ==03.05 —0.52 0,075 
Ads), 8.0 8.0 7,9|\—7.00 0.9 -- 8,03 | —0.44 | —0.06 
1p, 18.8|—19.4/—19.7|—19.0 0.4 —19.44 | —0.58 | —0.038 
Ne 
C--''OowO0OhrOroOOOO EEE 
4 1.00 13125 1.25 5 a Ra) 
| 
3 E ee _OE 
A 41 42 47 34 A b av, an 
Ve, Mev | 53.6 | 53.6 | 53.6 | 53.6 
1 pr), AS21021 AO 9 0.7 —10.2 —0.50 0.075 
1ds), 5.05 Aes) 4.9 44 0.5 — 4.9 —0.42 | —0.055 
1ps,, |—15,.8/—16.2/—16,5|—16 0.6 —16.53 | —0.60 | —0.038 
e2P bio 
ot 1.05 | 4.45 14 
OE 0E 
| 28 28 Gee 
r | 23 | Ee al = 
V,, Mev 42.6 | 42.6 42.6 
22° /p BER} 5) —3.9 —4,.1 —3,87 —0.66 —0,031 
2i m1), =D. Tiley 8 Alea a ee ee Oe 0.075 
3ds/, ey) — —2.2 | —2.34 |—0.53 | —0.011 
287) —1.7 —1.6 —1.4 —1.85 —0.53 0.042 
3ds/, —1.6 —1.5 ika72 —1.33 —0.46 0.015 


*The first three columns give the values of the level energies and 
the corresponding parameters. The fourth column for the elements 
Pb*°’, O'S, and N** gives the level energies computed with parameter 
values « and A, which are optimal for Pb*”’, O'’, and F'’, respec- 
tively. The fifth column gives the difference, A, between these ener- 
gies and the experimental values. The last three columns give Ey, 
the binding energy of the level,and JE/dA and dE/QV,, the partial 
derivatives of the energy with respect to the parameters \ and V,. 
The experimental decay schemes are shown in Fig. 1. 
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TABLE I (continued) 


20C ayy 
Sa EE ee ee eee 
x 4.05 1.45 1,23 
: 34 27 20 i oe ths 
Vy 0? 
Vo» Mev 49.3 49,6 50.0 
If), 8.9, —815, | —8.5 | —8.4 |---0.62 | —0,08 
2)%/, —6.5 =—6.5 =6.5 —6.45 —(0) 48 —0.016 
2/5 =4:3. | =4.5 | —4.7 030 0.028 
soXise 
es a a ee 
ct 4.125 4.25 1.40 
OE dE 
a 4: 40 38 E — 
3 0 38 b aVe an 
Ve, Mev 54,5 53.9 ee 
2P'/p —fy.83 iff —1 3 —7.3 =(Oe70 0.033 
1 go, = 6.4 —6.4 —6.4 —639 | —0.75 —0.09 
2P3/y —9.7 —9.5 —9.4 aah fe) || 0). 7/5) —0.017 
HoGis 
a 4.05 4.45 4.25 
OE dE 
Eas 
a 36 28 24 b ay, a 
Vo, Mev 56,4 56,6 56.8 
Ifa), —9.5 —9.5 —9.5 — 95 —0.68 —0.09 
2p =e e=On4 ah a (643 ) Os —0.023 
Af, ai 99 BA AT = 0,58 0.43 
ssBitzg 
x 1.0 4,15 4.25 
dE dE 
r 18,5 26 28 =i oe a 
Vo, Mev 57.8 56.9 56.4 
1h), SVN || = 0) ||, eel |e Re Ole Tee 0,075 
Dri, Pl 7) foul aot EY). || OSI =O085 
205" 
ee aD 
a 1.00 4.125 4.25 
OE GE 
x 45 35 26 Ep aVs ine 
V,, Mev 43.0 4h.2 45.0) 
1ds), ih Th | I AVA || IAA SEAGER EZAG) —0.0625 
251), [ —3.27 —3.27 321 | 3.27 —0.36 0 
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FIG. 1. Nuclear Decay Schemes (cf. Table I). 


l. We therefore determined the optimal choice of 
potential parameters for each nucleus separately. 


RESULTS OF THE CALCULATIONS 


g2Pb#9?. The spectrum of Pb?” may serve as 
an example for a single particle neutron excitation. 
The levels of Pb?°? were investigated in the reac- 
tion (d, p).® The level ordering found is in agree- 
ment with the shell model. The magnitude of the 
spin-orbit splitting conforms to the semi-empirical 
formula of Leventov.’ Five levels were computed. 
The final results are listed in Table I. The best 
agreement with the experimental data is obtained 
for @=1.15, A= 28, V)=42.6 Mev. The devia- 
tion of the last level by 0.3 Mev may prove to be 
fictitious, as the position of this level is not known 
exactly. Even if the level energy is confirmed, one 
should keep in mind that possible deviations from 
the single particle character of the excitation may 
show up more strongly for such a high level. 
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FIG. 2. Dependence of the level energy on the . 
surface thickness 5 =(2/a)In g/a. (a) Levels of 
0*7: 2sy and 1ds,,(b) levels of Ca": 1fy,, 2ps,, 
2py. V5 = 42:8) Mev =14 250 Ro leo eee 


ggPbie!. The spectrum of Pb?” (reference 6) 
may serve as an example for a neutron “hole” ex- 
citation. The excited levels are the result of the 
transition of a neutron from a filled lower level 
to the ground level, which earlier contained one 
neutron. The energy of such an excited state will 
be given by the energy difference between the 
ground state and the lower level from which the 
neutron made its transition. With the experimental 
energies and spins of the excited and ground states 
it is possible to determine the energies and spins 
of the filled states. We must, however, assume 
that the binding energies of nucleon pairs is the 
same for all levels. Below we shall return to the 
question of a possible discrepancy in the pair en- 
ergy and make estimates for it. The three best 
choices for the parameters are listed in Table I. 
For the first and second choice the level 1 i,3/. 
should lie considerably higher. For the third set 
of parameters the first four levels agree well with 
experiment; only the last level, 2 fr/2, lies below 
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the experimental value by 0.8 Mev. As in the case 
of Pb? the discrepancy in the last level may be 
explained by a deviation from the single particle 
state. 

29Ca3}. In contrast to the other nuclei with a 
single nucleon above the closed shells, Ca‘! has 
a large group of levels following after the first 
excited level 2 P3/2 (references 8,9). The spins 
and measured capture cross sections of these lev- 
els indicate that they cannot be single particle 
levels, with the exception, perhaps, of the level 
E = 3.95 Mev, which may be identified with the 
2 pif, level. Using these three levels for the de- 
termination of the parameters, we obtain a =1.15, 
AX =27, and V) =49.6 (see Table I). If the level 
E = 2.47 Mev is taken to be the 2 pif state, we 
obtain the absurd value A~ 5. The value of Vo 
for Ca‘! is remarkably high: it is larger than in 
the Pb?" case by 7 Mev. For an explanation we 
consider the levels of Ca*®. Since 28 neutrons 
also form a shell (which, however, is less tight 
than the 20-neutron shell), one may expect that 
the levels of Ca**® are single particle levels. Two 
levels of Ca‘® are known: the ground level with 
the neutron binding energy ~5 Mev and an ex- 
cited level 2 Mev above the former. Using these 
data and setting @=1.15, we obtain for the two 
other parameters the values V) = 43.4 Mev and 
A = 22. Since the number of neutrons per proton 
is higher in Ca*® than in Ca‘!, there is reason 
for the assumption that the depth of the neutron 
potential depends on the relative number of pro- 
tons in the nucleus. 

3038". The nucleus O*” has only two single par- 
ticle levels, lds” and 2s;,. The third level 
(—#) cannot be a single particle level, even if it 
would correspond to a hole. From the two levels 
we find V) = 44.5 and A =33, with a chosen to 
be @=1.15. 

301°. The first three levels were used for the 
determination of the parameters. The levels were 
identified on the basis of references 8 and 9. We 
found @ =1.15, 7 =47, and Vp = 54.1 Mev. 

We now turn to the analysis of the single par- 
ticle proton levels. 

3331792 (see Table I). The first two levels are 
lhgf and 2f,4. The spins and the parities of the 
following levels are not exactly known. Therefore 
only the first two levels were used for the deter- 
mination of the potential parameters. Taking a@ = 
1.15, we found } = 25, V)=56.9. A larger value 
for Vo results if the Coulomb potential is taken 
into account, which has a height of about 15 Mev 
for Bi2®, With the above-mentioned parameters 
the energy of the level 2 f5/2 can be computed; it 


is found to be 3 Mev (the levels E=1.65 and 

EK =1.9 Mev should rather correspond to 1 i13/2 
and 3 P3/2). It is very important to obtain more 
detailed information on the levels of Bi?", before 
any conclusive statements can be made about the 
potential or even the single particle character of 
the levels themselves. We recall that the quadru- 
pole moment, which is twice as large as in the 
single particle case, can be consistently explained 
by the weak polarization of the core. The anoma- 
lous magnetic moment can, however, not be inter- 
preted in this fashion, which casts some doubt on 
the pure single particle character of even the 
ground level. 

allie, The ground level is 3 sj, the excited 
level, representing a hole, is 2 d3/2. The binding 
energy has not been measured exactly. The opti- 
mal parameters, for @=1.375, are 7’ =38 and 
Vo = 55.8 Mev. 

918c43. As in the case of Ca**®, we may assume 
that the 28 neutrons form a closed shell and that 
the levels of Sc*® are possibly single particle lev- 
els. The first two levels are known to be 1 fr, 
and 2p3/2. The spins of the other two levels are 
not known exactly. From the two levels we ob- 
tained the parameters Vp) =56.6 and A = 29. 

The third level, 1 f5/23 will then have the binding 
energy Ep = 4.7 Mev, which almost coincides with 
the excited level E =4.7 Mev (*, %). 

915059. This nucleus is radioactive. The binding 
energy of the proton is small (1.62 Mev). The 
great number of relatively close lying levels points 
to their non-single particle character. If one can 
speak of a single-particle level at all, it is only of 
the ground level. The ground level has led only to 
the determination of the depth Vp) = 49 Mev. 

9F}". Only the two bound states 1 ds /2 and 
2 Si/2 were taken into account. Taking q@=1.15, 
we obtained = 34 and Vy = 53.6 Mev. 

7N}>. In analogy to the case of O!, we obtained 
the optimal values for all three parameters from 
the first three levels: @=1.25, A =44, Vp = 53.6 
Mev. 

To investigate the proton shell “40”, we scanned 
the levels of the nuclei Bavegs AS ap Zier and 
a Nbi. The ground and first excited levels of Vie 
led to reasonable parameters for the potential 
(with a =1.40): A =38, Vp =53.2 Mev. The next 
excited level, however, does not fit in any more. 
All excited levels of Nb”!, Zr? , and Zr®! must 
be assumed to have lost their single-particle char- 
acter. Otherwise anomalous parameters would be 
obtained (for example, A ~ 60). 

Considering only the ground states to be single 
particle states and fixing q@ and A, we obtain 
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TABLE II. Optimal parameters 
a, A of the potential V(r) 


TABLE III. Depth of the potential Vo 


Li) AA SLIV and BoA VO RCE Ok 


Nucleus with an odd neutron Nucleus with an odd proton 
for which the energies of the ee ee i oe Wo ac- 
ground and low excited single Element} AZ | colated eae Element AN c culated | 4° (8) 
particle levels coincide with 
the experimental values oe | 2.0] 544 54.6 || ,nis 1.0 2.7 | 53.6 | 52.0 
Aor 0 44.6 44 Bo 1.0 3.6 43.4 42.9 
De eee Nucleus with a “hole” 20Ca7 2.2 49.6 48.3 21835 2.6 6.0 56.6 99.3 
| ze 28 Une 9 AG.04 ewe —0'2 9,4 53.2 53,2 
% ae : 10275) 0.6] 46,2 44.5 aXe = 76 9.8 53.6 52 : 
7 fit5la3} ots 4.95 | ac mP bin —0,8| 41.8 ae us THag 2.8 14.9 55,8 oe 
oF” |ttsla4| cot? | ais | 47 wPbiz7 | 2,2 | 42.6 43,2 Bin: 0.2 15.3 56.9 59, 
41 - 89 < 
oe ts . Sak oe - assumed that the pair binding enetey. is the same 
poCage 14 145)22) © ryt? 14 1875] 38 for different levels. In reality this is, of course, 
aaSeyy 015128) pie?) 4, 39 not the case, and the discrepancies can therefore 
a Zreg eft 21527 be viewed as a criterion for the validity of this 
aiNbso [1.15/27 assumption. In the cases of O! and N? the dif- 
saPbi27 |! , 15/28 ference in the pair binding energy for different 
esBitag |!.15)25 levels, A, is greater than or equal to ~0.6 Mev. 
This increase was to be expected, for the pair en- 
Nb: V, = 53.6; Zr%:V,= 46.2: Zr8°:V, = 43.2. ergy, as well as the fluctuations in it, is larger for 


With all these data, 40 nucleons do not form a 
shell, but a subshell, which is sufficiently tight 
only for the ground state of the odd nucleon. 


DISCUSSION OF THE RESULTS OF THE CALCU- 
LATION OF THE NUCLEAR POTENTIAL 
PARAMETERS 


In Table II we collect the results of the compu- 
tation of the parameters a and A for nuclei with 
closed shells plus or minus a single nucleon. We 
call attention to the fact that these parameters re- 
main constant for the elements from O! to Ph2%. 
The average value of a is 1.15, the average value 
of A is 28. The somewhat larger fluctuations of A 
are, in part, due to the fact that we fixed a ina 
number of cases, so that > also includes any pos- 
sible fluctuations in a. Consequently, the observed 
deviations of @ and A from the average do not 
exceed 10%. 

The foregoing refers to nuclei with one extra 
nucleon. For nuclei with one missing nucleon, we 
have, on the average, a =1.4 and A} =40. To in- 
vestigate the reasons for the increase in the values 
of the parameters, we computed the energies of the 
hole levels, say for Pb?”, using the values of @ 
and A taken from Pb??? (cf. the fifth column in 
Table I). The resulting deviations of the calcu- 
lated levels from the experimental ones do not 
exceed 0.2 Mev, where the deviations go in both 
directions. An exception is the level 1 it3/2, for 
which the discrepancy reaches 2 Mev. We recall 
that, in the calculation of the hole levels, we have 


light nuclei than for heavy nuclei. 

We may thus consider the parameters a and 
A to be identical for all nuclei, with the values 
@=1.15 and A = 28, whereas the observed dis- 
crepancies for the hole levels are to be regarded 
as a numerical measure of the difference in the 
pair energies at different levels. 

For the depth of the potential, Vo, the picture 
is more complicated. In Table III we list the re- 
sults of the calculation of V) for 16 nuclei. First 
of all, we note the approximate equality of V) for 
oO!) FM and Pb? For O! and N!, on the 
other hand, the potential increases by ~10 Mev, 
and for Ca‘!, by 6 Mev. This increase in Vo can- 
not possibly be explained by a variation in the ra- 
dius, for then one would have to set Ry © 1.0 in- 
stead of Ry = 1.3, for the case of O'. Better 
founded is the assumption that the neutron potential 
depends on the relative number of protons, and the 
proton potential depends on the relative number of 
neutrons in the nucleus. The depth of the potential 
is the same for all those nuclei in which the num- 
ber of neutrons and the number of protons are in 
statistical equilibrium. These nuclei lie on the 
stability curve, which may be obtained from the 
semi-empirical mass formula! by setting 
(8M/9Z)a = 0: 


A = 2Z + 0.0146 A¥Z. (7) 


The values of N and Z for the nuclei on the sta- 
bility curve correspond to the stable neutron and 
proton numbers. We denote them by Ngt and Zgt. 

A deviation of N or Z from their stable values 
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leads to a change in the depth of the potential Vo. 
The following semi-empirical formula may be 
written down for Vo: 


Vee eco layA) (ZZ). (8) 


The proton potential will be deeper than the neu- 
tron potential by the Coulomb energy: 


V5 Vg eae A) (Ni No) + Kos (8a) 


In Table III we list the values of AZ = Z— Zst 
and AN = N—Ngz obtained with formula (7). The 
experimental values of AZ and AN were used 
only for the lightest nuclei, A=15 and A =17, 
since it is known that (7) yields incorrect values 
for these nuclei. In the fourth and last columns 
of Table III we list the values of V) computed 
from (8) and (8a), with vstab = 44 Mev and a= 
80 Mev for both Vf and VP. The agreement 
between the two values for Vy is better for neu- 
trons. The value of Vg entering into the proton 
potential was taken to be the value of the Coulomb 
energy of the last proton at the nuclear boundary 
r=fy. To obtain Vy—Ve = 44 Mev (with Vp) from 
(8a)) for Bi2°°, as it should be, the value of Ve 
must be lowered by 3 Mev. On the other hand, we 
obtain a somewhat larger value for the average 
Coulomb energy, if we use the wave functions ob- 

tained for the ground state of Bi?, As mentioned 
earlier, we did not treat the Coulomb energy in an 
entirely accurate way. Furthermore, it is not quite 
clear how one should properly compute the Coulomb 
energy from Vo. Despite these inaccuracies in Ve, 
formula (8a) gives satisfactory agreement within 
4%. 

The value a= 80 Mev indicates that each nu- 
cleon of a different kind above or below the stable 
number gives a contribution of (80/A) Mev to the 
potential. This is twice as large as the average 
value for one nucleon (44/A). This result is not 
surprising, since the nucleons interact with each 
other mainly over small distances, and the number 
of interacting states for nucleons of different kind 
is, on account of the Pauli principle, twice as large. 

The second term in (7) indicates the excess of 
neutrons necessary for the compensation of the 
Coulomb potential in the nucleus with Z protons. 
The neutron excess is equal to the ratio Ve /(a/A). 
Taking Vo = (Z-—1)e*/ry and a= 80 Mev, we ob- 
tain Vo/(a/A) © 0.014A73(Z—1), which is in 
good agreement with the semi-empirical formula 
(7). 

This analysis of the nuclear potential supports 
the hypothesis of the charge independence of nu- 
clear forces. 


TABLE IV. Depth of the neu- 
tron potential V,) for the 
isotopes of Ca 


Vo, ** 
Veo ac- 
AZ YO» . 

ere calculated | cording 

to (8) 
20C ay ne 49.6 48.3 
20893 0.6 46.6 45.4 
Car —1.2 45.0 41.8 
PACERS =o 42.5 38.9 
BCA —4.6 42.5 36.5 


*Computed with the experimental 

binding energies of the last neutron. 

**The depths Vo, calculated with 
formula (8). 


Another point deserves attention. The depth of 
the potential for Pb?°" was calculated to be less 
than for Pb*", despite the fact that Pb?" lies 
closer to the equilibrium isotope Pb?". The rea- 
son for this is to be sought in the difference be- 
tween the experimental binding energy and the 
depth of the ground level of the odd nucleon. Usu- 
ally these two quantities are equal. However, the 
binding energy also contains part of the energy of 
the other nucleons, which is given off as a result 
of the removal of the particle. In particular, the 
contraction of the nuclear radius (AIB—(A —1 y/3) 
leads to a raising of the levels of all other nucleons. 
The energy contributed by the other nucleons will be 
larger for the nucleus Pp?" which has an unfilled 
neutron shell, than for the nucleus Pb2°, which has 
a tight core. 

We have determined the effective potential for 
one-nucleon motions in the nucleus. However, if 
the nucleus contains several nucleons above the 
closed shells, the last nucleon will not be in a 
single-particle state, owing to the remaining in- 
teractions. This is clearly evident from the cal- 
culation of Vy for the ground state of the isotopes 
of Ca. As the number of nucleons above the shell 
increases, the potential deviates more and more 
from the single particle potential of formula (8) in 
that it becomes deeper (cf. Table IV). 


THE NUCLEON WAVE FUNCTIONS 


In this section we consider the nucleon wave 
functions calculated with the average nuclear po- 
tential. These functions are expanded into a series 
in terms of spherical oscillator functions, in order 
to simplify the further computations. The wave 
equation for the wave functions with an average 
diffuse proton potential has the form 
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FIG. 5. Normalized function for the 3ds, level of Pb?” 
| (curve 1; « = 1.15 x 10** cm”, A = 28, Vo = 42.6 Mev, 
R, = 1.3) and normalized oscillator function ©3(u/u,) for 
Y) il 2 3a 4 5 6 7 Gu two values of u, (curve 2: u, = 2, curve 3: wu = 2.32). 


FIG. 3. Normalized neutron function for the 1py level of 
O* (curve with points; « = 1x 10'* cm™, A = 25, V, = 43.8 
Mev, R, = 1.3) and normalized oscillator function 0}(u/u,) ¥ aD, 
(u, = 1.5). ef 2) exp [—1/2 (w/t) V2 )?] (w/t) V2 ) itile ( u Y] 


For neutrons, Vg = 0. 
The normalized oscillator functions are 


ik 


(48V2 PF (n) TP (n+ 1 4 4/2)] De uyV2 
4 tue dR! (u)) adler ai R L(1+1) oo ; 
2M u? d d <3 : 2M 2 DRE SIs ey fy eee 
ral ae |b : Sat(S) ot) ett =i 
h 21s dV o 
itd hatin 9) Giese 
2Mec/ u du n=1,2,3...; t=aVh/2Mo. (11) 


where 
ns Ie LP (x) is the Laguerre polynomial, which sat- 
V=—ViAl +e), a = ar; sips epee ; 
isfies the relation 
= bias Nl eee aes IOS Xeronle qd? 
| 09 i el EY (oe a c= (12) 
For the protons we have dx" 
es ie SAE CAI are MORI B hw is the Paneer we peer levels. 
Nae 2 iend for u >> b. (10) The normalized solution, R’ (u), of Eq. (1), cor- 
responding to the momentum 7 and k zeros in 


@ the interval (0 <u< ©), is expanded in terms of 
oa the corresponding functions of (u/Ug): 
amr Rie rere Nia, (13a) 
on \ _ r=L 
ot Cones \ R# (u) Ob (u/up) u2 du, (13b) 
rie C “ 2 
a 2) [R! (u)}2urdu = >' C2. (13c) 


0 n=1 


The system of functions (11) is complete for arbi- 
WA trary finite ug, but the convergence properties of 
— the series (13) depend on the choice of Ug. We 
chose ug such as to make the contribution of the 
function of (u/uy) (which has k zeroes) to 


) 


ot ae 1 4 tt ° . . 
med cn ge ee ° Gar, hu the normalization integral (13c) maximal. This 
FIG. 4. Normalized neutron function for the lis, level of aca graphically, that We SUpeCL pose Bs first 
Pb®” (curve with points; « = 1.15 x 10 cm“, = 28, Vy = maxima of the functions R°(u) and Ohay (u/u). 
42.6 Mev, R, = 1.3) and normalized oscillator function @°(u/u,) In this way the optimal scale will be different 


(i) =2). for different levels of the same nucleus. In Figs. 
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TABLE V. Dependence of the expansion coeffi- 

cients Cj of the normalized neutron function for 

the 1 py/, level of O' on the scale ug (param- 

eter values: @ = 1.00, A = 25, Vy = 43.9; energy 
EK = —9.4) 


Ss SFO OQ QOONoxe) 
SOOO oOo o o'\o' O 
e see NN 

i) 

fo) 


Cs —0,0067 

C: 0.0020 335 
Ge —0.0016 ; 350 
c: —0,0002 0.0024 355 
Cis 0.0005 0.0009 365 
Oe —0,0005 | —0,0002 370 


3 and 4 we plot the functions corresponding to the 
levels 1 pyjp (0) and lijyy (Pd), as cal- 
culated on the “Strela” computer, and the corre- 
sponding oscillator functions. The approximation 
turns out to be satisfactory. A slight change in 
Ug would result in even better agreement. The 
vertical mark on the abscissa indicates the nuclear 
boundary rp» in the given scale. Figure 5 shows 
the curve for 3 ds, (Pb?°%), as computed on the 
machine, and the oscillator function for two values 
of uy. Here the agreement is already worse, es- 
pecially in the “tail.” This indicates that, inde- 
pendently of the choice of uy, one cannot restrict 
oneself to only a single term in the expansion of 
functions R/ (u) with several zeros according 
to formula (13a). 

Table V shows the dependence of the coefficients 
C4 on up for the 1 Pi/2 level of 0%. 


CONCLUSIONS 


The above calculations of the ground and low ex- 
cited levels of 16 nuclei with doubly closed shells 
plus or minus one nucleon show that: 

1. The average nuclear potential of the form (1) 
with the appropriate choice of parameters gives 
the correct level ordering, and, with good accuracy, 
the correct spacing. 

2. The parameters a and A, which determine 
the diffuseness of the boundary of the potential and 
the magnitude of the spin-orbit interaction, are ap- 
proximately equal for all nuclei. This result is in 
agreement with the known data on the scattering of 
fast electrons from nuclei with spin-orbit splitting 
of the levels. 

3. The depth of the potential, Vo, is the same 
for all nuclei lying on the stability curve. It is 
equal to ~44 Mev. For the other nuclei, Vo is 


determined by formulas (8) and (8a). 

4. The presence of several nucleons above 
closed shells leads to an increase in the depth of 
the potential over that given by (8) and (8a), owing 
to the residual interaction between the nucleons. 

5. The investigation of the properties of nuclei 
with a proton shell Z = 40 shows that the excited 
levels of these nuclei are not single particle levels. 
This indicates that the shell “40” is less tight than 
the shells “20”, “50”, and others. 

6. The wave function of the last odd nucleon is 
close to the corresponding oscillator function only 
in the first quantum states (1p, 1i, and similar 
levels). For these, a good approximation can be 
obtained with an appropriate choice of the scale 
ug. Wave functions with several zeros (2p, 3p, 
and similar levels) cannot be satisfactorily ap- 
proximated by a single oscillator function. 
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The renormalization of the vertex part in pseudoscalar meson theory is investigated with 
the aid of the spectral representations of the vacuum average of the T-product of three 
Heisenberg operators proposed by Schwinger! and by Gribov. 


2 The problem of the magni- 


tude of the renormalization constants is discussed. An expression for Z, in terms of the 
spectral functions is obtained and the relation between these spectral functions and the 
spectral functions in the Kallen-Lehmann representations for single particle Green’s 


functions is established. 


li The spectral representations for the Green’s 


functions proposed by Schwinger! and by the author? 


contain a number of the essential properties of 
these functions in a simple and clear form, and 
therefore they may turn out to be useful both for 
establishing different kinds of dispersion relations 
and for the further study of the structure of con- 
temporary theory. In spite of the fact that the 
derivation of these representations based only on 
the conditions of causality and on the structure of 
the spectrum of the system has met with serious 
objections (Kallen), the fact that they are valid 
in the case of perturbation theory suggests that 
they are.actually correct (a more detailed dis- 
cussion of this point will be given in a subsequent 
paper). However, it remains unclear as to what 
particular requirement must be imposed in order 
to limit the class of possible representations. One 
such requirement might be the requirement of re- 
normalizability of the theory. In this paper it is 
shown that the representations referred to above 
satisfy these requirements. 

With the aid of these representations it is pos- 
sible to discuss in a simple way the problem of 
the magnitude of the renormalization constants, 
to obtain an expression for the constant Z, in 
terms of the spectral functions, and to establish 
the relation of these spectral functions with the 
spectral functions in the Kallen-Lehmann repre- 
sentation for the single particle Green’s functions. 

2. We start from the following relation which 
is obtained by simple differentiation taking into 
account the renormalized field equations and the 
commutation relations: 
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Chee m) (C — p?) 
x0 | TY(x1) $2 (¥2) $ (%2) | 0D lias a -— mi) 
= € 0 | Tu (x1) je (Xe) u (Xs) |0 7 + gZ,Zy Zy 1 45 8 (x1 — Xe) 
x CO] TY (x1) (x2) | 07 (1 se —m) 
— gZ,Zy Ze (1,0/0%, + m). 


% 0|T (xa) (xs) 10.7 2275 8 (05 — xs) 
+ gZ,Z,° st tal 2—p?) €0|T 9, (1) ¢ i(X2) | 0 7 


— 2ig {3ti 21Zo? 218 (xy — Xe) 8 (x2 — xy); 
U(x) = (yn 0/Ox, + m)$(x); — je(x) = (TO — vw?) (x). (DD 


In the momentum representation this relation 
has the form: 


ig (iby + m) G (pr) «Ts (Pa, &, Bs) 
X G (ps) (iPs + m) (Rk? + p) A (Rk?) = Ti (i, k, ds) 
+ ig Z,Zy% Zs 4577 G (Ps) (¢Ps + m) + ig Z,Z.4 2,1 
x (br +m) G (bi) 5 t+ ig ZiZo? 5 2 (R® + py?) A (k?) 
== 2i Oil Le Let ates Pr tk—p;=0; (2) 


G(pf) and A(k?) are the renormalized Green’s 
functions; T (p,, ky, f3) is the Fourier compo- 
nent of the vacuum average of the T-product of 

the operators u(x;) jj (x,)U(x3). In reference2 | 
the following expression was obtained for this 
quantity 
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T; (P1, k, Ps) 


oo i tel 
= in 7\ dx? dx? drs? \\\ dee dB dy 8 («+ 8+ 4—1) 
0 000 


x i (1, %0%5) + (y Pat ape) fr Get, %55 §) + B (Px + Ps)fo (x2, %2, x2) 
pi By + Ray + praB + ax? + Bx2+ yx? — ie 

(B/2i) (Pi, Ps} fs «2, x2, »2) 

py By + Ray + p; a8 + axt + Bx? + yx? — ie iG 


(3) 


Here a small change in notation has been intro- 
duced, and an error made in reference 2 has been 
corrected. fj (x?, «3, «%) are real functions sym- 
metric with respect to an interchange of Ki and 
Ke, equal to zero if ky +Kap<mt+p or Ky t+k3< 
mt+wu, or ky+k3< 3p. The integral over xj, K, 
and Ka in (3) may be either convergent or diverg- 
ent depending on whether the combinations of the 
renormalization constants appearing in (2) are 
finite or infinite, but the functions fj ( Ki, Kg, Ka) 
are necessarily finite. This follows from the fact 
that (cf. reference 2) they are simply related to 
the Fourier-component pyjy (1, bs) of the unor- 
dered product of the operators u(x;), jj (X2), 
u(x3). The latter differs from the Fourier com- 
ponent Pypd (P1 D3) of the average product of the 
operators ~(x;,), Pj (X2), ~(x3), which is finite, 
only by the factor 


0,75 (Pis Ps) 
= (i pi + m) Peed (Pi, Ps) (iPs + m)[(P1— ps)? + w?). (4) 


If the normalizing constants are finite then the 
integral (3) must be convergent. From its con- 
vergence it follows (cf. the analogous discussion 
in reference 3) that, for example, for p, = im, 
py=im and k?—~o, Tj(im, k’, im)—0. We 
- then obtain under the conditions stated above 


T,(im, #2, im) 5 Z,Z.7} (2 — Z.7). (5) 


Having this asymptotic expression for I, itis 
easy to show by utilizing the Kallen-Lehmann ex- 
pression for Z3;', that Z3!—- ©. This represents 
the substance of Killen’s proof? that one of the re- 
normalization constants is infinite. We shall not 
discuss the special case Za = 2. (cf. reference 3). 

If the renormalization constants themselves are 
infinite, but their combinations appearing in (2) are 
finite, then, since in this case A (k*) falls off 
slower than 1/k?, we can neglect all the terms in 
(2) with the exception of the penultimate one, and 
obtain: 


Tl; (im, k®, im)—%5 21 22? (6) 


and, similarly, 


V5 (Pr — ve, im) 75 2,221 2,7. (6a) 
But, as has been shown by Lehmann, Symanzik, 
and Zimmerman,’ in a consistent theory 

I; (im, k*?, im) —0, [5($, —w?, im) —0 and, 
consequently, Z,Z,2=0, Z,Z,'Z3/=0. But in 
this case those terms of the field equations which 
describe the interaction are equal to zero. There- 
fore, such a case is not very probable. On the 
other hand that case is most probable when the 
combinations of the constants appearing in (2) are 
infinite. In this case the integral (3) must diverge, 
and it is necessary to obtain a finite expression 
for the vertex part. To do this we first determine 
the constant Z, in terms of the functions 

f; (xi, «3, x2). We define Z, by the condition 


DP, (im, —p?, im) = 45. (7) 


This condition corresponds to the determination of 
the coupling constant by means of the dispersion 
relations. The fact that the conditions p, = p; = im, 
k? = —y? cannot be satisfied for real momenta does 
not lead to any difficulties since we have an explic- 
itly analytic expression for Tj (D4, k?, ore 

It follows from (7) that 


T;(im, —p?, im) 
= ig iG Tv; [1 SS 22; Jago’ Le aoe bg Jb. + We Lat Jb \\. (8) 


By utilizing this relation we can write the right 
hand side of (2) in the form: 


Tiliy R®, fis) + ig Z,Z_1Z3 1y5t[(ipr + m)G (fi) — 1) 
ig Z,Z,4Z54|G(ps) (ips + m) — 1) ¥5% 
+ ig Z, 2," 45%; [(k? -- uw?) A (Rk?) — 1] + ig ys. 
Tolpis isa Ps) = T:(P1, re Ps) cata T; (im, =e, im). (9) 


However, Tj is not yet, generally speaking, a 
convergent expression, since the subtraction of 
Tj (im, SS im) does not yet regularize even 
the first term in the integral of (3). Indeed, let us 
consider this first term in Tj, which contains the 
function fy (K?, K3, x8). It has the form: 


dud di dit fy (2, x9, 22) \ de dB dy 


1? 
S(a +B +7 —1) [aB (p3 + m2) + ay (4 + v2) + By (pp + m’)] 
[aBps Byp? | ayk? | x] [ ayy? a Brym? ae *2] 


° WeY re Bx2 + 2 
x I Sols La el 


aBm? 


(10) 


At first sight it might appear that the integral (10) 
cannot be divergent, since if the integral diverges 
then only large values of «i, «Ke and Kz are of 
importance in it, and the terms containing Di; ps, 
and k2 in the denominator may be neglected. Then 
the infinite part of this integral must be of the form 


A, (p? + m?) + As (k? +p) + As (p3+m*), (11) 
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where A;, Ay, and A3 are infinite. But these 
terms could not cancel against other infinite terms 
in (9) since A(k*), G(p;,), and G(p3) fall off 
for large momenta. However, this conclusion is 
not correct since, for example, for large values 
of «3 in the integral over 6 the region of small 
8 ~ 1/3 is important. In this region the denomi- 
nators are not large. But the size of the region is 
of order 1/K, so that the whole integral over 6 
behaves like 1/x} for large values of Ket is 
also important that for 8 ~ 1/x? the integrand in 
(10) becomes dependent only on the momentum kK 
However, from these arguments it follows that 
the divergence of the integral (10) may be due only 
to regions of correspondingly small 8, a, and y 
and that in order to regularize it, it is sufficient to 
subtract from the integrand its limiting values in 
these regions, viz. to subtract from the integrand 
the expression 


ap (p5 + m?) 
(aBp8 + x?) (— adm? + 22) 


+ 2 2 
0 . Ra i (12) 
(Bypy + %*) (— Bym? + x?) 


ay (k° + »?) 
(ayk* + x?) (— ayy? + x?) 


+ 


After this subtraction the integral (10) will be con- 
vergent, and it now remains only to discuss the di- 
vergences produced by the integration of expression 
(12). Since each of the terms of (12) depends on 
only one of the momenta there exists a possibility 
for its infinite parts to cancel against the infinite 
parts contained in the remaining terms of (9). 

If we believe in the renormalizability of the 
theory, then we must conclude that such a cancella- 
tion does indeed take place. In principie we could 
terminate at this point our investigation of the rep- 
resentation (10), since after subtraction we obtain 
a representation of the contribution to the vertex 
part made by fp (a Ka, Ka) in the form of a con- 
vergent integral, plus finite terms which have the 
same analytic properties as the original integral. 
However, it is of interest to establish the require- 
ments which are imposed on the function 
fo Ce Ka, Ka) by the condition of renormalizability. 

8. We consider the second term in (12) and 
carry out the integration over 6 and y. We ob- 
tain 


eae! P da 
\ du de? di fy (2, 32, ¥2) \ (ho) 2 (1 —a) + ea 
* jn 


+terms of order x>‘*]n “| : 


wia+x5(1—a)+a(1—a) ke 


e a+ x5 (1— a)—a (i — a) p? 


(13) 
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This integral diverges when the eg over 
k% is carried out. This means that fy (x2, KB, KB) 
does not fall off sufficiently rapidly as KS — 2, 
However, it cannot increase faster than «24, where 
q <1, since in this case the integral (10) would di- 
verge when the integration over Ke is carried out 
not only for small values of 8, and this would con- 
tradict the previous conclusions. 

For ee sake of simplicity we consider the case 
fi (koko: K3) > Po (Ki, K3) as KR—o, Itis sim- 
ple to make generalizations to other posse casen 
We consider that the integral containing fy (k?, KS, Ka) 
— Po (x?, «%) in place of fy (K3, KB, Ka) converges. 
Then after integrating over fee and after introduc- 
ing the cut-off limit A, we shall obtain for the di- 


vergent part (13) the following expression: 
\ dx® \ dx2 ®o G2; x2) 


ax? + (1 — a) x2 + eae) Se ot 
#4 (1—a)x§—a (1—a) p? 


a dx. (14) 


2 
3 


In order that the infinite part of (14) should cancel 
against the fourth term in (9), it is necessary to 
have 


’ 1 
| de dud gg (va, x8) | d 
0 


axi + (1— a) x2 + a(t — a) h? 
n ; s 
ax? + (1—a)x8—a(1—a) p? 


= C [(k? + yu?) A(R) — 1), (15) 


where C is a finite constant. 

In order that (15) should hold it is necessary, 
first, that its left hand side should increase slower 
than the first power of k?. If 9 (ian Ka) is such 
that this holds, then by equating the imaginary parts 
on the right and on the left hand sides we easily ob- 
tain the relation between the function @ (kj, K%) 
and the function k (0?) in the Kallen- Lehmann 
representation for A(k*). I 


co 
o (x?) dx? 


a \\ ee 
A(t) ee 


t | 
eps 
2 


Ou 
then after integration over @ we get from (15) 


C (2 — 2) 6 (2) 


4 
= \ dx? du? 3 (x — xy — x3) S (x, %1, %3) Gy (x2, x2), (16) 
where 
S (x, *1) %3) 
= [(« ty Xs) (x — x, + %3) (x + x, %g) (x t xy %)|V/2, 


3(x) = 1 for x>0 and %(x)=0 for «<0. (17) 
We note that formula (16) is self consistent in the 
sense that in virtue of the condition fo (K3, KB, Ka) 
= 0 for ki +Kk3< 3p the right hand side differs 
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from zero only for x? > 9,2. 


To obtain a similar relation between f; ( Ki, Ka, Ka) 


and the spectral functions in the representation for 
G(p) itis necessary to investigate the remaining 
terms in (8) containing f;, f,, and f,;. These 
terms cannot give a contribution to (16) since they 
depend on the Dirac matrices, but they can give a 
contribution to the relation for G(). 

Actually it is easy to see, by taking into account 
the fact that each of the infinite terms in (9) depends 
on only one of the momenta and increases slower 
than p;, ps, and k’, that the integrals containing 
f, and f; cannot diverge at all, while the integral 
containing f, can diverge only as a result of inte- 
gration over KG, or over ae We write out the con- 
tribution to Ti (,, k?, 3) of the terms containing 
f; in a more detailed manner. It has the form: 


|) deg bg es Fs (2, 2, 28) 


da dB dy 8(a+8 + y—1) 

ar + ayk? + Bypt + x?) (— a8m? — ayp? — Bym? + x?) 
frp + m)+ (i Py +-m)] 2+ m (4-7) (aBp? + exh? + Brp®) 
— (aBm? + oyu? + Bym?) (inp, + ixp)}. (18) 


2 


Owing to the presence of x* in the numerator 


¥5(1—v) + Bx + pp yl1—y) 


the regions of small values of a, y and of the 
values of a, y of order of magnitude of unity give 
contributions, generally speaking, of the same order 
of magnitude to the divergent part of Ti (,, k’, 63). 
However, the contribution from the region in which 
a, y are of the order of magnitude of unity behaves 
for large f; or 3 as the first power of , or fs, 
and consequently cannot cancel against the remain- 
ing terms of (9) due to the falling off of G(p) for 
large values of p. Therefore the function 

f, (x7, «3, «%) must have such properties that the 
contribution of this region to the divergent part will 
be equal to zero. If again we make the simplest as- 
sumption that as K{— © fy(Kx?, K%, K%) > @o(K} KR). 
while f,(«?, «3, K3) — o,(«3, «%), then the diverg- 
ent part of Ti (Di; ka D3) which must cancel the 
second term in (9) may be written in the form 


(ip, + m) \ dx? dvs dea \ 7 da d3 dyi (a +8-+%—1) 


B (1m — ipr) 90 (%3, ¥§) + 0 —Byipim) @1 (03, x3 


Abrotes | Zio) 
(Brby + 92) (— Brym 38) 


x 


Carrying out the integration in (19) first over a, 
8 and then over x}? with the cut-off limit A, we 


shall obtain for its infinite part the expression: 


1 

Var | | eg 12) — a, 22) 
1 

0 


xB (1 —y) + %8 1 — my (1 — y) 


“Ink + 9102, 2) 1 (ips + m) 


(20) 


a] 
x [5 nea “) 


The condition given above for the slowness of 
increase for large values of p; leads to the re- 
quirement 

\ dx’ dx2 G1 (x2, 2) = 0. (21) 

When (21) holds it is easy to obtain the relation 
between (Ks, K3) and o,(x%, «%) and the func- 
tions oO, (kK?) and 0 (K?) in the representation for 
G(p). If 


aE : 
0 Saree NR ers ee (22) 
then : 
03 (x3) = 4 \ dred du2 9 (x — x) — xs) 
S (x, a, 3) (x2 — 2 — 2) G1 (2, 22), (23) 
Sp (x2) = sag \ did dud 9 (x — a — %9) 
S (%, %25 %3) Po (#3, x2). (24) 


min (x2 (4 — y) + x3 y-— my (1 —y)) + pilin (x2 (4 —y) + x81 + pry (1 —Y)) tm} 


m® + pi 


These relations are also self consistent in the 
sense that the right hand side differs from zero 
only for x2 >(m+uy)’. 

In conclusion I would like to express my thanks 
to I. T. Dyatlov for an exceedingly useful discus- 
sion. 
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The stability of a homogeneous plasma sphere of infinite conductivity in an external quasi- 
stationary electromagnetic field is investigated by perturbation-theory methods. 


Ix recent years a number of papers have appeared 
which consider the equilibrium states of an isolated 
plasma in an external electromagnetic field (cf. ref- 
erences 1— 3). Equilibrium between the field and 
the bound plasma configuration obtains by virtue of 
equilibration of the electrodynamic and hydrostatic 
forces. The behavior of an equilibrium system of 
this type, in particular as it pertains to problems 
of stability, are of great interest.4 The stability of 
a plasma is also of great interest in connection with 
methods of radiation acceleration of charged-par- 
ticle bunches.° 

In the present work perturbation theory is used 
to investigate the stability of a conducting sphere 
comprising a completely ionized gas which is lo- 
cated in an external quasi-stationary field. 

It is assumed that the electrical conductivity of 
the plasma is infinite. The plasma sphere itself 
is considered a uniform adiabatic system which 
obeys the equation of state of an ideal gas and is 
characterized by one external parameter — the 
radiation pressure at the surface (gravitational 
forces are neglected). 


PLASMA SPHERE IN A UNIFORM FIELD 


For simplicity we first consider a gaseous 
sphere of infinite conductivity located in a quasi- 
stationary spatially uniform electromagnetic field; 
the field components are given functions of time: 


Be Egil ys, Bet En fexp (10, t); exp (1Q3, 1), ,exp,(£Qa.t) 
= {Hi x, lade H,} 


= Ay {exp ((Qumt), exp (Qe t), exp (iQ3m t)}, (1) 


where all frequencies © differ from each other. 
The effective amplitude of this alternating (rotat- 
ing) field is independent of direction; thus the 
mean pressure is uniform everywhere over the 
surface of the sphere and equilibrium obtains for 
the spherical shape. Obviously the field in (1) can 
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only be an approximation to any actual electromag- 
netic fields of this form and is actually a superpo- 
sition of standing or traveling waves which are 
polarized in various directions. Actually, if the 
dimensions of the bunch are small compared with 
the wavelength (quasi-stationary case) the in- 
homogeneity and wave properties of the field can 
be neglected in considering all problems except 
those which relate to the behavior of the bunch as 
a whole (these will be considered separately). 
The investigation of the stability of a plasma 
sphere in the field given by (1) is carried out by 
means of an energy approach. Since the quasi- 
stationary conditions are satisfied we can deter- 
mine the electromagnetic energy of a bunch in the 
external field (1) starting from well-known formu- 
las of electrostatics magnetostatics.* An ideally. 
conducting plasma bunch which cannot be pene- 
trated by an alternating electromagnetic field 
(Eint=09, Bint=,, Hint-() may be considered 
phenomenologically as a body with infinite dielec- 
tric susceptibility « — © and zero magnetic per- 
meability » =0. Then the potential energy in the 
external field at any instant of time is given by 


U (t) = g-\ (HH — DD“) do, (2) 


In Eq. (2) the integration is carried out over the 
volume of the bunch while the magnetic field 


Hint = — rad pint and the electric induction 
pint — _ grad yint inside the bunch are found from 


the solutions of the Laplace equation 


Adm=0, Abe =0 (3) 


for potentials which satisfy the boundary conditions 
gine gets eaten 0, 
Ipext/On = 0, dpint/On = dbex/On 
at the surface of the bunch. The basic problem 


*Our attention was directed to this fact by M. L. Levin. 


(4) 
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now becomes the determination of the mean poten- 
tial energy of the bunch in a given external field as 
a function of the variables which characterize ar- 
bitrarily small deformation of the sphere. Let the 
surface be characterized by a function R (3, g) 
which characterizes the distance from the center 
of the sphere to a point on the surface given by the 
angles ¥ and gy ina spherical system of coordi- 


nates; the origin is taken at the center of the sphere. 


R(, @) can be expanded in spherical functions: 


foo) Z 
Re, ¢) =R,[1+ , Ds aay on (3, ¢)|- 


t=0 m=—1 
The expansion coefficients aj, are generalized 
coordinates; at any instant of time these determine 
uniquely a definite arbitrary configuration of the 
surface of the bunch. In analyzing the motion in 
the neighborhood of the equilibrium configuration 
we limit ourselves to weak perturbations of the 
sphere, in which case aj, < 1. 

In accordance with perturbation theory, the solu- 
tions of Eq. (3) which satisfy (4) at the boundary of 
the bunch are sought as a series in increasing pow- 
ers of the small deformation parameters Qj. We 
limit ourselves to second-order perturbations and 
neglect intermediate contributions, giving only the 
final result. The time average of the electromag- 

netic potential energy of an infinitely conducting 
plasma bunch in a quasi-stationary external field 
(1) is given by the expression 


= 9Ho ge V 
es 32m voi(1—2 ole 
0 
(oo) L 
é 3 (Qi =1) 
Soo) ae aD) 
1=2 m=—1 
Pie xe eae | 
Sede el ats (5) 


where Vy = 47R3/3 is the equilibrium volume of 
the bunch, Nj, is the index of the spherical func- 
tion ¥7 (2, gy). The summation in (5) starts with 
1=2. When 1=0 only the volume of the sphere 
is changed and the deformation corresponding to 
1=1 is associated with the displacement of the 
sphere as a whole, which makes no contribution 
to the energy in the case of a uniform field. 
Writing the deformation parameters Qj, in 
the form of functionals 


2 
— j—1 
= N im 


(R/Ro) ¥psin 949 do = N72R59\ RY Pas, 
S 


Tt er | 


0 
where the integration is carried out over the sur- 


face of the bunch, we find the mean pressure as a 
variational derivative of the potential energy: 


389 
P09) =e = a (1-2) 
a SI y (21 wee) 
l=2 m=—1 
x1 aE a tt in¥™ (9, ot, (6) 


The term in Eq. (6) which is independent of de- 
formation is the constant electromagnetic pressure 


which is directed along the normal to the surface 
(inward or outward). Adding to Eq. (5) the expres- 
sion for potential energy corresponding to the work 
performed by the gas in the adiabatic process we 
obtain the total potential energy of a uniform plas- 
ma bunch near equilibrium: 


(21 —1) (/—1) Be (Ca Wy yo. 
* y ma Nim ary of 3 1-1 ln (7) 


l=2 m=—l 


where y=Cp/cy is the ratio of the specific heats. 
An analysis of the last expression yields certain 
conclusions regarding the behavior of a conducting 
gaseous sphere in electromagnetic fields such as 
those described by Eq. (1). 

We first consider the effect of a uniform quasi- 
stationary magnetic field (a field of this type was 
used in the work reported by Knox?). In Eq. (7) 
we set E)=0, thereby obtaining a situation of 
minimum potential energy for V = Vo; then all 
the Qj, = 0. Whence it follows that a spherical 
bunch of radius Rp is stable against an arbitrary 
small deformation. 

In the case in which only an electric field oper- 
ates the surface of the sphere is subject to forces 
of negative electric pressure, Py) <0; thus a bunch 
in a void cannot be in equilibrium. 

In the general case of superposition of electric 
and magnetic fields a stable volume for a bunch in 
a void is possible only if the fixed radiation pres- 
sure is positive, Py >0, i.e., the following rela- 
tion must be satisfied: H? > 2E%. The nature of 
the stability with respect to various deformations 
is determined by the sign of the quantity 


og (eeou By ek 
3° 01) We’ 


ear 


which depends on the ratio of the electric and mag- 
netic field amplitudes and on the deformation index 
1. A bunch is stable against elementary deforma- 
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tion characterized by the indices J and m if 

n >0O and is unstable if <0. In particular, in 
order for a spherical bunch to be stable against a 
simple ellipsoidal deformation® (J = 2) the in- 
equality H? > 8E? must be satisfied (the same 
applies for 1=3). As the value of J increases, 
denoting more complicated deformations, the re- 
lation between the electric and magnetic fields be- 
comes more stringent; when J >1 this relation 
becomes H}? > 4E2//3. Whence it follows that in 
the presence of an electric field an ideally con- 
ducting bunch can be stable only against deforma- 
tions which are characterized by a finite number 
of first surface harmonics satisfying the relation 


7 > 0. (8) 


The nature of the stability criterion (8) is in- 
timately related to the basic assumptions made at 
the beginning of this paper concerning the ideal 
electrical conductivity of the plasma. As applied 
to a real bunch this supposition is valid as long 
as the wavelength A = 27R,/I of the correspond- 
ing surface harmonics is much greater than the 
skin depth d. 


STABILITY IN A QUASI-UNIFORM FIELD 


Above we have investigated the stability of a 
plasma bunch in an idealized spatially uniform 
field (1). In treating actual cases we must take 
account of the small inhomogeneity in the external 
field. 

We consider a conducting plasma sphere in an 
external quasi-uniform field which may conveniently 
be written as follows: 

(1) Quasi-uniform electric field 


E.(r) = E,) + Exe(r), He (tr) = Mie (r); (9) 
(2) Quasi-uniform magnetic field 
Hin (r) = HG + Him (r), E; (r) =a (r), 


where E, and Hp are given by (1) as before and 
the small fields denoted by the subscript ‘1” are 
not considered in detail but merely characterize 
the small inhomogeneity of the applied field. We 
now use Eqs. (9) and (10) in place of (1) in the orig- 
inal expression for the potential energy. Taking 
account of the small variation of the external field 
over the bunch, we obtain an approximate expres- 
sion for the mean potential energy in a quasi-uni- 
form field: 


(10) 


U(r, V, «) =U(r) + UV, a), 


where U(V, @) corresponds to the formula de- 
rived earlier (7), while 
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U(r) = qe Vol2 (Hy Him — 2EyEx.) 
+ (Haz =. DEam) + ( ‘ne DET ae 


depends on the position of the bunch as a whole in 
the quasi-uniform field (r is the relative coordi- 
nate of the center of the bunch). The forces which 
act on a spherical bunch, at the center of which the 
amplitudes of the external fields reach their maxi- 
mum values Ey and Hg, vanish when integrated 
over the volume; thus, the bunch as a whole is in 
a state of quilibrium in the inhomogeneous field. 
The nature of the stability is determined by the 
sign of U(r) in the neighborhood of equilibrium. 
We may illustrate the application of this analy- 
sis by a simple example, using the superposition 
of six standing plane waves with different wave 
numbers k=Q/c in an appropriate configuration. 
It is not difficult to show that in this quasi-uniform 
wave field 


is 9H? E2 
ae 0 ON p2t— k2 2 
U (r) on olla 2e an) x 
E) 2 2 Ey 2 2 ) 2 
am ie Ree — fe, ) y? +(2 Rie — im 2 | 
0 0 


where x, y, z denotes the departure of the center 
of the sphere from the location of the common anti- 
node of the standing waves. From this follows the 
stability criterion: 


AGES < (Rie/Rim)”, 


Comparing Eq. (11) with the criterion for internal 
stability of a highly conducting bunch (d « Ry) 
with respect to a change of volume and shape: 


AVES > 4+ l/s —1), 2<1<eRo/2d, 


we see that these inequalities are incompatible with 
respect to field amplitudes. However, since the 
first relation involves amplitudes which are related 
to the wave properties of the fields while the second 
involves only quasi-static properties, over a wide 
region of wave numbers for which 


Rh je[h? im > 4 (1 + 1) 1/3 (1 — 1), 


nO (11) 


both inequalities can be satisfied simultaneously 
and a spherical bunch is characterized by stability 
with respect to all simple types of small perturba- 
tions of volume, shape, and position in an external 
field. 

Similar results can be obtained in fields which 
are more complicated than plane-wave fields; for 
example we may consider fields which are formed 
by an appropriate configuration of axially symmet- 
ric electric and magnetic waves. ‘all 

In conclusion we may point out that in a general 
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consideration of bunches of charged particles one 
must inevitably encounter difficulties which stem 
from the fact that the system has a limited number 
of degrees of freedom. The rather crude phenom- 
enological model used in the present paper does, 
however, indicate the basic features of the behav- 
ior of plasma in quasi-stationary fields. 

Inasmuch as the purpose of the present note 
was to investigate the stability of a highly conduc- 
ting gaseous sphere in an external field we have 
limited ourselves to small deformation of the sur- 
face and have not considered transient effects. 

The author wishes to thank Prof. M. S. Rabino- 
vich for valuable discussions of this work. 
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The electron-phonon interaction in polar crystals leads to a non-linear dependence of the 
cyclotron resonance frequency on the magnetic field strength. An evaluation of the non- 


linear terms shows that they are small for the magnetic fields used in practice. The 


polaron effect also gives a correction to the diamagnetic susceptibility. In this paper 
we perform a mass renormalization in a magnetic field without assuming that the coup- 


ling constant is small. 


‘Tue cyclotron-resonance phenomenon takes place 
in a uniform magnetic field, provided the frequency 
of the additional, variable field is equal to twice 

the Larmor frequency 2w) = eH/m*. From experi- 
ments on cyclotron resonance one can find the mag- 
nitude of the effective mass m*, or, in the general 
case, of the mass tensor. In the present paper the 
influence of the electron-phonon interaction on the 
cyclotron resonance frequency is considered. If 
the periodic field of the lattice is taken into ac- 
count, as is usually done, by the introduction of an 
effective mass, the interaction with the lattice leads 
to a change (renormalization) of that mass. If 
there is an external magnetic field, this renormal- 
ized mass will in that case depend on the field 
strength H. The frequency w, will thus be a non- 
linear function of H. The problem consists in eval- 
uating the nonlinear terms. These terms will also 
influence the magnetic properties of the electrons. 

In the following we shall consider the case of 
polar crystals, and for the sake of simplicity we 
shall assume the effective mass to be isotropic. 

The interaction of the electrons with the lattice 
cannot be considered as a perturbation in the case 
of polar crystals. For large values of the coupling 
constant a the adiabatic approximation! is valid, 
and for a =1 to 4 the intermediate coupling ap- 
proximation. We shall consider the latter case 
below. 

The method of mass renormalization when a 
magnetic field is present which is developed in the 
present paper is based upon the approximate elim- 
ination of the variables of the phonon field from the 
energy operator. One can find the action of the 
phonon absorption operator a, on the eigenfunc- 
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tional Q of the energy operator by evaluating the 
commutator of a, with the Hamiltonian K. This 
method was proposed in meson theory by Chew, 
Low, and Wick.” The result of the action of ag on_ 
Q is the multiplication of the functional 2 by some 
function which will depend on the electron momen- 
tum as a parameter. Thus in the evaluation of the - 
average value of the energy the phonon field oper- 
ators give additional terms depending on the elec- 
tron momentum. The terms quadratic in the mo- 
mentum will determine the magnitude of the renor- 
malized mass. 

In the evaluation of a, there arises a difficulty 
connected with the fact that the action of a, on 
is expressed in terms of the momentum operator of 
the phonon field which arises when recoil is taken 
into account. This operator is replaced in the ex- 
pression for a,& by its average value which is 
evaluated below. 

This method to take the momentum into account 
is in the case of a free polaron equivalent to the 
following model. It is assumed that all phonons 
which form a cloud around the electron possess 
identical “radial functions” which can be found 
from a variational principle.’ For the case of a 
polaron at rest a more exact variational principle? 
was proposed. 


THE ELIMINATION OF THE PHONON FIELD 
VARIABLES FROM THE ENERGY OPERATOR 


We consider the electron energy operator ina 
magnetic field, taking into account the interaction 
between the electron and the field of the longitudi- 
nal optical phonons, which is known from the po--°_ 
laron theory}? 
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nm | UN ; 
iA aaa Loap ax DiVaane™*+ Wa are ba) (1.1) 
a, are the second-quantization operators, 


Vz=— =. (a)" (2mm)—"s, a = e? (ae) Ea — =) . 
r= —iy—eA, (1.2) 

w is the limiting frequency of the longitudinal 
optical vibrations, ¢€ the static dielectric constant, 
and n the refractive index for light.* 

We assume that the magnetic field is directed 
along the 3-axis. The commutation relations for 
the operators 7; will have the form 


[™, %] = ieH; (1.3) 


the other commutators being equal to zero. 
We shall write the eigenfunctional W of the en- 
ergy operator (1.1) in the form 


W {a} = exp {i (mgxs— Di (kex) afax)} O(a}. (1.4) 
k 


Substituting (1.4) into (1.1) we get the following 
equation for the functional Q: 


{=*/2m a Se (@ + R?/2m — (kn)/m) afta + > (Vide + Viat ) 
& k 


+ (1/2m)) (kek?) atapagay \Q= EQ. (1.5) 
RR’ 

In Eq. (1.5) 73 is a number, and not an operator, 

since the quantity 


NSS oes a tV3 + > k3Qf Az 
k 


is an integral of motion. 

To eliminate the phonon field variables from the 
energy operator we shall evaluate the commutator 
of the energy operator with the operator ay: 


[Fl, @,] = —V,— (Rk? + — 2kex) | 2m — (ke q) ag /m, 


q=Djkata,, c? = 2mw. (1.6) 
k 
Letting the operators in the left hand and the 
right hand side of (1.6) act on the functional 2 we 
get 
a,Q. = — 2ImV, {2m (7 — E) 


4h 4c? — Qke wm -L Qk gh} 10. (1.7) 


Since Vi is a function it is immaterial in what or- 
der Vit is written down, and this is taken into ac- 
count in (1.7). 

For the following it is convenient to use the fol- 
lowing integral transform for the inverse operator 
E': co 

eee i\ 


0 


Ga rds: (1.8) 


#We use a system of units for which h=1, c= 1. 


The transform (1.8) is analogous to V. A. Fock’s 
eigen time method in relativistic quantum mechan- 
ics. The integral on the right hand side of (1.8) 
must be considered to be the limiting value of the 
expression 


ise) 


limi \ (FEN GIS, 
530 é 


We shall rewrite (1.7) in the form 


A,Q = — WmiV, \ ds exp{— is (R?-+ c?) 


— is [2m(H#—E) (1.7) 


taking (1.8) into account. The next transformations 
raises the problem of “disentangling” the operator 
exp { -is 2m (K — E )} from the exponent in (1.7a) 
in the form of a factor. 

To ascertain the character of the next approxi- 
mation we shall consider to begin with that case 
where there is no magnetic field and where one can 
thus manipulate the operators 7; as numbers. The 
intermediate coupling method used by Lee, Low, 
and Pines? is equivalent to the following simplifica- 
tion of Eq. (1.7a). If we neglect the commutator 
[q, 3C], the action of the absorption operator a, 
on the state functional is expressed by the equation 


Qke m + 2k+q]} Q 


GO Sona, ( ds 
0 


exp {—- is (Rk? + c? — 2kenm + 2keq)} Q. (1.9) 


Replacing the operator q in (1.9) by its average 
value, evaluated with the functionals {, and tak- 
ing into account that because of symmetry the aver- 
age value of the phonon field momentum will be di- 
rected solely along the only vector which occurs 

in the problem, 7 (<q> =77), we obtain from 
(1.9) an approximate expression for a,&2, where 
the parameter 7 is evaluated from the above- 
mentioned relation <q> =n7. If a variational 
method is used for the functional of the phonon 
field, this approximation corresponds, according 
to reference 3, to the assumption that all phonons 
are in the same state. 

The renormalization of the mass when there is 
a magnetic field proceeds in the same approxima- 
tion: we assume that after disentangling the expo- 
nent in (1.9) we can assume [q, X]=0 and after 
that replace q by its average value. 

We shall now return to Kq. (1.7a). We first of 
all single out the operator exp {2isk- a}, taking 
into account that the operators m and m do not 
commute with one another. We shall use the equa- 
tions (see Appendix A). 
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-i8 (R? -- x® — 2kem — 2q*x) } 


E(k? +- k®)]} exp (2is (k, 1—Q + q)} 


= exp {— is [R? = a 


Xexp {— is(n®? —- 2x0q)}. (1,10) 
where 
Ee) ==(2.5) sit ar, (Lait) 
TI, (x) = x (sin x) (m cosx—n,sin x), (1.12) 
TI, (x) = x \(sin x) (t,cosx + 7%, sinx), Is = 7s, 
{lly ole teH Gesin x): (1-13) 


The quantities Q; are expressed in terms of 
the qj in the same way as the Ij are expressed 
in terms of the 7; in (1.12) and (1.13). In Eq. 
(1.10) and in the following equations II, and II, 
are functions of the argument x =eHs which we 
shall drop for the sake of simplicity. 

Neglecting the commutator of q with KH we 
obtain from (1.7a) the following expression for 
ay, 2: 


A, = — 2miV, \ ds 
0 


x exp {—is (c? > k2 + (hk? kh?) — 2k (II —Q))}0. (1.14) 


As was pointed out above, the quantity Q will in 
the following be replaced by its average value 
where the average value is understood to be the 
average over the phonon field variables. If we 
write the functional 2 in the form Q = {a} (x), 


after this averaging the quantity <qj> = <6, qj@> 


is still an operator, acting upon the function y. 
There is in this way a connection between the 
average values of the phonon field operator and the 

operators 7; arising from taking the properties 
of the state functional © into account. By them- 
selves, of course, the operators a, and 7m are 
dynamically independent. 

We shall now turn to the evaluation of the aver- 
age value of the phonon field momentum operator. 


EVALUATION OF THE CONSTANTS DETERMIN- 
ING THE MASS RENORMALIZATION 


We shall assume that <qj> and 7; are also 
in the case of a free polaron proportional to one 
another: 

{Jo> = Fa, (2.1) 


(7 = 1™; (43> = Ish. 


The validity of this assumption is confirmed by the 
following consideration: if we substitute (2.1) into 
(1.14) and evaluate the average value of q; with 

the a, defined in that way, it turns out that, in- 
deed, the average value of q; is proportional to Tj. 


TPUGUsB 


From (1.7a) we have 


(<Q, GQ) = — 4m? "Rk; | Viel? \ sds 
0 


XX) 
£4 
k 
<a exp {— is[c? + k? — 2kex 


+ 2k-q + 2m(# — E)}} QD. (2.2) 


The operator exp{—2is(# — E)} in (2.2) can 
with equal convenience be taken out as a factor to 
the right as to the left of the other operators. Tak- 
ing half of the sum of these two expressions and 
using (1.2) and the relation 
teh Nee dt 


we get the following expression 


(2.3) 


co 


OO ol kid?k \ dz 


(27) 


0 


x \ sds <Q, exp {— isc? —i(t-+s) ke —i(t+ 6s) (R83 a aheey) 
0 


x = [exp {Qiskil (eHs)}-+ exp {2is RIL (— eHs)}]Q), (2.4) | 


where 
2 () Say, for’ =) ie ee 


It is clear from (2.4) that <qj> is an even func- 
tion of H. In evaluating the integral over d°k 


(see Appendix B) we used the formula 
ete? eA TBGIA Bz: (2.5) 


where [A, B] is a number 
In the integration over dtds we expanded the 


integrand in powers of H, after which the integrals 


were evaluated using 


(as( dss ise ah Vix (2k — 1)! 


- e—*n(2k-+1)/4- 
(aes) 2 © “OF ct TE (raf 21) 


(2.6) 


U 0 


where n and m are integers, 2k = 2n—m +38. 

In the asymptotic expansion so obtained we re- 
tain the quadratic terms in (w)/w)*. Asa result 
we get the following equation to determine n 


U ralian bor ere 


Assuming moreover that 


sg(1—7' |}. (2.7) 


j= 4 - 7), 


1 =— [1+ $), 


we find 


rot —(i+ gr @yE-S04+ 27} 2.9. 


The function 73 turns out to be equal to 
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m=f—3(14 SE-B eo 


The action of ax upon © is thus in the approxi- 
mation under consideration completed determined. 

The problem now consists in evaluating the av- 
erage values of the phonon field operators in the 
Hamiltonian (1.5). 


We shall consider the expression. <Dagk-may>. 
k 


From (1.7) and (1.8) we have 
<2) at (k+m) ay) 
Rk 


= —4m SV, 2 \ ds\ ds’ <e-tst- (k=) e-15'L y. (2.10) 
k 0 0 
Expression (2.10) can conveniently be evaluated as 
follows. We shift the operator (k-+m) first to the 
right of exp (—is’L) and then to the left of 
exp (—isL) and take half the sum of the expres- 
sions thus obtained which will be an even function 
of H as can easily be ascertained. 
Using the formula 


(k-z) e—#s(°—2P-®) — e—is(n?—2p-) (k «me (2eEHs) — eHs [kxp]s), 
m, (x) = ™ cosx + msin x, 


w, (x) = x, cos x — m, Sin x, T(x) = m3, (2.11) 


we get after some transformations the following 
expression for the terms quadratic in the momenta 


™ and 7 


1 


4na, as al r es s 
—1 —— ¢ */2 @—3it-/4 \ dv\ dt \ aS Seu So 7 
‘Gaye ™ ines (s+ s)"(s+8s)? 
Se sint eHs Pipes 
x(t pape tana 


x 5 (=, (—vsH) Th, (esH) 
+: I, (— esi) m (vsH) + (1 > 2)}. (2.12) 


Integration over dv gives 


1 
\a St} = (1 — 1) (Se) (2 4-2). (2.18) 
The remaining integration is carried out by means 
of (2.6). 
After evaluating the average values of the field 
operators we obtained the following values for the 
renormalized mass: 


Mm, = M,= My = MM (! sh (2) lar* (1 + an 


thy ue en acre 
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Md rei (1% {! aft (S-)' [$ (1 At =) 
(2.15) 


thy = m(I — a 


For H=0 we get the renormalized mass value 
obtained in reference 3. 

The ratio of the unrenormalized cyclotron reso- 
nance frequency to the renormalized one-is, accord- 
ing to (2.14), 


((o/0*) = [1 + dy (2) (6/0)?]. 


In the intermediate coupling region the function 
d; (q@) is, apart from a factor of the order of 
unity, equal to 


(2.16) 


d(1) = 0.12; d(2) = 0.46; d(3) = 0.74; d(4) = 0.90. 


Since the energies of the longitudinal optical pho- 

nons are about 0.01 ev the correction term in (2.16) 
is for all practically used fields vanishingly small, 
i.e., cyclotron resonance experiments give m hee 


CORRECTION TO THE DIAMAGNETIC SUSCEPTI- 
BILITY 


As the result of the elimination of the phonon 
field variables, the energy operator takes the fol- 
lowing form 


H = (2 + x3) | 2m, + mB /2my, 3) 


We consider the problem of evaluating the density 
matrix p(x, x’, 8) for an ideal gas, when the 
Hamiltonian of the system is given by Eq. (3.1). 
We write the matrix p(x, x’, 8) in the form 


p(x, x', B) = Cxjexp(—BH) |x’, (3.2) 


where x stands for the three coordinates x,, Xo, 
X3. If we introduce the variable s, equalto s = 
—if, instead of 8, we can formally consider ex- 
pression (3.2) as the transformation function 
<x(s)|x’(0)>. The latter can be found from the 
following equations:”» 


i$ Le (8)| 2! (O)> = <x (5) | |x’ (0)7; (3.3) 


(— id/ox — eA (x)) <x (s) | x’ (O)> = <x (s) | x (s) | x’ (0)); 
(id/dx' — eA (x') <x (s)| x’ (0)> = <x(s) | x (0)| x’ (0)) (3.4) 
and the boundary condition 


Himn<ae (Ss) (0) 28 (= )- (3.5) 


To evaluate the transformation function it is neces- 
sary to solve the Heisenberg equations of motion 
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for the operators m7 and x. These equations have 
in the case considered the following form 


dx/ds = Px; dx/ds = 20 9Qr; (3.6) 
ne v 0 O'S 
Diese |e) ay 0 EO be te O10 (3.7) 
0 0 m1 0 0, 0 


The solution of equations (3.6) can be written in the 
form 


a(S) == e225 (0); 


x (s) = x (0) + (QoQ)? (e285 — 1) Px (0). = (3.8) 


Using expression (3.8) we can express the energy 
operator as a function of the operators x(s) and 
x(0). Shifting x(s) to the left and x(0) to the 
right, we get after some transformations (see ref- 
erence 5) the following equation 


2 
i 2 ¢x(s) |x’ (0) = {5 IOC Pe ae ae ae eh 


ds sinh? ©, Qs 
— iy Sp Q (1 — e-288)} (x(s)|x"(0)>- (8.9) 
Taking the properties of the matrix Q into ac- 
count we find 
2 SpQ(1l — e-2@s)42 = Sp Q coth wm Qs 
= 2 cot wys + 1/mps. (3.10) 


Integration of Eq. (3.9) gives the following value 
for the partition function Z 
2V 


ms ; ie = yi 1), Bha 
Z = Sp e (x, x, 8) 7 hs (2nkT)” mm sishBho, s (3.11) 


where V is the volume of the system. 
Using (2.14) and (2.15), the diamagnetic suscep- 
tibility turns out to be equal to 


X= — Ny?/3kT 


+ NRT (2d, + dy) w?/h?o? =y1 + %2, (3.12) 


where p = eh/2mc. 
The relative order of magnitude is given by 


j Xe/%X1 | ~ (AT /hw)?. 


The polaron effect leads thus to a change in the 
diamagnetic susceptibility. The correction term 
is appreciable at temperatures of the order of 
kT ~ hw. 

In conclusion I wish to express my gratitude to 
Academician V. A. Fock for discussing the present 
paper. 


APPENDIX A 

Introducing the operators 

C = (2eH)-"2 (nm + im), ct = (2eH)—'* (my — ity) (A.1) 
and using the notation 

g’ = (2eH)—"* (qu + is), k’ = (2eH)~* (key + the), (A.2) 


we can rewrite exp{—is(m—-2k-m—2q°m)} in 
the form 
exp { — is (%,” — 2kgr3 — 2qggx3 + eH)} 
x exp {— QieHs (c*c — q’c* — q'*c — k’'c* — k’'c)}. 


We consider moreover the function 
@ (c) = exp 9 (&) = exp {— 2ieHs (c'c—q'c” 


— q*c—s(k'ct + k'*c))}. (A.3) | 
To disentangle the operator exp { 2ieHs (k’ct + | 
k’tc)} we write down the derivative’ 


/ 4 ' Te , 
o= ® (ec) \¢ + ale’, gl + alle’, ole] + App (A.4) 
After evaluating the commutators, one can sum the , 
series. Integrating the equation thus obtained over 
¢ from zero to unity we get the result given in the © 


text. 


APPENDIX B 
We consider the evaluation of the integral 
+00 +20 
If — \ kydk, \ dRe exp {— ist (Ry? bk ko?) 


+ 2is (RII, + Relly)}, (B.1) 


where [Il,, Il,] = ieHA?. 
Using (2.5) the integral over dk, is equal to 
ae 
exp (2isk,Il,) \ dks exp {— ists? + 2isk, (I + kyeHsr2)} 
= exp (2isk,Il,) e—*/4 
x (x/sé)' exp {ist 1 (II, + kyeHsh?)?}, 


In integrating over dk, we must use (2.5) again. 
After averaging the operators over the phonon 
field variables we must pick out the terms quad- 
ratic in the momenta. It is advisable first to sym- 
metrize the exact values of the integrals. In (B.1), 
for instance, one can in the integration over dk, 
place the operator exp { 2isk,II,} both to the left 
and to the right of the terms with the operator II,. 
One can, finally, evaluate first of all the inte- 
gral over dk, and then the integral over dk,. The 
expressions obtained by that means differ by the 
arrangement of the operators Il; and II, with 
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respect to one another. As a result the value of 
the integral (B.1) turns out to be equal to 


free) (Se) (Ea PU) /2, (B.2) 
T = exp (isIT,?/26) exp (is€I1,?/&'*) exp (és 11,2/2€) + (1 — 2), 
(Eye 5% (els)? hi (B.3) 


up to terms of the order (eH)’. To simplify the 
expressions obtained we used the formula’ 


exp (— ap?) exp (bq?) exp (ap?) 


= exp {0(g + 2iap)*}, [q, p] =i. (B.4) 
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We consider the scattering of neutrons by oriented nonspherical nuclei. To calculate the 
scattering cross section we use the black-nucleus model. It is shown that nonsphericity 


effects are much more pronounced on oriented nuclei than on unoriented ones. It is also | 
shown that a considerable azimuthal asymmetry appears in the angular distribution of | 
neutrons scattered by oriented nonspherical nuclei. 


1. INTRODUCTION 


‘la investigation of neutron scattering by non- 
spherical nuclei may yield much valuable informa- 
tion on the structure of atomic nuclei. However, 
as shown in many papers,!»” the nonsphericity under 
ordinary experimental conditions does not manifest 
itself strongly enough to permit reliable interpreta- 
tion of the experimental results. For example, at 
neutron energies of several tens of Mev, the total 
neutron cross sections are changed by nonspheric- 
ity of the nuclei by only two or three percent (at 
the experimentally-observed values of nonspheric- 
ity). 

The effects due to nonsphericity increase if the 
targets employed are oriented nuclei. Actually, 
we consider, for example, a black nucleus in the 
shape of an ellipsoid of revolution with semi-axes 
a and b (a is the major semi-axis, directed 
along the axial symmetry axis of the nucleus). If 
the nuclei are now oriented so that the symmetry 
axis of the nucleus coincides with the direction of 
the incident beam of neutrons, we obtain for the 
total cross section a!! = 2mb*, but if the symme- 
try axis is directed perpendicular to the incident 
beam, we get ot = 2mab. Thus o+/ol! =a/b. We 
can thus determine directly whether the nucleus 
is prolate or oblate. In the former case cae)! mals 
and in the latter o+/ ll <1. For the nonspherici- 
ties observed experimentally, a typical ratio of the 
semi-axis is 1.3 —1.4 and the estimate made here 
shows that the nonsphericity effects may reach 30 
or 40%. 

Actually this estimate is somewhat too high, 
since it is impossible in practice to attain com- 
plete orientation of the nuclear spins along a spe- 
cified direction. Furthermore, the symmetry axis 
of the nucleus undergoes a quantum-mechanical 
precession about the direction of the spin and this 
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leads to a further decrease in the effect. It is ob- 
vious that the last circumstance will manifest it- 
self less, the greater the nuclear spin. In very 
large spins, i.e., in the quasi-classical case, the 
precession can be neglected. 

If the direction of the nuclear spin orientation 
does not coincide with the direction of the incident 
beam, an azimuthal asymmetry may occur in the | 
angular distribution of the scattered neutrons. This 
phenomenon is connected with the fact that there 
exists a definite plane, determined by the direction 
of the incident beam and by the direction of the nu- 
clear spins of the target. The appearance of azi- 
muthal asymmetry is directly connected with the 
nonsphericity of the nuclei and therefore a study 
of this phenomenon can yield interesting informa- 
tion on the parameters of the nucleus. | 

In the present paper we examine a neutron scat-- 
tering by oriented nonspherical nuclei. In the calcu: 
lations we use the adiabatic approximation,!~ i.e., 
the motion of the neutron is assumed sufficiently 
fast to permit neglecting the rotation of the nucleus} 
during the collision time. This is true if the neu- 
tron energy exceeds several Mev. 

In the calculation of the specific examples we 
used the model of the black nucleus, which limits 
the applicability of the numerical results obtained 
to neutron energies of several tens of Mev. When 
using the corresponding expressions for the scat- 
tering amplitude, similar calculations can be per- 
formed in complete analogy for other energies, 
too. 


2. DESCRIPTION OF THE SPIN STATE OF THE 
NUCLEUS 


The spin state of an ensemble of nuclei with 
spin I is characterized by a (21+ 1) -row den- 
sity matrix,* which can be represented in the form 
of an expansion in the irreducible spin tensors 
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TIM, which transform under rotations of the quan- 
tization axis according to the irreducible represen- 
tation of the rotation group Dj. Defining the mm’-th 
matrix element of TIM in the form 


mm!’ 


TIM, = (— 1)" (11m — m' | TIM), (1) 


so that the normalization condition assumes the 
form 


Op Heal PA ee Oy Oyry?, (2) 


we obtain the following expansion of the density ma- 
trix p in irreducible spin tensors 


2] J 
p= >) Dd) c(rtymy rim, (3) 
J=0 M=—J 

In cases of practical interest, when the spin ori- 
entation of the nuclei is caused by an axially-sym- 
metrical field, the density matrix (assuming that 
the direction of the orienting field is taken to be 
the same as the quantization axis) is diagonal and 
‘can be written 

oF 
TENT, (4) 
J=9 
The 2I quantities <(T+)J0>, which character- 
ize the spin state of a system of nuclei with spin I, 
can be expressed in terms of the parameters fk, 
which describe the degree of orientation of the nu- 
clei, for example, for I= 1: 
T= (1/V 2) fi, 
T? = (1/V 6) fo. 

De Groot® and Khutsishvili® give the explicit 
form and a detailed description of the properties 
of the parameters f,. We note that the system in 
which at least one parameter fypi; ~ 0 (p is an 
integer ) is called polarized; but if all fyp+4 = 0, 
but at least one parameter fyp+, = 0, the system 
is called aligned. The alignment is possible only 
if I= 1. For non-oriented nuclei all f, = 0; the 
normalization is so chosen that the maximum val- 
ues of f, are +1. 

As is known, the average value of a certain 
physical quantity A is defined with the aid of the 
density matrix in the following form: 


A =SppA. 


Taking into account the fact that the density matrix 
is diagonal, we can write the average value of the 

cross section of any scattering process in the fol- 
lowing form: 

a 

Ee = 


c= 


I el 

\ 1 
one ban GC PO) Te ays 51: (5) 
M=—!I M=—I J=0 


where oy is the cross section of the particular 
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process on a nucleus with spin and spin projection 
along the quantization axis M. Since oy = o_p, 
the expression for o will contain only f, with 
even k, i.e., the scattering cross section will de- 
pend only on the degree of alignment, but not on the 
degree of polarization of the target nuclei. 

The effect of the orientation of the nuclear spins 
on the cross section of any scattering process is 
best characterized by a ratio of the scattering 
cross section o(f,) on nuclei with an orientation 
specified by a certain set of parameters f,, to the 
section o0(0) of the same process on unoriented 
nuclei. 

We introduce the notation 


/ ay 
Wie = (Six ‘i oi.K) / OR (6) 


where M is the projection of the nuclear spin on 
the direction of the orienting field, M,) vanishes 
for integral spin and equals y; for half-integral 
spin, and K is the projection of the nuclear spin 
along the direction of the symmetry axis of the el- 
lipsoid. The indices I and K we shall omit in 
the future wherever it causes no misunderstanding. 
Using (1), (5), and (6) we obtain for the quantities 
o(f,,)/o(0), under specific cases of different 
spins, the expressions given in the table. The ex- 
plicit form of the expression for the multiplier of 
fg is not given, since an estimate has shown that 
the terms containing fg give a negligible contri- 
bution. 


3. TOTAL CROSS SECTION 


Drozdov! and Inopin? have shown that in the adi- 
abatic approximation the total cross section of all 
process o; is determined by the amplitude for 
scattering on a stationary nucleus. If the nucleus 
is characterized by quantum numbers I, M, and 
K, the total cross section can be expressed as 
follows 


4n . ss 
ClmK = —, im ac? @) | Pine (2) |F do Jo=os (7) 


where w is a unit vector that defines the orienta- 
tion of the nucleus in space, 2 a unit vector de- 
fining the direction of the wave vector k’ of the 
scattered neutron, and @ is the scattering angle. 
The wave functions that describe the rotational 
state of the nucleus is of the form 


Pc (®) = VOT + 1/88 Ding (), (8) 


where Ding (#) is an element of the (21 +1) - 
dimensional irreducible representation of the ro- 
tation group. The expression for the scattering 
amplitude, assuming a black nucleus, can be ob- 
tainedfrom Eq. (4) of reference 7, and is of theform 
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F(Q, w) = ikb= (9) Ji ()/%, F(X) = VIF esin®9, 
2 = 2kbsin 5 VI cosy, (9) 


where k is the wave vector of the incident neutron, 
and y is the angle between the vector k’—k and 
the symmetry axis of the nucleus. 

Putting the scattering angle @ equal to zero and 
using an expansion in Legendre polynomials 


Vi-+esin? 9 = >) (2! + 1) A:P; (cos 9), 


l 


(10) 


where the expansion coefficients are determined by 
the expression 
A= +\vi + esin®d P;(cos)sindd9, (11) 
0) 


we get 


% Dy) (20 + 1) ApPrs (cos 9) | Dig (0) |? de, (12) 
if 


where Ry is the radius of a spherical nucleus of 
equal volume. Using the properties of the func- 
tions re 


at 


[Dib =o Si) teh = M1 }.L0) 
i= 
x (11K — K\L0) Db, (13) 
Diy (w) = Pr (), (13a) 


we obtain after simple transformations 


Roe 


of pa eo epee 
+ 


has ee 
2/ 
x >) (IM — M|LO)UIK — K|L0) Px (cos ¥) Az, (14) 
E=0 
where 7 is the angle between the vector k and 
the direction of the orienting field H. 
Correspondingly, the quantities VAC can be 
represented as follows: 
Te = (—1)¥—™ 


>) (UM — M | L0) (IK — K| L0)P, (cos $) Ay 
Ib 


¥ LD 5 
S' (M, — Mo| LO) (IK — K | LO) P, (cos ¥) A, a>) 
Me 


As already mentioned in the introduction, the 
total neutron cross section for an unoriented nu- 
cleus depends very little on the deformation. Fur- 
thermore, it is entirely independent of the nuclear 
spin® if the nucleus is not oriented. It is therefore 
convenient to study the behavior of the quantity 


At = 94 (fr){ (0), 


i.e., of the ratio of the total neutron cross section 
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on an oriented nucleus to the total neutron cross 
section on an unoriented one. 

After calculating the quantity vie and using 
the expressions in the table, we obtain the numeri- 
cal values of the ratio Ay of interest to us. The 
calculation of the coefficients A, can be either by 
direct computation of the integrals (11) or by ex- 
panding the expression V1+e sin? in powers 
of e. 

An estimate shows that the contribution due to 
the term containing f, is only several percent of 
the main contribution of the term containing fy. 
The term containing f,, as already mentioned, 
yields a negligible contribution. It is also clear 
that the effect is nonlinearly related to the value of f,. 

The dependence of A; on the ratio of semi- 
axis a/b is illustrated in Fig. 1. The solid curve 
corresponds to the case 1=K= 3, »~=0, and 
f. =+1. We see that the ratio of the cross section 
diminishes monotonically with increasing a/b; 
when a/b<1, we get Ay > 1, and vice versa, in 
full agreement with what was said in the introduc- 
tion. The dotted curve corresponds to the same 
parameters, but for K=, rather than % as in 
the first case. Such a case, as is known, occurs 
when the sequence of the levels in the rotational 
band is reversed. The resultant curve can be ob- 
tained from the curve for K= Ie by reversing 
the sign of the deformation. In other words, in 
this case a prolate nucleus behaves like an oblate 
one, and vice versa. This result is connected with 
the fact that when K='% and I> the spin is 
perpendicular to the symmetry axis of the nucleus. 

The characteristic variation of Ay with y, 
the angle between the orienting field and the inci- 
dent beam, is shown in Fig. 2 for the case I=K 
=*/, f=+1 and for two values of the semi-axis 
ratio a/b, namely 1.4 and 0.7 (i.e., b/a = 1.4). 
In both cases the effect reaches a maximum value 
when the orienting field is parallel to K (i.e., 
~=0). Obviously the effect manifests itself most 
fully if the measurements are made at »~=0 and 
~ = 7/2. In accordance with the remarks made in 
the introduction, the curves corresponding to the 
different signs of deformation differ in the sign of — 
the effect. 
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We give the values of A; for a/b=0.7, ~=0, 
and f,=+1 and for various nuclear spins: 


f=1 3/2 2 */e aie 
A,=1.024 1.049 1.070 4.087 1.113 


As expected, the effect increases monotonically 
with increasing spin. 

In the foregoing examples a typical value of the 
effect was ~ 10%. However, the attainment of 100% 
orientation of nuclei in the experiment is of little 
likelihood, i.e., we always have f, <1, and the 
observed effects are correspondingly decreased. 


4. ANGULAR DISTRIBUTION OF SCATTERED 
NEUTRONS 


Let us consider the differential cross section 
of scattering of neutrons in a direction defined by 
a unit vector 2, by a nucleus characterized by 
quantum numbers I, M, and K. This cross sec- 
tion is given by 


oe (2) = I i (Q, w) |? | Wik (w) [2 de. 


The scattering amplitude f and the wave function 
of the rotational state of the nucleus W1 are de- 
termined as before by expressions (9) and (8). The 
calculations yield the following expression for the 
sought cross section 


(16) 


M—K 


27 
eux (2) = kg (1 + 5*)* 5) (— 1) 


L=0 


x (IM — M | IIL 0) (IK — K | IIL 0) 


& 


1 2 Ms 
4 (( ay ae Py, (cos B) Bi — = Re [P: (cos 8) Pz (cos 7) 


L+2 2 
x > (L 200|L 210)? By? (— 1)” 


1=|L—2| uel 


/ (Ew 2B)! pe coo. 
SV ee car an to?) 


x Pz (cos 4) cos u 


L+2 
x > (L 200 | L210) (L2u — p.| L210) Bil}. (17) 
[=|L—2| 
Here 
> J? (kb0 V1 + € cos" y) 
ss = —— dw, 18 
Ese \ Yro() (kb0 V 1 + € cos*y)? 4 Cy 


15 Oy 
10 


05 


rT a a na 
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6 is the angle between k’—k and H, 7 is the 
angle between k’-—k and k. The angle é is de- 
termined by the relation 


cos € = —cot 8 cot n. (19) 


The angles 6 and y can be expressed in terms of 
the scattering angle @, the azimuth angle y, and 
the angle ~ 
cos q = — sin (8/2), 
cos $ = — cos sin (8/2) -- singcos (9/2) cosy. (20) 
If the orienting field is perpendicular to the direc- 
tion of the incident neutron beam, i.e., if ~ = 7/2, 


we get 
cos y = —sin(4/ 2), 


cos 8 = cos(8/2)cos¢, tan&€= tan@/sin(6/2). (20a) 


The expressions (16) and (20) yield the depend- 
ence of ohn (@) on the azimuth angle ~. In case 
of unoriented nuclei this dependence vanishes in 
the averaging over M, but in the case of oriented 
nuclei an azimuthal asymmetry occurs in the an- 
gular distribution of the scattered neutrons. If we 
denote by o(9, ~) the angular distribution of the 
neutrons scattered in a direction defined by the 
angles 6 and ~, averaged over M, then the azi- 
muthal asymmetry can be characterized by the fol- 
lowing quantity 


6 = (o (0, x/2)= (8, 0))/>(6, 0). (21) 


After calculating the differential cross section 
with equation (17) (in which the coefficients B) 
are calculated numerically) and averaging it over 
M, for which we must use expression (15) for YMK 
and the expressions for o(f,)/a(0), listed in the 
table, we obtain the value of the azimuthal asymme- 
try from (21). Figure 3 shows the dependence of 
the azimuthal asymmetry on the scattering angle 0 
for the case 1=K=%%, a/b =1.3, f,= 40.5, and 
kR=12. The azimuthal asymmetry reaches a con- 
siderable value at @ ~ 0.3, i.e., near the first dif- 
fraction minimum. 

The dependence of the azimuthal asymmetry on 
the degree of alignment of the nuclei f, is shown 
in figure 4 for 6=0.5, I=K= a5, a/ =u oeeabe 
kR = 12. It is seen there that the azimuthal asym- 
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metry increases monotonically with increasing fp, 
and at f, © 0.4 this dependence is close to linear. 
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It is shown that the 6-decay current is uniquely determined by the requirement that the 
divergence of its vector part vanish; along with this we have the fact that the current re- 
sponsible for the decay of hyperons is not conserved. If this were not so the Lagrangian 
of the strong interactions would have a symmetry that would be in contradiction with ex- 
perimental results on the associated production of strange particles. As a consequence 

of this the reaction 2 —A+e+v can go only through the A-type interaction, and the 

result of the experiment proposed in reference 6 must be negative. 


To explain the fact that the vector coupling con- 
stant for 8 decay does not undergo renormaliza- 
tion, despite the existence of the strong interactions 
_ Feynmann and Gell-Mann! have suggested that the 
vector part of the 8-decay Lagrangian involves 
only currents that are conserved in the presence 
of strong interaction (cf. also reference 2). In this 
connection the question arises as to the extent to 
which the current responsible for 6 decay is 
uniquely determined by the requirement that its 
divergence vanish. Furthermore it is not obvious 
a priori whether the current responsible for the 
decay of hyperons is conserved. At the beginning 
one can only assert that the existence of a current 
with a vanishing divergence means the conserva- 
tion of a certain vector, and consequently means 

an additional symmetry of the interaction Lagrang- 
ian. Pais® has shown that certain classes of such 
symmetries lead to contradictions with the experi- 


> 


ments on associated production of strange particles. 


It will be shown here that from the results of Pais 
it follows that the @-decay current is uniquely de- 
termined and the current responsible for the decay 
of hyperons is not conserved. 

The strong-interaction Lagrangian can be writ- 
ten in the form (boldface letters denote isovectors, 
i.e., vectors in the isotopic space) 


L = {g; (NitstV) + ge (Aiysd.+ Bix) 
— igs (Diys®] + ga (SiystB)} 
+ {gs (NixsA) K+ &e (Niy;t%)K + g7K(Aiyst2®) 


+ g,K (Liystet®) + Herm. conj.}. = (1) 


The only difference from the notations of the paper 
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of d’Espagnat, Prentki, and Salam‘ is that the sign 
of g, is changed, whereas in Pais’s notation? 

Si = Gy GUS 13 25035.4)) Soe Eases selon donu a aie, 
&3 = —iF,. The assumption that K has a parity 
different from that of A and 2 is immaterial. 

It is not hard to see that in virtue of the conser- 
vation laws for baryon number, strangeness, and 
charge and the isotopic invariance of the theory 
with the Lagrangian (1), we have for arbitrary val- 
ues of the 8} conservation of the isoscalar cur- 
rents 


Ja = (NiquN) + (AiquA) + (Biqud) + (FiquE), — (2) 


Ju = — (Aiq,A) — (Zi7,2) 
a nl ’ . 6 0 aK" 
— 2 (Bix, 2) + i(K ae ee ey ), (3) 


and also the isovector current 
Jy = (NiqutN) — 2i (2iq.E) + (Biyus®) 
an Pe ee) oK* 
+2/a5 |+i(K "Ox, Ox K). (4) 


u 


Furthermore the Lagrangian for the electromag- 
netic interactions has the form (a8 “ ie - (JY)3) 
x Ay 

If the bare masses of the A andthe 2 are 
equal, and the coupling constants satisfy the rela- 


tions 
Go= 883, Ss=88e, 82 = 88s; Ma= My, &= +1, (5) 
then in addition to (4) we can construct another con- 
served current isovector 
Sp = e (Aix,2 + Siz,A) 
+ i [Biq.B] — i Ka — aK’ sk), (6) 


Ox, OX, 


404 


The equations in (5) agree exactly with the con- 
ditions obtained in reference 4 for the invariance 
of the theory with respect to rotations in a four- 
dimensional Euclidean isotopic space. On the other 
hand, Pais® has shown that from precisely these 
conditions there follow consequences that are in 
contradiction with experiment. In fact, for ¢ = 1* 
the vanishing of the divergence of the component 
(iy, )s corresponds to the conservation of the op- 
erator 


Ny osu NG a Nae == Ne. (7) 


where 


Via ey = Ae Soyo 


DizeNo 2 Y Dea Z. a= Se, (8) 
and N is the operator for a number of particles 
(Ny = Nyt a Ny, Nz = Nvz0 25 Nz- en eTogether 
with the vanishing of the divergence of the expres- 
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which are stronger than Eq. (5), do we get conser- 
vation of the current 


Je = (AiqutN) +s ((iquN) —i i We! (BiqutcA) 


i e a | 
— ee’ ((Fiy 208) — 1 [Elqer BNE ie" K = Cone a n), (12) | 


and also of the currents 

— F [sit] = AixaW) —2 Gix.W)—e (Sigur A) 
On OK =| 
a [ ae |), (13) | 


+ es’ (Siy,,t2b) + 8” ([2« 


ale = — 42 [Ji] = 3 (AiquN) —8 ine + 30’ (BiyytoA) 
Ri ” OK | 
— ce! (Biyyetsh) + Qie f eK 22. Stee m). (14), 


If there exist also other mesons besides m and_ 
K, other currents besides the expressions (12) — 
(14) can be conserved. For example, if one intro-_ 
duces into the theory a pseudoscalar p meson 
having zero charge and isotopic spin and interact- 


Beem) ad oe anae Conger) oa s2s ing with the baryons through the additional Lagres 


— Ny —Nz—2Ne+Nu++Nxo, (9) ian terms 
Eq. (7) at once means also the conservation of the L' = gp [(NiysN) — (AiysA) — (Ziys8) + (Biy,2)]0 (15) 
. Pai 
operators introduced by Pais, andsimpose the condittone 
§,=— Nz— Ne + Nes, 8,==— Ny —Ne+ Ne; (10) £1=88.== a= 2a) Os = Oho = 8 Op = 88'2, = 88; 
which, for example, directly forbids the reaction My = My = My = Ms, M,—= my; 8, 8',e”=+1, (16) 
mt +p—+2zt +k = y*+k*, which has been ob- wertindthaticnencurcent 
served experimentally . wherefore we can regard Tia Ain, Neo Segrcn tae (GidkeaesN) 
it as established that the conditions (5) are not z on 
satisfied, and that there is no possibility of includ- -+ se’ [Eiy,tt2¥) + 2ie" (e eae aa (17)) 
V 


ing ii and Jj inthe $-decay Lagrangian. 
Direct calculation shows that it is impossible 
to construct any other conserved isovectors; con- 
sequently the 6-decay current (JY )4 = = (SN )i* 
i (TY )o is uniquely determined. 
Since furthermore there is no foum ( Aiyyz ) 
in Eq. (4), the decays 2+ —NM+eh+v, I> > 
A’ + e7+D can occur only owing to the renormal- 
ized axial-vector interaction. For this reason 
there should be no polarization of the A in such 
reactions if the 2 are not polarized, andthe A 
is emitted asymmetrically for polarized 2. 
Feynman and Gell-Mann suggested that the de- 
cay of hyperons is due to the existence of currents 
with change of the strangeness. Such currents will 
have half-integral isotopic spin, since from the 
quantities of the theory one can construct only ex- 
pressions of the types (Aiy,N) or (Aiy,TN). 
It is easy to see tha, generally speaking, such cur- 
rents are not conserved. Only under the conditions 


(Oi) = iy eI La BBs = 88h eer ee = £6'8"9, 
My =M,y=My=Me, M= mM; ee | (11) 


*If cj{~— 1, Nyo and Nzo are interchanged in Eqs. (7)—(10). 


is conserved. 

The introduction of the p meson has the result 
that aJ?/ax #0, so that the simultaneous con- 
servation of JX and the currents (12) —(14) is. 
impossible. It can be noted that if one uses in 
Eq. (1) the same spatial parities for A, ZX, and 
K, the current (17) can be conserved as before 
(the p meson would then be scalar), and the cur-: 
rents (12) — (14) are then not conserved. The con- 
ditions (11), however, and also the conditions (16), 
contain the relations (5) which are in contradiction 
with experiment. Consequently both sets of condi- 
tions are incapable of fulfillment, the current re- 
sponsible for the decay of hyperons is not conserve: 
and, accordingly, the decay coupling constants are 
subject to renormalization. This explains the fact 
that hyperon decays with lepton emission has so 
far not been observed, whereas in the absence of 
the renormalization several percent of the total 
number of A and 2 decays should be accompa- 
nied by the emission of electrons or » mesons. - 
(cf. e.g., reference 5). In addition, because of the 
nonconservation of the pion-neutrino decay current: 
the correlation in the Ky3 decay cannot be de- 
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scribed by the expression obtained in reference 6. 
Up to now we have been speaking only about 
vector currents. Since in ordinary f£ decay the 
experimental ratio of the axial-vector and vector 
coupling constants’ is |Ca/Cy|=1.14, i.e., close 
enough to unity, the question of the conservation of 
axial-vector currents is also of interest. The con- 
struction of such currents is impossible, however, 
in the theory with the interaction (1) unless one 
introduces additional particles. If, for example, 
we introduce a o meson that is scalar in the or- 
dinary and isotopic spaces® with the interaction 


L’ = go[(NN) + (AA) + (£8) + (Z2)] ¢, 


then with conditions on the bare masses and coup- 
ling constants given by 


Bee een Ogre ogo 8 


(18) 


ny =n,=m,=m,=m, m,=m,=9, (19) 


and only apart from effects of the K-meson inter- 


ee 


actions, we have conservation of the current 
(NiqsyutN) + (Aiystud) + (ZitstuA) — i (2iysy.2] 


2m On 


g Ox, ~ 


Oc On ) (20) 


r— so = 
Ox, : 


+ (Bitsyus®) + 2( 


The conditions (19), which differ from the Gell- 
Mann scheme? by the addition of the o meson, do 
not impose the limitations (5) on the K-meson in- 


teraction constants, and therefore do not contradict 
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experiment. Nevertheless the addition (20) to the 
vector current a would mean a violation of the 
assumption! that the weak-interaction Lagrangian 
involves only fermion operators of definite spiral- 
ity. 

In conclusion I express my deep gratitude for a 
discussion to I. M. Shmushkevich and S. S. Ger- 
shtein. 
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The correlation between the y quantum from radiative K capture and the circularly- 
polarized y quantum from an excited nucleus is studied. A general formula is derived 
for the correlation and for its dependence on the spins of the initial, excited, and final 


states of the nuclei. 


Ir is well known that along with ordinary K cap- 
ture one observes radiative K capture, which is 
frequently called internal bremsstrahlung, in which 
a continuous spectrum of y quanta, up to the max- 
imum energy Wo, is produced. If the nucleus is 
produced here in the excited state, circular polari- 
zation of the y quantum of the excited nucleus can 
be observed in the direction of emission of the 
bremsstrahlung y quantum. This offers an inter- 
esting possibility of determining the spin of excited 
states of nuclei formed in K capture. 

In the case of electronic 6 decay, the spins of 
the excited nuclei can be determined by studying 
the correlation of the electrons and the circular 
polarization of the y quantum of the excited nu- 
cleus.! 

The correlation considered by us occurs uncon- 
ditionally only if parity is not conserved in K cap- 
ture. It is not necessary here to measure the en- 
ergy of the bremsstrahlung quantum. This finds 
its expression in the fact that the considered cor- 
relation is of the form 


W (0) ~ 1 + Arcos 4, (1) 


where @ is the angle between the directions of the 
two y quanta, and 7 equals +1 or —1 respec- 


tively for right- and left-handed polarized y quanta. 


Let us dwell briefly on a derivation of this for- 
mula for the case of the A, V variant of the 8 
interaction. 

The matrix element for radiation K capture is: 


R= V 4r/ 2k; (ge / 2mk,) ® (0) PARE e}; (2) 


@(0) is the wave function of the K electron in 
the nuclear region, ¢€ is the polarization vector of 
the bremsstrahlung y quantum, k and ky are 
respectively the momentum and energy of brems- 
strahlung y quantum, and A is the matrix of the 
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B interaction: 
= (| 1| $2) Yo (Cy — iCvs) 
— ilps | oa | 2) (Ca + iC As) Yo'Xs- 


We have to find the density matrix pp for the 
radiation K capture, and then multiply it by the 
density matrix p, for the y transition Jf — Jff. 

The density matrix pp of the radiative K 
capture is 


(35 


—~ 3) (SMe | He | SoM.) (IM; | He | JeM) 


Sy» SZ 


(Pp) MM, (4) 
Hr = vARee. 

The summation extends over the spins of the 
emitted neutrino and the captured electron. Mf is 
the magnetic quantum number of the excited nucleu. 
Jj is the initial spin of the nucleus, J¢ is the spin 
of the excited state, and Jg¢ is the spin of the fina 
nucleus after emission of the y quantum. 

We shall not perform a complete calculation of 
PR, and will write the result for the interference 
term (between A and V) of the pp matrix. This 
term equals 


(5) 


— 2mky 4qoMp (CyCa + CaCy) (JyM;|sa| iM)’ kd (M;, MI 


— 2mky 4qoMp (CvC4 + C2Cy) 


X (JjMj |x| JM) kad (Mz, Mi); (6) 
MF is the Fermi matrix element. 

A similar result is obtained when calculating 
the matrix p for positron B decay, but kg is 
replaced by the corresponding positron momentum) 
component pq. This pertains also to other terms | 
of the density matrix p. | 

Starting with the above we can write an expres-- 
sion for the coefficient A in (1), using the results: 


of Alder, Stech, and Winther? on B-y correlation: 
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Here the electron momentum must be replaced by 


since k/k)=1, A is independent of the energy of 
the bremsstrahlung y-quantum momentum, and 


the bremsstrahlung y quantum: 


JJ, + D— V0, +1) 42 ee ON bel ome Monte Ses 
UT, y+ |Merl* (C40, +C,C 4) + 4M Mor Re(CyC4 + CyCy) | 


1 ‘ ; 
Spas LS aeeF (A, A‘, Jops Jp) | 


slate (Cy + 1Cyl?) + [Mgr i? (Cal? + ICAI} 2 Sa (7) 


By way of an interesting example, let us con- 
sider the K capture 


eh Ei as Threm. 


Ss: 
as 
2 


There are two possibilities, %/ e yy 3, or 


ey, us a, = %,. The excited state, in all probability, 
emits a quadrupole y quantum, i.e., A =A’ = 2. 

_ In the first case of a pure Gamow-Teller tran- 
sition (for the 2-component neutrino and real Cy 
and Ca), A='%. In the second case 


‘ee (4/V15) C4 | Merl’ + 4MpMgrCyC 4 
Of Mp + Ch Mbp 
x = MrCy/ MerCa. 


A=—0. 


1.03 + 4x 
SHON a (8) 


In the second case A is close to We and is.posi- 


tive only when x ~ —1. The contribution of the 
interference terms is quite large here. 

Thus, an investigation of the correlation of the 
y quantum of radiative K capture and of a circu- 
larly-polarized y quantum of an excited nucleus 
can yield interesting information on the spin of 
the excited state, or else, if J¢ is known, it yields 
data on the role of the interference terms in the B 
interaction. The correlation considered is analo- 
gous in many respects to the B-y correlation. 

In conclusion, I thank Ya. B. Zel’dovich for at- 
tention to and interest in this work. 


1. Boehm and A. H. Wapstra, Phys. Rev. 106, 
1364 (1957). 

2 Alder, Stech, and Winther, Phys. Rev. 107, 
(0X3) (Qa) 
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The polarization of 0.1 —1 Mev neutrons scattered by heavy nuclei is investigated. It is 
shown that the polarization can be described with satisfactory accuracy by introducing in 


dV be 
the optical potential and additional term of the form — aoe (o°l), where xk =3 X10 ater: 


2 
ig be 


The best agreement between theory and experiment is obtained when the imaginary part 


of the ordinary potential is 2.5 Mev. 
1. INTRODUCTION 


fe erie TS on neutron polarization are a very 
important means of determining the interaction be- 
tween nucleons and nuclei. Experiments made at 
relatively small energies are the most interesting, 
since they yield a clearly pronounced dependence 
on the atomic weight and a readily interpretable 
angular dependence. 

Naturally, the theory can yield good agreement 
with experiment only for spherical nuclei. In addi- 
tion, an agreement with theory can be expected only 
at energies for which the inelastic scattering is 
small or, to the contrary, so large that the frac- 
tion of elastic scattering in the reaction cross 
section is negligible. Thus, the most suitable 
energy intervals are E< 0.5 Mev and E > 8 Mev. 
In the intermediate region between 0.6 and 3 Mev 
the comparison cannot be so reliable. 

The optical model were used by us to investigate 
the polarization found in the experiments of Darden 
et al.'? The phases were calculated with a “Strela” 
computer. The results of the calculations was a 
total cross sections, the absorption cross sections, 
and the angular distributions were published else- 
where.*® We wish to dwell here specially on prob- 
lems of polarization. 


2. METHOD OF PHASE CALCULATION 


The potential was chosen in the following form 


V =V, 04-8) V., (1) 
where 
VS Vil (Le (2) 
dV 
Ve a ee =~ ar (el), 
V,=50 Mev, 1/a=0.65-10-3, x =2.8-10-2?7 cm’, 


Ro = (1.16.4"* + 0.36)- 10-28 em; (3) 


with Ko = (1/h) V 2mV (6%, 

The Schrédinger equation with this potential was 
solved on a “Strela” computer. In this case the so- 
lutions of the Schrédinger radial equation, in the 
region where the potential vanishes, can be repre- 
sented as 


b = A tr PHP), (kr) + nur Hy, (Rr)}. (A) 


For the functions Jj44/2(x) and Jyj-1/2 (x) 
tables are available and therefore to determine n] 
it is enough to know y in two points at which the 
potential vanishes within the interval. Such a 
method of solution accelerates considerably the 
operation of the computer, since the calculation of 
the asymptotic form of ~ would necessitate a con- 
siderably longer operation. The values of nj for 
different energies were then computed manually. 

The values obtained for nz were used to calcu- 
late the polarization. At energies of 0.25 and 0.5 
Mev, we took into account only waves with 1=0, 

1, and 2. At 1.25 Mev we performed the calcula- 
tion also for 1=3. The polarization was calculated 
here from the formula 


Im DUE + 1) (1 — yg) + (1 — 1y_2,)] P; (cos 9) 
l 
2do4o4 / dQ 


x yy, (Hs), ioe Nr4s,) Py (cos 9) 
ie 


P= 


where x is the wavelength of the neutron, divided 
by 27, oto¢ is the total cross section, and dQ is 
the element of solid angle. 


3. COMPARISON WITH EXPERIMENT 


A comparison with experiment can be made only 
for the data of Darden et al. The 380-kev energy 
is quite suitable for comparison with experiment. : 
The radiative capture at this energy is small and 
the inelastic scattering is insignificant. Therefore 


408 


CALCULATION OF POLARIZATION OF MEDIUM-ENERGY NEUTRONS 409 


i) 
az 


FIG. 1. Polarization of neutrons scattered 
at an angle of 7/2. The abscissas represent 
k,R. The solid curve corresponds to an energy 
of 0.5 Mev, the dotted one to 0.25 Mev for 
¢ = 0.05; the experimental points pertain to a 
380 kev. 


a 


FIG. 2. Polarization of neutrons scattered at 55°. 
Symbols are the same as in Fig. 1. 15 hgh 


= 


FIG. 3. Polarization of neutrons scattered at 130°. 
Symbols are the same as in Fig. 1. 


FIG. 4. Polarization of neutrons scattered at 
90°. The solid curve corresponds to an energy 
of 0.5 Mev, the dotted one to 0.25 Mev, for 
€=0.1. 


ND ‘Td tok 
FIG. 5. Polarization of neutrons scattered at 55°. Symbols FIG. 6. Polarization of neutrons scattered at 130°. Symbols 
the same as in Fig. 4, energy 0.5 Mev. the same as in Fig. 4. Energy 0.5 Mev. 
the assumption that the intermediate system breaks The simplest curve is that for 90° (Figs. 1 and 4). 
up only elastically is close to reality. We assume It has one maximum A=100 and two minima at , 
that there are no inelastic processes. The curves A = 80 and 200. The course of the curve is deter- 


are given for angles.55, 90, and 180° for two values mined essentially by the phase of difference* 13/2- 
of the absorption coefficient and for two energies, 
250 and 500 kev (Figs. 1 —6). * The phases of py and py are denoted 7y_ and ny. 
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FIG. 8. Polarization of neutrons scattered at 90°. The 
curve corresponds to energy of 1.25 Mev and € = 0.05. 


and Mf-, 1.€., with 7=1. As the energy is in- 
creased, the width of the maximum at A = 100 in- 
creases. If the coefficient of absorption is large 
the maximum is lower, but not wider. The experi- 
mental maximum at A=100 is in agreement with 
the curve for ¢=0.05, although, possibly, the ex- 
perimental values of the polarization are somewhat 
lower than the theoretical ones. 

Of the 18 experimental points (5 points corre- 
spond to nuclei with static deformations), 12 agree 
with the theoretical curves. The deviation is par- 
ticularly large for Se and Br. The reason of the 
deviation in the case of these nuclei must be sought 
apparently in their structure, since the discrepan- 
cies occur also at different angles and energies. 

The 500-kev curve for 55° has three maxima 
(Figs. 1 and 4), one corresponding to the p wave 
and two corresponding to the d wave. One of the 
d maxima is at A=50, where measurements 
were not performed, while the second occurs for 
nonspherical nuclei. We have therefore noted on 
the experimental curve only the maximum at A= 
90—100. For this angle the agreement is some- 
what poorer, Se, Br and Hg being in particularly 
poor agreement with the theory. The sign of polar- 
ization for the case of Hg disagrees with experi- 
ment. 

For 130° both the theoretical and experimental 


FIG. 7. Polarization of neutrons scattered at 
15 tyR 55°. The curve corresponds to an energy of 1.25 
Mev and ¢ = 0.05. The experimental points per- 
tain to energy of 0.98 Mev. 


FIG. 9. Polarization of neutrons scattered at 125°. The 
curve corresponds to energy of 1.25 Mev and € = 0.05. 


values of the polarization are small. The experi- 
ment confirms the theory in this respect. How- 
ever, the errors in the experimental values are 
so large, that the comparison with experiment can 
hardly be given any great weight. 

The comparison for 980 kev is considerably 
more complicated (Figs. 7-9). Inelastic scattering 
can occur at this energy. For comparison with the- 
ory, nuclei with small inelastic scattering cross 
sections are the most suitable. From this point 
of view, nuclei with A =50—60 are of interest. 

At an angle of 55° one should observe in the case 

of these nuclei a narrow maximum (large positive 
polarizations ) followed by a broad minimum (large 
negative polarizations) (at ¢=0.05). Actually, 
measurements for V, Mn, Co, Cu, and Zn gave 

a picture close to that expected theoretically. The 
maximum at A=100 is not clearly pronounced 

for #= 55°, but is quite clear at #= 90°. Here 
the polarizations are quite larger than the theoret- 
ical (at ¢=0.05), if elastic scattering is assumed 
as the only process. However, in nuclei with A ~ 
100 inelastic scattering is very large, so that only 
a small portion of scattering goes. into elastic scat- 
tering via the intermediate nucleus. Then the de- 
nominator in the expression for the polarization 
decreases and the experimental data generally do 
not disagree with the theory. For A = 200 agree- 
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ment with experiment at J = 55° is also satisfac- 
tory. 

The experimental errors in the 125° case are 
so large, that it hardly makes sense to make com- 
parisons with experiment. Again, the data for 
selenium are in sharp disagreement with the the- 
ory. 

In conclusion we can state that a total analysis 
of the existing data on polarization shows the fol- 
lowing: 

(1) The spin-orbit constant xk ~ 3 x 10?! em?, 
selected from data on the stationary states,’ de- 
scribes fairly well the polarization of slow neu- 
trons. 

(2) The imaginary portion of the potential for 
low-energy neutrons is close to 3 Mev, in good 
agreement with experiments on the total cross 
sections and on radiative-capture cross sections. 

The causes of disagreement between theory 
and experiment are still not clear in the case of 
several nuclei. 

The author is greatly indebted to Academician 


A. A. Dorodnitsyn and to A. I. Sragovich for per- 
forming the operations on the “Strela” computer, 
and also laboratory assistants M. P. Shustova and 
L. V. Moiseeva for performing the numerical com- 
putations. 
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The elastic scattering phase shifts for Dirac particles are determined from the interaction 
potential with inclusion of the second approximation. The results of the Born approximation 
and of damping theory, and also the McKinley-Feshbach formula, which is a generalization 
of the Rutherford-Mott formula, can be obtained as special cases. 


1. INTRODUCTION 


As is well known, in the theory of scattering one 


has the following exact formula for the angular dis- 


tribution of a beam of unpolarized Dirac particles 
scattered by a stationary center of force:! 


ds [dQ = | f (8) |? + | g (6) |? (1) 
1) (exp {2i8)"} — 1) 
+ 1 (exp (218!) — 1)] P; (cos 9), 


g () = sar Dt [—exp (248/") + exp (218”)] Pi (cos). (2) 


l=] 


For the total effective cross-section we have: 


o= SES} ((0 + 1) sin? 8? + f sin???) 


/=0 


(3) 


In the general case of an arbitrary interaction 
potential no exact expression has been found for 
the angles 6{') and 6{), which are the phase dif- 


ferences between the asymptotic expressions for 


the radial functions with the scattering center pres- 


ent and the radial functions of the free motion. 
There are various methods for the approximate 
calculation of the phase shifts 6{!) and 5), in 
particular the Born approximation and the semi- 
analytical method of Wentzel, Kramers, and 
Brillouin. Recently the phase shifts have been 
calculated by means of a damping theory.” In the 
present paper the phase shifts are calculated cor- 
rect to the second approximation in the interaction 
potential. We note that if we confine ourselves to 
just the first approximation we shall get again the 
results of the damping theory. 
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2. SOLUTION OF THE DIRAC EQUATION FOR 
THE FREE PARTICLE 


In studying the phase shifts for the elastic scat- 
tering of spinning particles it is convenient to take 
the solution of the free-particle Dirac equation 


(E —cp-a— omc?) p(r) = 0, 
without restriction by boundary conditions at infin- 
ity or at the origin, in the form: 

V1 FRo/K (+ Adj (kr) —tand?ni(kr)] 
+ 1B; [ir (kr) — tan 87 ni(kr)]}i!P (cos 8) 
V1 + RK {Ar lis (kr) — tan 8)?n; (kr)] 
— Byljr(kr)— tan 8)n, (kr)]}ite’* Pt (cos 8) 
V1—/K Aral (kr) —tandp, 2; (kr)] 
+ (14+ Y) Bras Lic (kN—tand8?), nz (Rr)]}i/P (cos 9) 
V1 —2o/K {—Ar-alic (Rr) — tan 822, ni (kr) 
ny (kr)]} ite! P7 (cos 8) 
(9) 
For 5y) = 6f = 0 this solution describes a par- 


ticle with positive energy and its momentum and 
spin directed along the z axis. Here 


u(r) = 2 


+ Bi4ilic(er) — tan sf), 


jt (kr) = (x/2kr)'? Ji4), (kr); ny (kr) = (x/2kr)'2 Niay, (Rr). 


The quantity hk is the momentum, E =chK is 
the energy, and m =hk)/c is the mass of the par- 
ticle. We note that, for Az=Byz=1 and 5y) = 

5?) =0, Eq. (5) is the expression of a plane wave 
in spherical coordinates. 

The free-particle solution (5) is at the same 
time also an asymptotic expression for the solution 
of the Dirac equation in the presence of a spheri- 
cally symmetrical center of short-range forces. 

In this case 6y and 6{) are no longer arbitrary | 
constants, and depend in a definite way on the form 
of the interaction potential. 


(4) 
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38. APPROXIMATE SOLUTION OF THE DIRAC 
EQUATION FOR A PARTICLE IN A CENTRAL 
FIELD 


In scattering problems the most important case 
is that in which there is no vector potential and the 
scalar potential is spherically symmetrical. 

In this case it is convenient to consider instead 
of the Dirac equation 


(E—c psa — psmc? 


—Vir)) pir) =0 (6) 
the equivalent integral equation 


(0) = do(r) + D (le (r, 1’) V(r’) b(r’)dr’, (7) 


where 
ete 1 cosk|r—r’ | 
SNe ae ) 
D(r) = c?2n-2 (E + cpea + pgmc?). (9) 


Furthermore for the zeroth approximation 7% (r) 
we take not a plane wave, but the solution (5) of the 
free-particle Dirac equation, with the condition 
6) = 6%) = 0, which secures the finiteness of 

Yo (xr) at the origin: 


V af(d + 1) Ay + 1By) itjz (Br) Pr (cos 8) 
gol(r)= S| Va(Ar — Byi' jr (kr) e* Pi (cos 8) 
© | VBUA Ra + (f+ 1) Bryalitjz (Rr) Ps (cos 8) 
V 8(— Ariat Brys)itjz (Rr) ef Pi (cos 9) 


(10) 


where for convenience we have introduced the no- 
tations 
a=1+hk,/K, B= 1—k,/K. 


Assuming that the interaction energy can be re- 


garded as a perturbation, we carry out a successive- 


approximation calculation to the second order. In 
this approximation the wave function has the form: 


b(t) = $0 (r) + dr (F) + 2 (F) 
= bo(t) + Der) VG Ge) V(r) doe’) ar’ 


+ D (r) \ G(r, r’) VV (r')de’ D(r’) \ G(r’, r”) V(r") bo (0) dr”. (11) 


By using the arbitrariness of Az and Bj, and 
also the choice of the Green’s function (8), we try 
to identify the asymptotic form of the wave func- 
tion with the conditions at infinity, Eq. (5), in first 
and second approximations. In what follows we 
use the following expansion of the Green’s function: 


Sicos Era rl 
4n jr—r’ | 

co 

= 


(2 +1) G (rr Pr (c0s 0) Ps (cos) 


k 
an 


: eX 


+2 > oa 7 (cos 8) P7' (cos 9’) cos m (@ — °')| 2 (i?) 
m=1 
fi (kr’)n(kr) for r>r’, 


li (Rr) (RF) Oren, 


Here r, 6, g and r’, 6’, g’ respectively are the 
spherical coordinates for the position vectors r 
andes 


(a) First approximation. 
mation 
b(r) = bo (r) + dy (r) 


= do(r) + Dr) \G (ryt’) V(r’) bo (’) dr’. (13) 


By taking into account Eqs. (10), (12), and (13), and 
also the well known orthogonality and normaliza- 
tion relations of the Legendre polynomials, we can 
carry out the integration over the angles in 4, (r). 
This gives: 


In the first approxi- 


V af(l + 1) Ay + 1B; Ji!) (r)P; (cos 9) 
Va (A; — By) i! Oj (r)e’ P} (cos 8) 
=—pb 2, 
bi ()=KD(0) By BULAr-1+ (U-+ 1) Bryalit{(r)Px(cos 8) 
VB(— Ara + Bisa)i! Oi(r)e* P7(cos 8) 


(14) 
where we have used the notation: 
DY" (r) = nulkr) \ fake’) V(r") r°2dr’ 
0 
+ ju(kr)\ tm (Re’)im (Rr V0") 2dr’. (15) 


To get the final form of the wave function in first 
approximation, we must work out the application 
of the operator D (r) in the expression (14); we 
find as the result 


Va ((l +1) Afai(r) + BO (r)] 
+ 1B; fa@i(r) + B@{* (r)]}}i/P1 (cos 9) 
V « {Aj [ai (r) + BOI %(r)] —Bz [a7 (1) 
+ BO) (r)]}i4e# Pt (cos 8) 
VBUA1-1 [a®1 (1) + BOL (N) 
+ (1+ 1) Bila bi (r) + Bi (r)]}é'P (cos 8) 
VB{— Ar-aladi *+ 80; (r)) 
+ Biya (2@i(r) + Br (ite Pi (cos 8) | 
(16) 
In obtaining Eq. (16) from Eq. (14) we have used 
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the differential relations 
(p1 + ips) Bi(r) Pr (cos 8) 
_ the? t_s (r) Ph (cos 8) + O41 ()Pt41(cos8)] 
Reread) 


pg) (r) P: (cos 9) 


[l}_4(r) Pra (cos 8) — (L + 1) Pi 44 (r)Pr4(cos 6)], 


=D 
(p1 — ipa) Pi (r)PI (cos Be” 
= AE [Oi (Pra (C08 0 
+ Di4,(r) Pr (cos 6)], 
py} (F)PH(cos6y ee = —M* _ 4. 1y@4_4() PL, (cos 8) 


i(2l+ 1) 


— 1114 (r)P143(cos9)], (17) 


which can easily be obtained by direct differentia- 
tion if one uses the connections between the suc- 
cessive Legendre polynomials that are well known 
from the theory of spherical harmonics. 

We note that in Eq. (16) only Legendre functions: 
of order 7 appear; this formulation is obtained by 
replacements of the summation index 1 by /-1 
and 1+1. 

Recalling the asymptotic behavior of the func- 
tion o/(r) for large r 

co 


OF (r) > ni (kr)\ Pa (keV (r') r’2dr’, 


0 


(18) 


and using Eqs. (10) and (16), we can easily write 
out the asymptotic expression for the first-approx- 
imation wave function w~(r) = %(r) + %,(r). Iden- 
tifying this with the expression (5), we determine 
the following values for the scattering phase shifts: 


tans) —— 4K ta ji(Rr) V (r) 2dr + 8 j fins (RAV (r) rar | ; 
0 


EKuifies 
tan §) = —=> ae ji(kr) V(r) Pdr 
0 


(oe) 


48) faenviy rér| (19) 


This same result is given also by the damping 
theory developed in the papers of reference 2. 
These papers contain a more detailed discussion 
of the results that follow from the formulas (19). 


(b) Second approximation. The exact calcula- 
tion of 


be (tr) = Bir) | G(r, x’) V(r’) dy (0) dr’ (20) 


involves rather cumbersome manipulations. We 
shall be interested in only the asymptotic behavior 
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of ~(r) =%o(r) + (4%) + o2(L), which is enough 
for the calculation of the scattering phase shifts 
in second approximation. 

Substituting Eq. (16) in Eq. (20) and carrying 
out the angular integrations, we get by using Eq. 
(18) the asymptotic expression for %,(r) for 


r— oo: 
Vat(l+ Ae? 
+ Bye}? ]i/ni(kr)P 1 (cos 9) 


V af Are)? — Bye] i'n, (Rr) e** Pi (cos 8) 


~ N) Kk? BLA, .6 
dole) ~Dey> VBUAise1 
+ (+1) Bryys?]itn(kr)P (cos 9) 
V ia Aier, 
+ Biss{] i'ni(kr) e* Pt (cos 9), 
(21) 
where 
ef) = \ jy es [ad; (r’) + BOT (r’)Ir’2dr’, 
ef? x= \ jr (Rr’) [at (r’) + BONE’) 2dr’, 
1) 
of = \ fer’ ladi(r’) + BOE (ry) r2dr’, 
of? = \ jr(kr' adi Ur’) + BOL (r')] r’2dr’. (22) 


) 


Equation (21) does not differ in its structure from 

Eq. (14), since the relations (17) also hold for the 

function njz(kr). Therefore we omit the computa- 
tions and give the expressions for the phase shifts 
in second approximation: 


kK\{ ¢ 
tan 6)? = — (=) f \ ii(kn) V (r) r2dr 
0 


(ee) 


aye \ iiss (Rr) V (near } 
a= (3) ‘2 ir (Rr) Di (r)V (r) r? dr 
+ 2a8 j in (kr) &)(r) V(r) Pdr 


CO 


Lets jigs (kr) BFE (A) V (r) Pdr 
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RRNA 
CA ee ee (se) ? \ ji(Rr) V (r) 2dr 
0 


oO 


+6) fa knvenr ar} 


0 


— (Se) laa \ ji(kr) Bf (V(r) 2dr 


42a) jc(er) OI (nr) V (A) Pdr 
0 
co . 
+8) imo eovennar, (23) 
0 
From (23) we can obtain previous results as 
special cases. For example, neglecting the terms 
quadratic in V(r), we get the results found from 
the damping theory for the scattering of Dirac par- 
ticles, Eq. (19). In the case of small values of the 
scattering phase shifts (tan 6] ~ 67) we find the 
results of the first Born approximation (cf. refer- 
ence 3) 


P= Ca) 2 [GV inetd +8) Beenv tr) rar} 


se) foo) 


; kK 
3? = ($F) | Ben V (Pdr +8) RaeNV(n rede}. 
0 


0 


The formulas in (23) can also be used to study the 
scattering by a center of Coulomb forces (V(r) = 
—Ze*/r). In this case it must be noted that the in- 
tegrated values of the phase shifts diverge. Never- 
theless, we get correct results if in the formulas 
(2) we first carry out the summation over 1, which 


gives the following values for the scattering ampli- 
tudes in second approximation: 


Ore eae 


ch J 8k sin* (0 / 2) 


22 cos 0 
sine a 


i Re ES et Eo ge ante 
tar) ar anem (1 — sing 


, __[{ Ze®\ K 48 cos(0/2) 
g (9) ( ch ) 8k? — sin (0/2) 


_ (Zeya ob fy 
(=) 4k cos(8/2) \ 


sin : ) 5 
From this we get for the differential cross section 
the well known formula which takes into account not 
only relativistic and spin effects but also terms of 
the second order in V(r), which characterize the 
asymmetry of the scattering of electrons and posi- 
trons 

dco Ze? \?1—v?/c? 


dQ \2Qme2) vt/e8 


) diss Sc aA 
sec’ > [1 = sin? 


+ Zr ~ ) sin : (1 Sin >) |: 
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A criterion has been derived for instability of the flame zone of a plane detonation wave; 

this criterion determines the conditions for the occurrence of a spin detonation. Conditions 
have been derived for the occurrence of single-headed spin detonations, and for oscillations 
of the combustion front in a detonation wave. It is shown that the criterion for unstable com- 
bustion which is derived for detonation waves is also applicable to forced combustion cham- 
bers. 

The instability of the flame zone plane is considered as a source of high-frequency oscil- 
lations of the flame. The order of magnitude of the fundamental frequency of these oscilla- 
tions has been determined, and the conditions for the appearance of higher harmonics have 
been found. The origin of resonance vibrations in a furnace is explained qualitatively, and 
an estimate is made of the maximum pressure during the oscillations. 


1. INSTABILITY OF THE FLAME FRONT PLANE 
IN A DETONATION WAVE 


Ler us consider a stationary detonation wave. 
Gas, originally in a state represented by point O 
in the P-V diagram (Fig. 1), is rapidly com- 
pressed (by the shock wave) along the dynamic 
adiabatic to the state A. The high density and 
temperature of the gas in state A gives rise to 
chemical combustion reactions in the gas, whose 


final state is the Jouguet point J inthe P-V dia- FIG. 1 
gram — the point where the Hugoniot adiabatic H : ‘ } 
is tangent to the line OA. At the point J, the tion front has been dealt with exhaustively by Ya. 


B. Zel’dovich.! 

The time required for a chemical reaction de- 
pends, as a rule, on the temperature and pressure 
according to the relation 


sound velocity a is just equal to the velocity of 
the detonation front with respect to the compressed 
gas (the Jouguet condition): 

a=D—W, ; 2 ~ paneElRT, (1) 
where D is the velocity of detonation and Wy is 
the velocity of the gas in the pressure wave. 

The chemical reactions going on in the detona- 
tion wave require a certain amount of time. There- 
fore the plane at which the combustion is completed 
does not coincide geometrically with the density 
discontinuity at A. Figure 2 shows schematically 
the distribution of pressure behind the front in a 
detonation wave. From A to J the pressure de- 


where E is the activation energy for the reaction, 
R is the gas constant, and n is a constant. 

To simplify the discussion, it will be assumed 
in what follows that during the induction period T 
there is no reaction at all, but that all the heating 
occurs instantaneously at the time T. The distribu- 
tion of pressure in the detonation wave for this ap- 
proximation is shown in Fig. 3. The temperature 


creases in accordance with the rate at which heat A~rt(D-W) 
0 leap aaa 


is being generated. All the intermediate states on A\ 
curve AJ in Fig. 2 are represented by points on 
the straight line AJ in Fig. 1; this follows from 

the requirement that all parts of the burning zone 
travel with the same velocity. The distribution of ~-— 
the states and velocities of the gas behind a detona- FIG. 2 FIG, 3 
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FIG. 4 


and density distributions for the gas in the wave 
are analogous. 

In Fig. 4 the compression shock front of the de- 
tonation wave is shown as a plane AA, perpendicu- 
lar to the plane of the paper, and the heating front 
is represented by the surface JJ. On the heating 
front there is a perturbation BCB. This will arise 
if the flame induction period is lengthened in the 
regions marked b, and shortened in the region c 
— as a result of the non-uniformity of the burning 
mixture entering the flame zone, for example. To 
the right of this wavy surface JBCBJ, the gas is 
compressed to the pressure Pa, while to the left 
the pressure is equal to the lower value Pj. The 
values of Pa and Py can be found from the P-V 
diagram, Fig. 1. 

During the first few moments after the forma- 
tion of a perturbation, the Jouguet conditions are 
fulfilled at points B, C, and B; along the direc- 
tion of wave motion, the state and velocity of the 
gas remain the same as they were before the per- 
turbation. However, in the direction perpendicular 
to the direction of propagation, the gas is set into 
motion and the pressure discontinuity that has been 
built up across the combustion surface begins to 
break up. The gas at the locations bb, being at 
the higher pressure, will expand adiabatically, and 
rarefaction waves will move into these regions, as 
shown by the dashed lines. The gas expanding out 
of bb will flow into the region c, compressing 
the gas init. Onthe plane J-J, the pressure will 
be smoothed out to some value intermediate be- 
tween Pa and Py. In the neighborhood of the 
points B, B the gas b expands to the pressure 
Pj, while near point C the gas c is compressed 
to the pressure Pa. 

In the regions b the detonation wave expands 
as if it were in a divergent cone. The compression 
at c, on the other hand, is equivalent to the con- 
centration of a wave in a converging cone. To the 
right of the region c the induction period is de- 
creased, because of the overcompression of the 
detonation wave; while in the regions bb the in- 
duction period is lengthened because of the re- 
duced pressure. The original perturbation BCB 


spreads out, as shown by the arrows in Fig. 4, 
and the ignition front loses its stability. 

It should be noted that, when the gas in the re- 
gions bb begins to expand and the gas at c is 
compressed, the Jouguet conditions at the points 
BB and C are destroyed and waves of pressure 
and rarefaction travel up to the plane AA and 
distort the shock-wave front. For a strong wave 
in a diatomic gas, the lateral extension of the dis- 
turbance along JJ is approximately three times 
as wide as the length of the burning zone by the 
time the initial disturbance has reached the shock 
front AA, 

Even if an initial disturbance of the type BCB 
is suddenly formed, the burning zone will become 
unstable only if the perturbation grows sufficiently 
rapidly; otherwise the gas, in spite of its initial 
heterogeneity, will be able to escape from the vi- 
cinity of the ignition front, and the perturbation 
BCB will disappear. 

The relationship can be formulated quantita- 
tively as follows: if the adiabatic expansion of the 
gas from zone b into zone c, which lowers the 
temperature of the gas, increases the induction 
period of the reaction by an amount of the same 
order of magnitude as the induction period itself, 
or more, then any initial curvature of the front 
will be increased, and a plane front will not be 
stable. Reasoning in this way, and neglecting the 
dependence of the induction period on pressure or 
density, one is led to the expression 


(d:/aT Ir, (T —Ta) > (2) 


where T is the temperature of the unburned gas 
in region b after its expansion. 

From (1) and (2) we can obtain the criterion 
for the instability of a plane flame zone in a de- 
tonation wave: 


(E/RT a) (1 -- T/T a) > 1. (3) 


It has already been mentioned that near the 
point B the gas b expands to the pressure Py 
of point J (Figs. 1 and 2), while near the point C 
the burning gas is compressed to the pressure Pa. 
Formula (3) can therefore be re-written as 


(EPR Ay DMP yh aye I: (4) 


The quantities occurring in equation (4) can be cal- 
culated readily for any concrete case. 

As an example, let us estimate the value of ex- 
pression (4) for a detonation wave in a diatomic gas 
with an activation energy of 40,000 cal/mole, prop- 
agating with a velocity of 1700 m/sec (M=5). 

For an initial temperature of Ty) = 290°K, the 
temperature of the unburned gas behind the pres- 
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sure front will be equal to 1650°K. In the detona- 
tion wave, the ratio of the pressure of the burned 
gas to the pressure of the unburned gas, Pj /Pa, 
is close to one-half, so that 


ml! — (pt ee 


Ps 

The loss of stability of the flame front, as we 
have said, leads to disturbances in the shock wave 
front AA. This results in the formation of wrinkles 
in the compression front. Details of the surface 
irregularities and the formation of spin detonations 
can be found in references 1 to 4. 

If the width of the detonation wave front > (the 
distance from the plane AA tothe plane JJ in 
Figs. 2, 3, and 4) is small is comparison with the 
tube diameter d, then a large number of wrinkles 
may form in the compression front, over the whole 
cross-section of the tube. A total of (d/3a)? 
wringles may be formed in the whole area. Be- 
cause there is no a priori tendency for the disturb- 
ances to move in any one direction, they will prop- 
agate randomly in different directions with respect 
to the shock front surface. They will mutually in- 
terfere and will ignite the gas, particularly in the 
regions of constructive interference. As a result, 
the detonation wave front will take on the appear- 
ance of a pulsating brush. As the diameter of the 
tube decreases, or as the chemical reaction time 
increases (i.e., as the composition or the pressure 
of the mixture approach the detonation limit) the 
tube cross-section will contain fewer and fewer 
irregularities, until finally only one remains — a 
classical single-headed spin detonation. 

Intermediate between the single-headed spin de- 
tonation and the brush-like detonation front are the 
cases of spin detonation with two, three, and more 
heads. 

From the above considerations it is possible to 
derive the conditions for the formation of a single- 
headed spin detonation in a diatomic gas: the re- 
action zone thickness must be of the order of one- 
third of the tube diameter, or greater. 


40 000 
= et! — (1/.)0:4/1-4] = 1929 = ip 


Bid =n (D aye (5) 


where W is the gas velocity in the density discon- 
tinuity, and d is the tube diameter. 

Instability of the ignition zone and a “brushlike” 
fine structure of the detonation front can also occur 
in the detonation of condensed explosives. Spin det- 
onations are not observed in condensed explosives, 
apparently because the conditions for a single- 
headed spin are very close to the conditions for 
the failure of detonation near the limiting diameter 
for an unconfined charge. It is possible that spin 
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FIG. 6 


might be observed in a small-diameter charge en- 
cased in a very strong confining tube. 

Some years ago Apin® put forward a “jet” mech- 
anism for the propagation of detonations in con- 
densed explosives. He, too, proposed a brush-like 
structure for the front of his jet detonations. Apin 
ascribed the formation of the “brush” to the pro- 
jection of gas jets into the unburned material. The 
jets were assumed to be formed either by micro- 
scopic non-uniformities in the material or by mi- 
crocavitation in blisters or bubbles. 


It is probably more natural to explain the “brush- _ 


like” structure of the burning or detonation zone of 
condensed explosives by the instability of the plane 
ignition zone, and the formation of many irregular- 
ities in the wave front, which interfere with each 
other and ignite the unreacted explosive, just as 

in the case of gaseous detonations. 

To conclude this section, it should be mentioned 
that the instability of a plane ignition front in a det- 
onation wave was first considered by the author‘ in 
1949. Zel’dovich and Kompaneets,! speaking of the 
conditions for the existence of spin detonations, re- 
marked that during the ignition of a gas the burning 
should be faster in a convex compression wave than 
in a plane wave. On the other hand, a convex front 
will not be concentrated as the detonation proceeds. 
The existence of a spin is therefore possible only 
if the magnitude of E/RT is sufficiently large. 
The critical value of this quantity is not to be found 
in the cited references. 


2. INSTABILITY OF THE IGNITION ZONE AS THE 
SOURCE OF HIGH-FREQUENCY VIBRATIONS 
IN FORCED COMBUSTION CHAMBERS 


Forced combustion chambers, e.g., in rockets, 
may (very schematically, of course) be repre- 
sented as shown in Fig. 5. In the region O-A the 
components are mixed and preheated. In the space 
from A to J the mixture reacts by self-ignition; 
at the plane J the combustion reaction has been 
completed. 

The combustion process in a furnace is hydro- 
dynamically and thermodynamically analogous to 
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the combustion in a detonation wave. The state of 
the gas at the plane A can be described by some 
point A in Fig. 1. Its state when it reaches J is 
given by the point J in the same figure, lying be- 
low A ona branch of the Hugoniot adiabatic, or 
(depending upon the burning rate of the mixture ) 
by some other point J’ (Fig. 6) which lies above 
J but below A. The gas thermodynamics of fur- 
nace combustion have been considered in detail by 
Troshin.°® 

For the case in which a preheated mixture is 
subsequently ignited in a furnace, the reaction 
time (the induction period for ignition) is found 
from an expression of the type (1). Because of the 
similarity between combustion in a furnace and 
combustion in a detonation, we may carry over to 
a furnace all the considerations and conclusions 
of the preceding section about the instability of 
a plane ignition front. 

We can write down the same criterion for the 
instability of a plane ignition zone: 


oe fi ia ee) id (6) 


Here T is the temperature of the heated mixture, 
P is the pressure drop along the furnace due to the 
burning. In Fig. 6, if the state of the combustion 
products is characterized by the point J’, the 
pressure drop P = Pa —Pyr. 

Just as in the previous case, the loss of stabil- 
ity in the plane front leads to the formation of a 
pulsating combustion zone. In view of the fact that 
in furnaces the velocity of the unburned mixture is 
always considerably less than the speed of sound, 
the width of the disturbances in the combustion 
front will be of the order of twice the width of the 
burning zone. We may therefore have 


(d/2h)° = (d/2<W)? (7) 


disturbances of the combustion front over the 
cross-sectional area of the furnace. 

We can now estimate the frequency of the pul- 
sations. Since this frequency will depend on the 
ratio (7), it is useful to begin by estimating the 
lowest possible frequency. This is the case where 
the expression (7) is numerically equal to unity, 
i.e., when the length of the burning zone is about 
equal to, or greater than, half the diameter of the 
chamber. This can be considered to be the funda- 
mental frequency of the furnace oscillations. 

The time required to develop a single pulse is 
of the order of /a = TW/a, since the instability 
is propagated with the speed of sound, a, because 
the disturbances which lengthen or shorten the in- 
duction period are propagated with the speed of 
sound. However, the recovery of the perturbed 


front varies with the rate at which the unignited 
gas replenishes the combustion zone: 


tree NW =-W/W xt, 


i.e., the time taken for the front to recover from 
a perturbation is of the order of the ignition induc- 
tion period, T. Since W is always small compared 
to a, and the time interval tTW/a can be neglected, 
the order of magnitude of the fundamental frequency 
is 
Yor alee (8) 

If the length of the combustion zone 4 =7TW is 
noticeably less than the chamber diameter, and if 
we consider the pulsations to be random and unsyn- 
chronized over the cross section of the chamber, 
then the upper limit of frequency can be obtained 
by multiplying (7) and (8): 


2 2 
* max = (say) == (5) (9) 

It is easy to estimate the order of magnitude of 
these frequencies. For a light gasoline, for ex- 
ample, which we may take to be composed entirely 
of heptane, in a furnace where the mixture is pre- 
heated to 700°K, the induction period is 


t = 10—14-4¢88000/2-700 — 2.5-10°% sec. 


The fundamental frequency is therefore 400 cycles 
per second. The length of the burning zone for this 
case, if the velocity of the unburned gases is as- 
sumed to be 50 m/sec, is equal to A = 50 X 2.5 x 
1073 = 0.125 m. In a chamber one meter in diam- 
eter the maximum attainable frequency is: 


4 1 


2 
Y¥ max 25-10-38 (sons) = 6400 eps. 


Each pulse in the combusion front produces a 
pressure wave in the chamber with an amplitude of 
the order of AP (Fig. 6). This wave will spread 
out from the location of the disturbance, decaying 
rapidly. In themselves, waves such as these ap- 
parently constitute no danger to the furnace. How- 
ever, if the oscillation of the flame front resonates 
with one of the proper frequencies of the gas in the 
furnace (either longitudinal or transverse) dan- 
gerous vibrational forces may be set up in the 
chamber, with a large pressure drop across the 
wave fronts. 

The resonant frequencies are of the order of 
magnitude of 


vp = ka/L, (10) 


where a is a quantity close to the mean speed of 
sound in the chamber, L is a characteristic di- 
mension (length or diameter) of the chamber, 
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and k is the order of the harmonic. 

It can be seen from a consideration of the in- 
stability condition (6) that resonance could produce 
dangerous results. Expression (6) shows that the 
flame will begin to oscillate if a rarefaction wave 
with an amplitude of the order of AP would notice- 
ably increase the induction period for combustion; 
a compressive wave of the same strength would de- 
crease the induction period. Consequently, com- 
pressive waves with amplitude AP moving through 
the hot gas will accelerate its combustion. As they 
pass through the unburned mixture, they “ignite” 
it in their paths, picking up the energy of combus- 
tion as they go, and so increasing in amplitude. 
This provides a mechanism for increasing the 
amplitude of resonance oscillations. 

We can now attempt to estimate the order of 
magnitude of the pressure drop attainable in a 
compression wave during resonance oscillation in 
a combustion chamber. For this purpose we may 
use a crude, almost unreasonable model: waves 
travelling in the region of hot, unignited gas will 
be assumed to compress the mixture at almost 
constant volume, while waves in the remaining 
parts of the chamber will be treated as simple 
decaying shock waves. 

The maximum pressure drop in a travelling wave 
can be approximated (very roughly, of course) by 


APmax = Pa(x — 1) W/a, (11) 


where 7 is the increase in pressure which would 
result from combustion at constant volume. One 
of the crudest approximations made in the deriva- 
tion of equation (11) is the assumption that the flow 
rate of gas out of the chamber, and consequently 
the pressure in the chamber, are not affected by 
the oscillation. A number of other factors are also 
ignored. 

Using formula (11) with t=10, for the same 
numerical example used above, one obtains 
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AP wax = PA(10— 1) feo = 0.75 Pa~ Pa. 


During resonance oscillations, therefore, the 
pressure drop in the compression waves Can, if 
the chamber is strong enough, reach a value of the 


same order of magnitude as the total chamber pres-_ 


sure itself. 

It must be emphasized again that throughout this 
entire second section, we have been considering the 
combustion very schematically, and that the con- 
clusions are of a qualitative rather than a quantita- 
tive nature. 


In conclusion, it must be remembered that quali- | 


tative evidence for the role which the induction pe- 
riod for combustion plays in setting up high-fre- 
quency oscillations in combustion chambers has 
already been presented. See, for instance, the 
work of Crocco which is mentioned in reference 7. 
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A relation between the matrix elements of the variational derivatives of the scattering matrix 
and the energy operator is established. With its aid the kernel of the integral equation for 
the compensation of “dangerous” diagrams is expressed in terms of the usual Green functions. 


1. INTRODUCTORY REMARKS 


AR analysis of the influence of the Coulomb in- 
teraction between electrons in superconductivity 
theory was given in a paper by Bogolyubov, Tol- 
machev, and the author.! The structure of the 
kernel Q(k, k’) of the integral equation for the 
compensation of dangerous electron diagrams 
was also investigated (§5). This kernel was ex- 
pressed in terms of the characteristics of the 
auxiliary model problem which describes the 
Coulomb interaction between the electrons and 
also their interaction with the auxiliary classi- 
cal external field. The above-mentioned charac- 
teristics of the model problem were strictly de- 
termined only in one case through the method of 
approximate second quantization (§6.1). In the 
remaining cases expressions for these charac- 
teristics, containing “radiative” Coulomb correc- 
tions, were estimated, in the region of the infrared 
eatastrophe, from qualitative considerations (86.2). 
The reason for this was that the method of expres- 
sing the kernel Q in terms of the energy operator 
0 

R= HiT (exp {—i \ Hinc(é)at} ers PHT.) 
which was used in that paper, leads for a number 
of cases to inconvenient and asymmetric expres- 
sions. 

It is, however, well known that the energy char- 
acteristics of a many-body system can be expressed 
in terms of the “total” S-matrix?»? 

$ = S20 =T(exp{—i | Hindat\). 2.2) 
—oo 

In the present investigation such an approach is 
used as the basis of the discussion. Through this 
the kernel Q(k, k’) is expressed in terms of the 
vacuum matrix elements of the variational deriva- 
tives of S, i.e., in terms of the usual Green func- 
tions for which explicit expressions can be obtained, 
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for instance, by the method of approximate second 
quantization.® 


2. THE RELATION BETWEEN THE OPERATORS 
S AND R AND THEIR VARIATIONAL DERIV- 
ATIVES 


The connection of the energy levels of a system 
which has undergone second quantization and the 
total scattering matrix S was recently investigated 
by Sucher? and Rodberg.? The most convenient for- 
mula was obtained by Rodberg (Eq. (16) of refer- 
ence 3).* From this formula follows, in particular, 
a connection between the matrix elements of the 
total S-matrix (1.2) and those of the energy oper- 
ator R (1.1) which can be written in the form 


(O,SOny_ = — Qrib (E —En)<DzRDnre. (2.1) 


The index “c” indicates here that only connected 
diagrams are taken into account in the evaluation 
of the matrix elements. 

Equations of the type (2.1) can also be estab- 
lished for the commutators of the quantities S, R 
with the particle creation and annihilation opera- 
tors, and also for the variational derivatives of S 
and R with respect to those operators. 

Let Ais be the creation operator for an elec- 
tron with momentum k, energy ¢€(k) and spin o. 
We can then connect the commutator [see Eq. 
(47.13) of reference 4] 


C 8S 
(dpa S]_ aac pa >» \ Say. (2) (ag, AR’ a’ (t)], dt 


= 3S —isc(k)t 
caer a (2:2) 
with the commutator 
0 
\ dR — le 
[azo R= \ 3a, (pana toh (2,3) 


*A similar formula was independently obtained by V. V. 
Tolmachev (unpublished). 
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through the relation 


late, S|De—=—i ( eteO-D di [aie, RI De. (2-4) 


—co 


To show that, we write (2.1) in the form 


co 


Roses! \ eit(He-E) dt RO r. (2.5) 
From (2.5) follows also that 
Sap = \ ell(He—i—8h)) dt Rag sDz. (2.6) 
On the other hand, 
co 
Op Sie sates \ eit(He—E) dtROz 
ts Sy y eit He——=L) dt at RO. (2.7) 


The ditference between Eqs. (2.6) and (2.7) gives 
(2.4). 
Considering more complicated commutators we 
arrive at the formula 
>. 


j <a = 
1 Baio, (f1) ++» Say, 


os (t,) 8az.5, (Ti) +. 841 Sm (cc) 
x exp {é S38 (Ri) t;—1 Dl) sik dignn eden, 


£ 


J 
= — 2nib (Ey — Sie (k) + Dye(l) — £2) 
i j 
5 


0 
« \ <a 7 
os Saf, (4)... 8a ieee) Vc 


x exp {4 de (hts — i Sell) </| Abe mae. 


S7t+m p 


(2.8) 


We note next that we can use the property of the 
translational invariance of the matrix element of 
the variational derivative of the S-matrix to per- 
form in the left hand side one integration over time 
and to split off explicitly the 6-function. This 
gives 


co 
. * sutm gs 
; Co Sat (ONeill ba ®» 
—oco Ryo, Gp 60 ( 2) EO Core (t ) (S 


n 


x exp {1 >) e(k) t—i Dye (li) ty} dte.. dem 
i 


i=2 


* sttm™p 
KO; ia TE So a ae D.» 
Apo, (a) rae OG e. (>) e 


m 


I 
Jes 


e (ki) ti— i Dye (lj) tf dtydty...dtm (2.9) 
, 


where 


n m 


D>) © (&) — Dye (ty) = Ei — Ep. 


é=1 j=1 


(2.10) 


Equation (2.9) is most convenient for further 
applications. 


3. TRANSFORMATIONS OF THE KERNEL Q 
OF THE COMPENSATION EQUATION 


We go now to the transformation of the kernel 
Q(k, k’) of the equation of compensation of danger- 
ous electron diagrams, determined by Eq. (1.5.36) .* 
In reference 1 it was shown that the kernel Q can 
be written in the form of a sum of two terms 


Q (R, k’) ad Qe (k, k’) ae Qpn (R, k’). 


The first term Qe corresponds to Coulomb 
effects only and can be obtained from (1.5.36) by 
replacing R by Re [Eq. (1.5.49)], i.e., by assum- 
ing Hph = 0. Using the fact that in the case con- 
sidered the momenta k, k’ are near the Fermi 
surface, so that the energies €(k), €(k’) are 
small, we obtain using (2.9) 


(3.1) 


co 


i | <84Sc/ Bai, 4 (0) Sat y, — (tr) Bae, + (ts) B41, 
— (tg) ety dt, dts 
QR k= 4 meee 
i \ 84S, / daz, 4 (0) 8aty, — (tr) dap, 4 (te) 8a_y, 
_ (ts)cdt dty dts 
if Seis (3.2) 
where 


S.=T (exp {—i \ H, (t) dt\). 

To transform the second term in (3.1) which is 
proportional to g it is convenient to start not from 
Kq. (1.5.36) but from the earlier Eq. (1.5.31). 

We shall use (2.9) to write the coefficient of uj, 
on the right hand side of that equation which is ac- 
cording to (1.5.34) equal to 

0 

\ dt dt’ exp {i 8 (k)(t + t')} <8°R’ [baits (t’) bate, — (£)>, 


— oo 


(3.3) 


= Due, 0eQ (k, k’), (3.4) 
% 


in the form 


co 


i \ <8°S / bak + (0) 8a, — (t)>< e® MF dt. 


In accordance with (2.10) this is possible, if 


*I.e., Eq. (5.36) of reference 1. 
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© (k) + 8 (k) = 28(k) = 0, (3.5) 
1.C\.5 
Surdy Ok, k’) =i \ <8°S / Bat 4 (0) bat, _(t)).dt (3.6) 
Rk’ co 


if (3.5) is satisfied. 

The matrix element which enters into the right 
hand side can be written in the form of a time- 
ordered product of two “currents” (6S/da*) St: 


5 
ASS 
ae =P eo Sat 4 (0) 3 } (sak, Bs (3.7) 


if we take the causality properties of the S-matrix 
[see, for instance, Eq. (48.15) of reference 4] into 

account. The index a) denotes here an averaging 
over the @-vacuum. 

The time-ordered product of “currents” thus 
obtained is for any fixed order of the time argu- 
ments (t>0O or t<0) the ordinary product of 
these “currents”. This product can be expanded 
in a series in terms of a complete set of functions. 
If we restrict ourselves in this expansion to terms 
corresponding to states containing one a -electron 
and one £-phonon we split off the “main terms” 
containing small denominators {@(q) + €(k) + 
e (ik) b 

By this means we get, for instance for t < 0, 
using the property of translational invariance, 
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<a oad, oe BE 
8S 
ra SY = 
Gr a oy esPiw >, ons Baw oe ce 


Commuting after that the operators at, a, ft, 
B with 6S/6at we can go to the limit as a@—a. 
Combining the results for t<0 and t>0, taking 
into account the symmetry of the Hamiltonian Hph 
with respect to 6 and Bt we get, using (3.7) and 
(3.8) 


g 82S x 82S 
Saft, (0) 8at, _ (f) Ze « saz, (0) Sat, _(d) 


<< ota's Bae a exp {it [o (k — k’) + &(k’)]} 


i \ <82S | Saif +. (0) day, — (t)de dé 


ome Op: 
@ (k— k’) 


(9 =k—k’), 


Be) T(k, k’, g) 0 (—k, — FR’, — 9); 
Die ees ( q) 
(3.9) 


where 


(hk, k',q)= \ de dO <8°S / Say, 4. (2) 8a% + (0) 889 (8)>ag- (3.10) 
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Expression (3.10) is written down in the limit of 
small €(k’) and @(q). 

Before comparing Eqs. (3.6) and (3.9), we make 
the following substitution. According to condition 
(3.5), Eq. (3.6) permits us to evaluate Q in the 
limiting case €(k) =0. Since the momentum k 
is near the Fermi surface, the energy €(k) will 
in actual fact be a small quantity. In the represen- 
tation of the kind (1.5.57) which we have used, the 
energy €(k) is everywhere put equal to zero ex- 
cept in the energy denominator @(q) + €(k) + 
€(k’). To obtain the required expression for Q ph 
we must thus add €(k) in the energy scnoncnee 
of the right hand side of (3.9). In this way we get 
from (3.6) and (3.9) 


pelts ARIA Ss os Sil) 


(Ee ye 
Conk #) a Qe BED 


(3.11) 


Performing in (3.10) the variation over 6 and the 
transition to the limit g=0, we have also 


: 8° (9) @ (9) (Ag + yg) 
Con sR) = 2a) eth) + Eth) 
SOA (EN, Gg) AN ena): (3.12) 


where 
ANG RAG) 


ve |) ded0 ce? [T (Hq (8) Se)1 / Saw, + (=) bat 4 (0)>a,, (3.13) 


—oc 


H, (8) = = yy ata, s (8) a7,5(0). (3.14) 
The quantity A can be expressed simply in 
terms of one-electron Green functions of the above- 
mentioned model problem. On the other hand, per- 
forming explicitly in (3.13) the functional differenti- 
ation and using the “generalized Wick theorem” 
[see Eq. (34.11) of reference 4] we get a represen- 
tation of A in terms of the one-electron Green 
functions and the four-vertex Green function of the 
pure Coulomb problem. We have 


rote Sar 


ee Sa {i+ dy dt dea, 4. (t) ay, +. (0) 


x KHS 5 / Saf de (t) Sap’, ae (ye 


—— 1 


+ | dé drat + (+) av, + (B) <0%Sc [Bai + (0) Ban, + (> 


ie cama cag eke 
+) \ ddr dtsdtsaihs, (6) ara, s(t) ais (ta) az, (8) 
1, —co 


X (BAS, / Bas (ta) Bau, + (0) Bar4g, s (F1) aw, 4 (ef. (8-15) 


The time-ordered pairing which occurs here 
has the form 
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ag, + (t) an, 4. (2) = 


eat, | Op (k) e-# (B) (t—2) if i>, 
— Og (ke) if tt, (3.16) 


where 

tif th =< Re, 

Ot EER aes Bie (3.17) 
In conclusion the author expresses his gratitude 

to N. N. Bogolyubov and V. V. Tolmachey for help- 

ful discussions. 


Ot) = 180 (&) = | 


1 Bogolyubov, Tolmachev, and Shirkov, Hospi 
MeTOX B TeOpuHu cBepxmpoBozumocru (A New Method 


in Superconductivity Theory), Acad. Sci. Press, 


1958; [Fortschr. Physik, in press]. 

J, Sucher, Phys. Rev. 107, 1448 (1957). 

31, S. Rodberg, Phys. Rev. 110, 277 (1958). 

4N. N. Bogolyubov and D. V. Shirkov, Bsexenue > 
B TeOpuioO KBAaHTOBaHHBIx nose (Introduction into 
the Theory of Quantum Fields) GTI, 1957 [transla- 
tion published by Interscience, 1959]. 

5 Chen Chun-Sian and Chow Shih-Hsun, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, (1958), Soviet Phys. 
JETP 7, 1080 (1958). 


Translated by D. ter Haar - 
100 


POVIET PHYSICS JETP 


Letters to the Editor 


STATISTICAL DELAY OF DISCHARGE IN 
NaCl AND KBr 


M. A. MEL’ NIKOV 
Tomsk Polytechnic Institute 


Submitted to JETP editor June 9, 1958; resub- 
mitted November 10, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 613-614 
(February, 1959) 


Ee fact that x-ray treated and untreated crystals 
have the same value of pulse breakdown voltage!” 
leads to the conclusion that an increase in the num- 
ber of free electrons does not influence either the 
electric strength or the delay time tg of the dis- 
charge, and that there is no statistical delay time 
tst- In NaCl exposed for 107® sec, tgt is almost 
zero.*** In mica and glass, the statistical delay is 
either zero or less than 107* sec.® According to 
reference 6, tg; >107*® in KCl, but the procedure 
employed in this reference, whereby the specimen 
was exposed to multiple pulses, was not faultless. 
Thus, at exposures of 107° sec and longer, there 
is no statistical delay in solid dielectrics. 

We have developed a procedure for obtaining 
high-voltage pulses (up to 27 kv) with wavefronts 
of 10~* sec, and for recording these pulses with a 
pulsed’ cathode-ray oscillograph. We attempted 
to estimate t,; with the aid of this procedure of 
NaCl and KBr crystals. The breakdown was pro- 
duced between a hemisphere and a plane (spaced 
100 at the thinnest point), with the front of a 
single pulse, applied for intervals ranging from 4 
to 6 millimicroseconds. The specimens were 
either untreated or previously treated with x-rays 
for four hours and illuminated during the time of 
breakdown. The diagram shows the dependence of 

E, kv/cm 


2300 


1600 


1300 : : bs c, 
0° 4680°0° 4 691090? 4 650°” 4 6410 t, sec 
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AUGUST, 1959 
10~° 10° 
sec | kv/cm % sec 


290 12 | 0.5 {18.5 
290 11.6 | 0.47 16.5 


the electric strength Ep on the time prior to break- 
down of the untreated and x-ray treated specimens 
of NaCl and KBr. The table lists the values of the 
strength for a breakdown probability ~ = 90%, the 
discharge delay time tg, the reduction in strength 
AEp, and the reduction in the discharge delay time 
Atgq for x-ray treated and untreated specimens. 
The value of tq was determined by the Vorb’ev 
procedure.’ The static strength, used to determine 
tq, was assumed to be the same for treated and un- 
treated specimens, namely the value of E} of un- 
treated specimens when the voltage was applied for 
1078 sec, before space charge could manifest itself. 
To ascertain whether the difference in the values 
of Ep and tg for treated and untreated specimens 
lies within the experimental error, we analyzed the 
possible errors. A detailed analysis of the errors 
that arise in experiments similar to ours was made 
in reference 3. We give a brief analysis of the er- 
rors in our experiments. We measured the thick- 
ness of the specimen with the IZV-1 instrument, 
which reads ly per scale division, and in which 
the relative error is a, =1% for both treated and 
untreated specimens. The errors a, and 43, 
which can arise in the oscillographic determination 
of the amplitude of the voltage pulse and of the time 
prior to breakdown, do not exceed 2% and 5% re- 
spectively. The divider and tube were calibrated 
with measuring spheres. However, since we used 
the same calibration curve for both x-ray treated 
and untreated specimens, the error in the calibra- 
tion of the tube is automatically allowed for in the 
calibration curve. Errors may result from distor- 
tion in the oscillograms. At a tube accelerating 
voltage of 42 kv the electron velocity was 1.22 x 
10! cm/sec and the time of flight in the deflecting 
field was 3.28 x 107!° sec. The reduction in the 
amplitude, allowing from the effect of the electron 
time of flight between deflecting plates, is not more 
than 0.2%. The distortion due to the asymmetry of 
the potential of the deflecting plates (cf. reference 
8) does not affect the results of the measurements. 
Thus, the error in the pulse amplitude amounted 
to ay +a,=1+2= 3%. It follows therefore that 
the difference in the values of Ep and tg for un- 
treated and treated specimens does not lie within 


Dielectric Ep, kv/cm 


Untreated NaCl 
X-ray treated NaCl 
Untreated Kbr 

X-ray treated Kbr 
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the experimental error and probably indicates the 
presence of a statistical delay in the discharge of 
untreated NaCl and KBr specimens. If t,; = 0 
for treated specimens, the difference in the dis- 
charge delay time will be the statistical delay time 
for untreated specimens, with values 5 x 107!" sec 
for NaCl and 4.7 x 107!" sec for KBr. If ty = 0 
for the treated specimens, the differences in the 
delay time are the differences in the statistical 
delay times of the discharge in untreated and x-ray 
treated specimens of NaCl and KBr. 

The author takes this opportunity to thank Prof. 
A. A. Vorob’ev for guiding this research. 
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ON THE QUESTION OF COLLECTIVE EF- 
FECTS IN LIGHT NUCLEI 


V. V. BALASHOV and A. F. TULINOV 


Institute of Nuclear Physics, Moscow State 
University 


Submitted to JETP editor June 27, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 86, 615-616 
(February, 1959) 


Tes the region of light nuclei, the shell model gives 
good agreement with experiment for the magnetic 
moments and the probabilities of the magnetic di- 
pole y transitions. On the other hand, there is 
no such agreement for the probabilities of the E2 
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transitions and the electric quadrupole moments 
(cf. the table; the energy of the levels, E, is given 
in Mev). 

The values for Ttheor for the transitions in 
c!2 taken from the paper of Kurath,° corrected for 


the value <r?> =5.7 x 10778 cm? obtained by Hof- 


stadter.® It is seen from the table that in all three 
cases the measured transition probability is higher 
than the calculated one. The analysis of the rela- 
tive intensities of the E2 and M1 transitions leads 
to the same result.°»” 

If we further consider that the measured nuclear 
quadrupole moments lie well above those calculated 
with the shell model,® we are driven to the conclu- 
sion that the shell model always gives too low val- 
ues for the corresponding matrix elements. 

It is believed that this situation is connected 
with the collective motion of the nucleons in the 
nucleus. This effect was accounted for in the nu- 
cleus O! by introducing an additional effective 
nucleon charge e’ = ae, which is connected with 
the excitation of collective quadrupole oscillations 
in the nucleus.” 
that better agreement with experiment is indeed 
obtained by using approximately this value for the 
effective charge in the calculation of the matrix 
elements for the transitions in the nuclei C!* and 
B!°. However, the concept of an effective charge 
is closely connected with the formalism of the uni- 
fied nuclear model of Bohr and Mottelson,!? whose 
applicability to light nuclei is doubtful. In this 
sense the use of an effective charge in the regioni 
of light nuclei corresponds to the formal introduc- 
tion of additional parameters; the question of the 
role of collective effects in E2 transitions in light 
nuclei, therefore, remains open. 

In view of this it is of interest to consider the 
collective effects in the nucleus in a general way, 
independently of the specific mechanism of the col- 
lective intensification of the electric quadrupole 
transitions and, hence, of the introduction of any 
additional parameters. 

In the absence of the single-particle operator, 


the operator for the quadrupole transition connected 


with the collective motion contains, owing to the 
charge independence of nuclear forces, only the 
scalar component of the isotopic spin. (In the 
framework of the unified nuclear model this fol- 
lows immediately from relation (7.12) of refer- 
ee 


2) 

8 Transition / 7, theory 

Q E(J, T)+E (J, T’) Tt, experiment 

z exe ivi 

C22 14.43 (2.0) > 0(0.0)| 5.25-40-14 secli] | 1.8.10-13' Be 
BY 0.72 (1.0) + 0(3.0)} 4,05-10-% sec fz] : Ss sec ae sec 
Be! |3.37 (2.1) > 0(0 1)|<8-10-14 sec[3] 4. t0=18h gee 2 


los) \4] 


a@ was found to be # 0.6. We note | 


| 
| 
/ 
| 
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ence 10.) Collective effects are therefore absent 

in E2 transitions in which the isotopic spin changes, 
and one may assume that the shell model theory 
gives the correct values for the probabilities of 
these transitions. We note that the conclusion 

that the shell model theory cannot give the prob- 
abilities of quadrupole transitions is based on the 
analysis of transitions in which the isotopic spin 
does not change (see above). 

The verification of the above assertion is of 
special interest in the region of light nuclei, where 
the isotopic spin may be considered a good quan- 
tum number and where, moreover, the shell model 
successfully explains the spectrum of energy levels. 
Within the p shell only a few pure E2 transitions 
with a change in the isotopic spin can be observed: 

BO 3.58 (2.0) 1.74 (0.1), C2 16.1 (2.1) +0 (0.0), 
BY 4.77 (2.0) > 1.74 (0.4), N%#  ? (2.0) + 2.34 (0.4). 
BY 6.02 (4.2) 5.16 (2,1), 

For the first three transitions experimental 
values are available only for the total I width of 
the level.’»!4_ I’, the width for the transition 
16.1—0 in C!?, is equal to 0.72 ev (reference 12). 
In the limit of j-j coupling (the intermediate coup- 
ling parameter & = ©) the ground state of C!* cor- 
responds to the closed shell ps 5/23 and the excited 
state at 16.1 Mev corresponds to the configuration 
| P5/oPis3 21>. Using the value <r?> =5.7 x 1078 
cm2 (reference 6), we obtain, in this approximation, 
ltheor = 0.87 ev. Perturbation theoretical calcu- 
lations show that Ttheor decreases for deviations 
from strict j-j coupling, with dipeo,/d(1/é) = 
0.24 ev in the limit of j-j coupling. 

This example therefore confirms our previous 
contention that the increase in the probability of 
quadrupole transitions is connected with collective 
effects and that these effects vanish in transitions 
in which the isotopic spin changes. Unfortunately, 
experimental data are available only for the single 
case 16.1 (C’?). 

In this connection the following experiments are 
of interest: (2) A measurement of 7 for the tran- 
sitions 3.58 — 1.74 Mev and 4.77 — 1.74 Mev in 
B!°, This can be done either by the Doppler method, 
e.g., in the reaction C!#(d, a) B!, or by measur- 
ing the relative transition probabilities from the 
states 3.58 and 4.77 Mev to the lower lying states. 
(b) A measurement of the relative probabilities in 
the mixed M1 + E2 transitions, in particular, in 
the transition 17.63 — 2.9 Mev in the nucleus Be’, 
for which an experimental value for the total I 
width is available. 
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DIFFRACTION STRIPPING OF RELATIV- 
ISTIC PARTICLES 


I. I. IVANCHIK 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor June 27, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 617-618 
(February, 1959) 

I N a number of papers!~4 various authors have 
considered the diffraction dissociation of the deu- 
teron on a “black” nucleus in the deuteron energy 
region Eg ~ 100 to 200 Mev. The nucleus is also 
black when Eg *6 Bev. We first show that the 
results obtained earlier!‘ also apply for a rela- 
tivistic deuteron. 

First we consider diffraction scattering. If ¢ 
is the wave function for free motion the wave func- 
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tion for a deuteron which suffers diffraction at the 
nucleus is ~ = gQ (py) & (Pp) (cf. reference 3). 
The subscripts n and p refer to the neutron and 
proton respectively, p is the radius vector of the 
particle in the plane perpendicular to the beam 
axis; 2(p)=0 or 1 when p2R, where R is 
the radius of the nucleus. 

We find the expression for yg. Since the rela- 
tive motion in the deuteron is nonrelativistic the 
wave function of the deuteron in the rest system 
is known. This wave function is 


PVapane es Aer, 
where £; denotes the spin state of the function for 
spinl, @=1/2Rg, Rg is the radius of the deu- 
teron, M is the deuteron mass, T is the charac- 
teristic time and r is the distance between the 
proton and neutron. Considered as a whole the 
deuteron is a particle of spin 1. Hence it may be 
assumed that the part of the deuteron wave func- 
tion which depends on its motion as a whole is 
transformed by a Lorentz transformation for the 
irreducible representation for spin 1, for example 
the representation given by Shirokov.® The part of 
the wave function which describes the relative mo- 
tion is a scalar in the sense of the Lorentz trans- 
formation. Hence in the system in which the deu- 
teron moves as a unit with a 4-velocity uy its 
wave function is of the form: 


= texp (ipux,) Vx / 2m exp i a Vye)/ Vy. 
Here Du Mu, ia ) =) the coordinates of the 
proton (neutron), xX, = (ca + x72 and yy = 
i ~ Xp: From the equality Yup = 0, we have 
Yo = (ujyj)/U, i.e., the characteristic contraction 
for a relativistic Particle: The amplitude for the 
elastic scattering of the deuteron is written in a 
way similar to that used in reference 3. The only 
difference is that in place of the expression 
exp (—2ar)/r*, after some simple transforma- 
tions we obtain 


aY r? + 22? — 2hz (p-y)) 


r Vr? +222 Dz (p-9). 


exp (— ar) exp (— 


Here v is a unit vector parallel to the projection 
of the velocity of the scattered deuteron on the 
plane perpendicular to the axis of the beam (z- 
axis); kK’ =po9R, where py is the initial momen- 
tum of the deuteron; A = «’(uv/cMA’/2); yw is the 
mass of the m meson; A is the atomic number of 
the target nucleus. 

For a given xk’ the difference from the nonrela- 
tivistic scattering amplitude is determined by the 
parameter 7 = pv/ ema 3. When A = 216 we have 
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n ~ 1/80; on the other hand the non-relativistic 
distributions have been computed in references | 
1—4 with an accuracy 1/p?~ 1/9 (forthe same | 
value of A). Completely analogous arguments may | 
be invoked for diffraction stripping. On this basis 
it can be shown that when Eg 2 6 Bev the earlier 
formulas for diffraction scattering and stripping 
still apply. 

These considerations can also be applied to the 
process of diffraction production, for example the 
production of a charged a meson by a relativistic 
proton. The possibility of such a pRcgges was first 
indicated by Pomeranchuk and Fefnberg.® In emul- 
sions irradiated by protons with energies greater 
than several Bev (approximately 10 Bev), this 
effect can appear as the scattering of a relativistic 
particle. The nucleus on which the break in the 
track would occur would not undergo any change 
but the scattering angle would be large (cf. below). 
To estimate the angular and energy distributions 
of the m-mesons this process can be considered 
as the diffraction of a deuteron-like system con- 
sisting of the + meson and the neutron. Part of 
the time a proton is in the state m+ +n. The bind- — 
ing energy for this state is approximately uc? . 
while the wave function for the internal motion, at 
least at a distance r2 h/uc, is essentially the - 
same as the wave function for the deuteron. For 
this reason quantitative estimates can be made on 
the basis of the results found for deuteron splitting. 
The system spends only approximately 1/10 of the 
total time in the state described by this wave func- 
tion but we can still estimate the total cross sec- 
tion. Since the masses of the a meson and the 
neutron are different it is necessary to apply the 
formulas for unequal masses used in reference 4. 
The energy and angular distributions of the emit- 
ted m-mesons should be given by Eqs. (14) and (15) 
of reference 4. In accordance with Eq. (14) the 
maximum lies at a m-meson energy Eq ~ wEp/M 
~ E,/7 while the mean momentum transferred to 
the nucleus is of order yc. In simple scattering 
at this same angle the proton would transfer a 
momentum of approximately Mc to the nucleus, 
in which case the nucleus should disintegrate. 

In conclusion the author wishes to thank E. L. 
Feinberg for discussions of this problem. 
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SCATTERING OF 240-Mev AND 270-Mev 
NEGATIVE PIONS ON HYDROGEN 
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Nuclear Research synchrocyclotron. The meas- 
urements were carried out by means of scintilla- 
tion counters. Liquid hydrogen was used as the 
target. 

The measured values of the differential cross 
sections are given in Tables I and II (in units of 
107?" em?/sterad). 

If we assume that only the S and P waves take 
part in the scattering, then the angular distributions 
can be written in the form 


do/dw = AP) + BP, + CPs, 


where Po, P;, and P, are the Legendre polyno- 
mials. The coefficients of the expression, found by 
means of the least-mean-square method, are given 


TABLE I 
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in Table III (in units of 1072" em?/sterad). 
The total cross sections for the interaction of 


m mesons with hydrogen at 240 and 270 Mev en- 
ergy equal (48.3 + 3.3) x 107" cm’, and (36.5 + 


2.4) x 1072" em? respectively. 


Translated by H. Kasha 
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ACCELERATION OF CHARGED PARTICLES 
IN RUNNING OR STANDING ELECTROMAG- 
NETIC WAVES 
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(February, 1959) 


‘Tae average Lorentz force acting on a charged 
particle in the field of, say, a plane electromag- 
netic wave depends not only on the amplitudes but 
also on the phase shift between the oscillating- 
particle velocity and the magnetic field of the 

wave. For example, in the absence of free-particle 
momentum spread this average force is zero ina 
traveling wave. In a standing wave it is different 
from zero and is directed towards the nodes of the 
wave field (cf., for example, references 1 — 3), 

but the spatial sinusoidal variation of this force 
does not allow us to utilize it for prolonged accel- 
eration over distances exceeding Up of a wavelength. 
It is therefore of interest to investigate in general 
the conditions that can give rise to the existence of 
a unidirectional average force of sufficient magni- 
tude acting on particles in a traveling or in a stand- 
ing wave. 

The average force depends on the resonance 
properties of the motion of the particles (arising 
as a result of the application of special kinds of 
external fields or of the utilization of plasma reso- 
nances etc.) and on the spread in the transverse 
momentum of the particles (as a result of radia- 
tion or of collisions with other particles in the 
bunch, in the plasma stream, or in the stationary 
plasma). In the general case, the resonance fre- 
quency wy, and the dissipation coefficient y may 
vary spatially. It will be shown that a special 
choice of these two quantities may lead to a di- 
rected continuous acceleration of particles, inde- 
pendent of the sign of the charge, through the spa- 
tially periodic field of the standing wave. 

It can be easily shown that the average Lorentz 
force acting on each charge in the running wave is 
given by 


fav= ‘af E oH oyo"c/{(w5 — 0?) + ?a?} 


(Ep, Hp — are the field amplitudes, rp = e?/mc? 
is the “classical radius” of the charge), i.e., if 
the frequency of the wave and the characteristic 
parameters of the oscillations are chosen appro- 
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priately acceleration becomes possible even for 
unbunched particles. 

Let us consider the case when dissipation pre- 
dominates over the inertial and resonance factors, 
which occurs, in particular, near resonance. When 
| wR -—w?| «yw; fay ~ roEHyc/y, i.e., as damping 
decreases the force increases. The possibility of 
accelerating particles near resonance in the case 
of small damping associated not with radiation by 
particles, but, for example, with small collision 
losses, will make it unnecessary to bunch the par- 
ticles compactly, which is difficult to achieve, and | 
will also allow direct acceleration of heavy weakly- | 
radiating particles. However, if the losses are 
associated with radiation, then y = %w*Nry/c 
(N is the number of particles in the bunch), there- 
fore the total force is given by fay © EpHoc?/w?N; 
for Nrow/c > |1—w%/w?|. In this case bunching 
the particles increases the range of working fre- 
quencies, but a further increase in the number of 
particles in the bunch diminishes the force acting 
on each particle of the bunch. 

In the opposite case when the frequency spread 
is sufficiently great the acting force is proportional _ 
to the dissipation coefficient. For example, if damp- 
ing is associated with radiative processes, then 


fav= NrZE Ho*/3(@2—o?)?. 


This case leads to the expression for the force 
acting on each particle: f ~ N, which is charac- 
teristic of the coherent method of acceleration 
proposed by V. I. Veksler. 

The use of bunches also permits one to achieve, 
in order to produce the required phase shift, a 
large dissipation of the transverse components of 
the momenta of the particles on collisions within 
the bunch without any appreciable dissipation of 
forward motion. 

It is evident from the above that it is possible 
by various methods to vary within wide limits the 
phase shift between the velocity of oscillation and 
the electric field of the wave. This circumstance 
may be utilized not only in order to increase the 
efficiency of acceleration in a traveling wave, but 
also for the production of a spatially variable 
phasing of particle oscillations needed for continu- 
ous acceleration in a standing-wave field. The 
transition to standing waves not only allows a 
sharp reduction in the power of the power supply, 
but also guarantees efficient acceleration of a 
rarefied unbunched plasma or one that is weakly 
bunched (in order for the ions to be entrained by 
the electrons). 

The average Lorentz force acting on each par- 
ticle in a high-frequency standing wave depends on 
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the longitudinal coordinate z 
av > */2f 0E oH {(©? — w?) we / [(@? — @?)? + 4?w"]} sin 2hz. 


In order to achieve cumulative acceleration of par- 
ticles it is necessary that in those regions of space 
where sin 2hz changes sign the factor {... } 
should either change sign or have a different mag- 
nitude. (In estimating the average force we can, 
as before, restrict ourselves in certain eases to 

a consideration of the effect on the forced vibra- 
tions, since the possible excitation of character- 
istic oscillations gives no average contribution not 
only in the presence of real damping or of a spread 
in the phases of excitation of free oscillations, but 
also as a result of the fact that the characteristic 
oscillations have a frequency different from the 
frequency of the magnetic field of the wave.) In 
the case of a more complicated, say sinusoidal, 
spatial variation of the resonance parameters, 

we can easily demonstrate the fact that the space 
average of the accelerating force is different from 
zero by making use of solutions of the Mathieu 


equation, or by assuming for the sake of simplicity | 


that the variations of the resonant frequency are 
small and by restricting ourselves to the first ap- 
proximation. The cumulative contribution in the 
latter case will be determined by integrals of 
terms of the type sin {27(2/A —1/1)z +o} inthe 
case when the spatial period J of the frequency 
variation is equal to one half of the wavelength of 
the radiation >. Such zonal damping of the reverse 
acceleration by local constant external fields or by 
a local choice of the regime of dissipation will en- 
able us to obtain continuous acceleration of plasma 
particles over long paths within the stationary field 
of a standing wave of large amplitude. 

The simplest choice of the spatial variation of 
the oscillation parameters may be made by means 
of increasing or decreasing the axial magnetic field 
in those “quarter wavelength” regions in which it 
is required to alter the direction or the magnitude 
of the acceleration. This field will give rise to 
spatially-periodic variation of the amplitudes and 
the phases of the forced oscillations either because 
of a change in the cyclotron resonance frequencies, 
or because of a change in the characteristic plasma 
resonances (these changes may occur due to a 
change in plasma density when it is compressed in 
the regions of increased magnetic field) etc. Such 
‘a “corrugated field” may also help the focusing of 
the beam of particles undergoing acceleration. 

In the method of acceleration under discussion 
the effective accelerating field intensity acting on 
the electrons may be made sufficiently large com- 
pared to the amplitude of the electric wave field. 
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The efficiency of acceleration can also be increased 
by a transition from a linear resonator to a circular 
resonator utilizing repeated traversals of the wave 
field. 

It is evident that similar devices may be used 
not only for the acceleration of plasma, but also 
for retarding and for turning back charged par- 
ticles leaking out of storage systems. 


! Veksler, Kovrizhnykh, Rabinovich, and Yankov, 
Report, Physics Institute, Academy of Sciences, 
U.S.S.2.,, 19565 

ING, Gaponov and M. A. Miller, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 242 (1958), Soviet 
Physics JETP 7, 168 (1958). 

3H. Boot and R. Harvie, Nature 180, 1187 (1957). 
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CONCERNING THE PRODUCTION OF COM- 
POUND NUCLEI IN THE INTERACTION 
BETWEEN ATOMIC NUCLEI 


A. S. KARAMYAN, Yu. B. GERLIT, and B. F. 
MYASOEDOV 


Submitted to JETP editor September 16, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 621-623 
(February, 1959) 


Ir is natural, when investigating the interaction 
between multiply-charged ions and nuclei of vari- 
ous elements, to inquire about the extent to which 
these reactions proceed by complete fusion of the 
colliding nuclei with subsequent evaporation of 
neutrons. A useful criterion for such a reaction 
are the curves of the cross section of a reaction 
involving the emission of a specified number of 
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FIG. 1. Dependence of the cross 
sections of the reactions Au(N, (4— 
6)n) on the excitation energy of the 
compound nucleus Em”’’. 
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FIG. 2. Dependence of the 
cross sections of the reac- 
tions V(N, xn) on the exita- 
tion energies of the compound 
nucleus Zn°*. 
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neutrons vs. the energy of excitation of the com- 
pound nucleus. 

Baraboshkin et al.' obtained the excitation func- 
tions of the reactions Au'®? (n'4, xn) where x= 
4,5, and 6. New literature data? on branching in 
the a@-decay and K-capture “forks,” and more 
exact measurements of the energies of accelerated 
nitrogen ions have enabled us to refine somewhat 
these data. The excitation functions of the reac- 
tions that involve emission of 4, 5, or 6 neutrons 
in the interaction between accelerated nitrogen 
ions with gold nuclei, shown in Fig. 1, have a be- 
havior that is characteristic of the production of 
a compound nucleus. The absolute values of the 
cross sections show that the reactions proceed in 
this manner with high probability. However, when 
the nitrogen-ion energies exceed 70 Mev, the com- 
pound Em?!! nuclei are fissioned, a fact that makes 
difficult the study of deviations from the formation 
of compound nuclei at high excitation energies. It 
is obvious that it is necessary to employ for this 
purpose targets of lighter nuclei, for which the 
fission of compound nuclei has a low probability. 
Furthermore, there are indications? that the char- 
acter of the interaction between multiply-charged 
ions and nuclei depends substantially on the region 
of mass numbers of the target nuclei. Irradiation 
of a lighter element by multiply charged ions will 
therefore simultaneously permit us to determine 
the extent to which reactions with formation of a 
compound nucleus occur at other regions of mass 
numbers, and to investigate possible deviations 
from this mechanism. For this purpose, we in- 
vestigated interactions between accelerated ions 
of N'4, N!®) ol2, and C!® and nuclei of vanadium. 
The experiments were carried out in the following 
manners: stacks comprising 10 —12 aluminum 
foils, 8p thick with a spattered layer of 0.1 to 0.2 
mg/cm? of vanadium were irradiated by monoen- 
ergetic beams in the internal test chamber of the 
cyclotron. The zinc and copper were separated 
from each foil after the exposure. The isotopes 
were identified by the half-lives of the beta-active 
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FIG. 3. Comparison of the energy relations of the cross 
sections of evaporation reactions on multiply-charged pro- 
tons, resulting in compound nuclei. 0 — data of this paper, 

e — data of reference 5, + — data of reference 6. Curve 1 — 
V(N*S, 5n), 2—V(N*, p3n + 4n), 3 — V(C?, 2n), 4—V"(C”, 
3n), 5 — Cu® (p, p3n + 4n), 6 — Cu®*(p3n), 7 — Cu®*(p2n), 
$7— Cue@p2n): 


products. The ion energies corresponding to each 
foil were determined from the range-energy curves 
obtained in reference 4. 

Figure 2 shows the variation of the cross sec- 
tions of the reactions with emission of 2, 3, and 4 
neutrons on the excitation energy of the compound 
nucleus Zn®(v*! + N!4 — Zn®). In view of the 
fact that Zn®! has a very short half-life and is 
entirely converted into Cu®! during the time of 
chemical separation, it has been impossible to 
separate reactions with emission of 4 neutrons 
from the possible reaction whereby Cu® is pro- 
duced directly through the emission of 3 neutrons 
and 1 proton. The diagram shows therefore the 
summary cross section of both reactions. 

Figure 3 shows analogous curves for the reac- 
tions, in which the emission of a various number 
of particle was investigated relative to the same 
reaction product Cu®!, obtained by irradiation with 
various ions. For comparison, the same diagram 
shows curves for the cross sections of several 
reactions investigated by Ghoshal’ and Meadows.°® 
If the distortion due to the presence of the Coulomb 
barrier at low energies is taken into account ( BC!) 

BC}, and BN! in the diagram), it is easy to see 
that the cross section vs. energy curve on Figs. 2 
and 3 has a form characteristic of reactions with 
formation of a compound nucleus. A striking fact 
is that the curves for the emission of 2 and 3 neu- 
trons do not break off on the high-energy side, but 
become almost parallel to the axis. While a similar 
behavior (see reference 6) of the cross sections 
is readily explained by the presence of direct col- 
lisions between the protons and the nuclei, in our 
case this may be an indication of the occurrence 
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of some other reactions, say those connected with 
the so-called local heating. 

In addition, it is seen from Fig. 3 that our 
curves corresponding to the evaporation of 2, 3, 
or 4 neutrons from the excited nuclei are shifted 
towards the high-energy side by approximately 8 
or 10 Mev relative to the similar curves obtained 
in references 5 and 6. It is possible that this shift 
is caused by the large angular momentum acquired 
by the compound nucleus from the multiply-charged 
ion. However, we do not have enough accurate data 
to ascertain complete reliability of this shift, let 
alone to estimate its magnitude. 

Without going into the details of the variation of 
the excitation function, as manifested by the pres- 
ence of the foregoing segments of the curves and 
with their shifts, it can be apparently stated at 
present that when the target mass numbers range 
from 50 to 200 the interaction with multiply -charged 


ions proceeds to a considerable extent via production 


of compound nuclei. 


CONCERNING THE p° MESON 


Ya. I. GRANOVSKITI 


Institute of Nuclear Physics, Academy of Sci- 
ences, Kazakh S.S.R. 


Submitted to JETP editor October 22, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 623-624 
(February, 1959). 


te the compound model of elementary particles, 
based on the Fermi-Yang idea,’ the pion is repre- 
sented as a system comprising a nucleon in strong 
interaction with an antinucleon.?»? However, along 
with a tripiet of pions, the same “bare” particles 
can form an isotopic singlet* 


0° = (<pp> + <nny) /V2. (1) 


The fact that no such particle has yet been observed 
experimentally necessitates a special explanation. 
Okun’? has proposed that the mass of the p” meson 
is sufficiently large. On the other hand, Perel’man 
has remarked recently® that Mp0 =~ M70. 

We wish to note that, in view of the difference 
in the isotopic spins, the forces that bind the nu- 
cleon and antinucleon into 1° and p’ mesons will 
also be different. For example, in the symmetrical 
variant, the interaction potential V = aT472 equals 
a when t=1 and —3a when T=0. In this case 
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The authors are indebted to Prof. G. N. Flerov 
for guidance of this research. The authors are 
grateful to diploma students A. A. Pleve and V. A. 
Fomichev for aid in the measurements and for 
processing the results. 
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the existence of a 7 meson would exclude the ex- 
istence of a p’ meson. Addition of a term inde- 
pendent of T to the potential cannot change this 
conclusion, since these forces are small. 

The mass differences calculated by Perel’man 
pertain to particles having equal isotopic spins. In 
particular, the quantity AM=12.7 mg is the mass 
difference between m* and 7’ mesons. Allowance 
for the magnetic interaction, which has an opposite 
sign but a somewhat smaller magnitude, brings the 
calculated mass difference closer to the experimen- 
tal value M=9me. 


1®, Fermi and C. N. Yang, Phys. Rev. 76, 1739 
(1949). 
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IN PLASMA IN INERT GASES 
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lie an earlier paper! we have indicated certain 
features characteristic of the heating of an electron 
gas in a highly ionized plasma which result from 
the fact that the frequency of collisions between 
electrons and ions falls off sharply with increasing 
electron velocity.* It was found that in a fixed elec- 
tric field the electron gas is in a stationary state 
with respect to the ions only at small values of the 
field (E< Ex); when E= Ey this state becomes 
unstable. A similar instability is found in a low- 
frequency alternating electric field. In this case, 
however, there is a second stable state character- 
ized by a high electron temperature. The transi- 
tion between the first and second states takes place 
at various field amplitudes and leads to hysteresis 
in the dependence of electron temperature on field. 

Similar effects can occur in a weakly ionized 
plasma; all that is necessary is that the frequency 
of electron collisions be a sufficiently rapidly de- 
creasing function of velocity: v ~ v~-%, where 
a@>1. In general this condition is not satisfied be- 
cause the frequency of collisions between electrons 
and molecules increases rapidly with increasing v. 
However, an inverse relationship is possible. An 
inverse relation can obtain, for example, in heavy 
inert gases such as argon, krypton and xenon at 
small electron velocities v < 5 x 10’ em/sec 
(Ramsauer effect). 

The calculation of the stationary electron tem- 
perature Te is carried out for a weakly ionized 
plasma in the same way as for the highly ionized 
plasma considered in reference 1.; The figure 
shows the dependence of Te on the electric field 
intensity in krypton at a gas temperature of 27°C 
(p is the pressure in mm Hg). (In this calculation 
we have used the data of Ramsauer and Kollath? and 
Holtsmark.’) It is apparent from the figure that 
the weakly heated state of the electron gas (the 
lower curve) becomes unstable at some value of 
the field intensity in the same way as in a highly 
ionized plasma. In contrast with the latter, how- 
ever, in the case being considered here there is a 
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second stable state at a high electron temperature: 
this state arises because of the increased frequency | 
of collisions between the electrons and krypton ions | 
at high velocities (v > 5x10’ cm/sec). The criti- | 
cal field values associated with the transition from 
the first state to the second state vary slightly 

(Buy = 8.4% 107° p, \Ei, = 74 10s pe(w/ can): 

here p is the gas pressure inmm Hg). Asa 
consequence the hysteresis loop is small. The 
electron temperature changes by approximately 

a factor of 3 in the transition. There is a corre- 
sponding change in electronic conductivity: this 
conductivity increases by a factor of 2.4 in the 
transition from the first state to the second state 

but is reduced by a factor of 3 for the reverse 
transition. The time required for the transition 

is 1073p! sec. In an alternating electric field 

the effect is suppressed at higher frequencies w 

and vanishes completely when w > 1.5 Xx 10°p 

sec}, 

It should be pointed out that the present calcu- 
lation applies only when the electron velocity dis- 
tribution is Maxwellian. As is well-known, this 
condition is not satisfied in the case of a slightly 
ionized plasma (Ne/N, < 107!°), in which case 
the frequency of collisions with molecules is more 
than a factor of 10° greater than the frequency of 
collisions between electrons. In the latter case, 
as is clear, for example, from reference 4, the 
mean electron temperature is always uniquely 
related to the electric field intensity so that the 
effect being discussed here is not obtained. 

The author is indebted to V. L. Ginzburg for 
his interest in this work. 


*By a highly ionized plasma we mean one in which col- 
lisions between electrons and ions predominate; by a weakly 
ionized plasma we mean one in which collisions between 
molecules (or atoms) predominate. 

tIn computing the complex conductivity of a plasma one 
introduces the coefficients Kz and Ke which have been 
considered earlier in references 1 and 4. It should be noted 
that if the dependence of v on v is given by a power law 
the coefficients K, and K, depend only on the parameter 
O/Ve gg: In the general case, however, they also depend on 
Te. This dependence is found to be important in the exam- 
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ple considered here. We also note that the assumption that 
the heavy-particle temperature is stationary, necessary for 
the validity of the entire analysis (cf. reference 1), is 
always satisfied in a weakly ionized plasma. 


ye Gurevich, J. Exptl. Theoret. Phys. 
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aye Gurevich, J. Exptl. Theoret. Phys. 
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lies the present note we wish to call attention to 
two facts which have not, so far as we know, been 
noted in the literature: the fact that the symmetry 
groups of the eigenfunctions of the Schrédinger 
equation are subgroups of the symmetry group GH 
of the corresponding Hamiltonian H, and the fact 
that the converse statement is not valid, i.e., the 
existence of subgroups of the group Gy that are 
not symmetry groups of the eigenfunctions of the 
given Schrédinger equation. 

The first statement has been made by Melvin," 
who introduced the concept of the cokernel KJ) of 
the i-th row of the j-th irreducible representa- 
tion of the group Gy, to which there correspond 
in the j-th irreducible representation matrices 
with all the elements in the i-th row equal to zero 
except for the diagonal element, which is unity. It 
is easy to see that the symmetry transformations 
occurring in the cokernel KJ leave the i-th func- 
tion in the list of eigenfunctions 7%, ~,...,~7 in- 
variant, and that they form a subgroup of the group 
Gy! Contrary to Melvin’s statement, however, 


this still does not mean that the cokernel Kil is 
identical with the symmetry group of the functions 
~i, since it remains unproved that an eigenfunction 
of the Hamiltonian ff with the symmetry group Gy 
cannot be invariant with respect to some symme- 
try operator s which does not belong to the group 
Gy. 
We shall prove this last assertion on the as- 
sumption that the set (L) of the nodal points of 
the eigenfunctions of the equation 


Hy = (T +V)$ = Ed, (1) 


has no internal points and that the value of the po- 
tential at any point ¢ of the configuration space 
can be represented as the limit of the values of 
the potential at a sequence of points ¢) that con- 
VeCLSCSHtOmG maser 


VS) = lon (Gy) Vator, 


Suppose that s does not belong to Gy. We shall 
show that no eigenfunction of the operator ii, 
which satisfies our assumptions, can be invariant 
with respect to the symmetry operation s. Let us 
assume the opposite, i.e., that there exists a func- 
tion (whose set of nodal points has no internal 
points ) for which sj=z%. Then shy =s CF = V) v 
= Tsy + sVy = Ey and, on the other hand, Tsy + 
Vsv = Esy. Consequently sV~ = Vsy = Ve, so that 
sV=V at points where ~ ~0.* 

On our assumption about the set L of the nodal 
points, for any point ¢ in L we can always find 
a set of points ¢, not belonging to L that con- 
verge to ¢. Obviously ~(f,) #0. Therefore 
from sV(fén)¥(én) = V(fn)¥(&) it follows that 
sV (fn) = V(fn). Going to the limit, we get sV(Z) 
= V(¢), and consequently the equation sV=V is 
valid for every point of the configuration space, 
which contradicts the hypothesis of our argument. 

Thus on the assumptions indicated it has been 
shown that the symmetry groups of the eigenfunc- 
tions of the Schrodinger equation are subgroups of 
the symmetry group Gy of the Hamiltonian H, 
namely they are the corresponding cokernels. 

We shall show the incorrectness of the con- 
verse statement for the example of a Hamiltonian 
with the symmetry group Cey. The group Ce, has 
as one of its subgroups the group (E, Cr: We 
shall show that this subgroup cannot be a cokernel 
of the group Cey. From the table of characters” 
of the group Cey it can be seen that the only sub- 
groups that are cokernels corresponding to one- 
dimensional representations are: for A, (Cg,), 
for Ag(E, Cy, Cz, Ce), for By(E, C3, od), Od); 
Od), and for B(E, Ga; Oy4> Avs Tvs): In the 
two-dimensional representation E, there corre- 
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spond to the elements C3, independently of the 
choice of basis, matrices of the form 


ast aa Vela 
[FV Ye 
which follows from the value of the character 
yet (Cz) =-—1 andthe unitary nature of the mat- 


rices; this means that these elements cannot occur 
in the cokernel of the representation E;. In the 
two-dimensional representation E,, with any basis, 
a unit matrix corresponds to the element C,. This 
follows from the value of the character yee (Co) 

= 2 and the fact that C}=E. Consequently any 
cokernel corresponding to the representation E, 
will contain the element Cy, and the subgroup 

(E, C#) cannot be identical with it. 

Thus the subgroup (E, C#) cannot be a coker- 
nel of the group Cey, i.e., cannot be a symmetry 
group of any of the solutions of the Schrodinger 
equation with a Hamiltonian of that symmetry. 

In conclusion we note that solutions of the Schr6- 
dinger equation that possess the full symmetry of 
the system of eigenfunctions (for the case of a 
finite number of particles see reference 3) have 
as their symmetry groups all possible cokernels 
of the symmetry group of the Hamiltonian. 


*Division by the function y is possible because the effect 
of the potential energy operator V reduces to multiplication 
by the potential function V. 


1. A. Melvin, Revs. Modern Phys. 28, 18 
(1956). 

2H. Eyring, J. Walter, and G. Kimball, Quantum 
Chemistry (Russ. Transl.),-IIL 1948. 

3T, Kato, Trans. Am. Math. Soc. 70, 195 (1951). 
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ON THE PROBLEM OF TESTING PARITY 
CONSERVATION IN THE STRONG INTER- 
ACTIONS 
V.‘G. SOLOV’ EV 
Joint Institute of Nuclear Studies 
Submitted to JETP editor October 27, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 628-629 
(February, 1959) 


lis the analysis of the problem of the conservation 
of parity in individual interactions we shall start 
from the following postulates: (1) the law of con- 
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servation of the combined parity reflects funda- 
mental properties of space-time and is the basic 
symmetry law in nature; (2) the conservation of 
spatial parity in individual interactions is a con- 
sequence of additional invariance requirements. 

In fact, as has been shown in references 1—3, 
in the case of the renormalized quantum electro- 
dynamics, owing to the gauge-invariance condition, 
the requirement of invariance with respect to the 
combined-inversion operation PC (or the time 
reversal T) leads to invariance with respect to 
the spatial-inversion operation P. In the case of 
the renormalized pseudoscalar meson theory, 
owing to the condition of isotopic invariance, the 
requirement of invariance with respect to the com- 
bined-inversion transformation PC also leads to 
invariance with respect to the spatial-inversion 
operation P. The requirement of the invariance 
with respect to the transformation PC of the re- 
normalized and isotopically invariant interaction 
Lagrangian of the K mesons and baryons does 
not lead to invariance with respect to the opera- 
tion P. In this connection it is of interest to ex- 
amine whether parity is conserved in processes 
of production of K mesons and hyperons. 

It is known that parity is conserved with great 
precision in nucleon-nucleon collisions and nuclear 
reactions. If there is no departure from isotopic 
invariance, then parity nonconservation in these 
processes can appear both as a consequence of 
the participation of virtual K mesons and hyper- 
ons, and also owing to the nonrenormalizability 
(nonlocal character) of the interaction. As is 
shown by a calculation carried out in reference 5, 
the contribution of the K-meson forces to the 
nucleon-nucleon potential is small, so that the 
(very precise) parity conservation in nucleon- 
nucleon interactions is not in contradiction with 
violation of parity conservation in interactions 
involving K mesons and hyperons.* 

Let us consider the process 7+N—K+Y 
with the subsequent decay Y—N+7 (Y canbe 
a A ora Z hyperon). As has been shown in 
reference 4, if parity is not conserved in the pro- 
duction of the K meson and hyperon, there is a 
longitudinal component of the polarization vector 
of the hyperon, and this leads to the appearance 
of an asymmetry in the distribution of the  me- 
sons from the decay of the hyperons (in the center- 
of-mass system), both relative to the plane perpen- 
dicular to the plane of production and containing the 
direction of the initial + meson, and also relative 
to the plane perpendicular to the plane of produc- 


tion and perpendicular to the direction of the initial | 


m™ meson. It is found’ that if there is a longitudi- 
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nal polarization of the hyperon, then there must be 
asymmetry relative to at least one of these planes. 
It must be noted that since the properties of the 
longitudinal polarization (if there is any) are un- 
known, it may possibly be different (in magnitude 
and sign) for different angles of production of the 
hyperon, and the effect may be cancelled out to 
some extent in integrating over the angles. In this 
connection it would be interesting to study this 
process in a narrow range of angles of production 
of the hyperons. 

At high m-meson energies the most probable 
processes will be those with three or more par- 
ticles in the final state. In this case the reaction 
™ +p—2X” +K*+7° is of great interest. If par- 
ity is not conserved in the production of hyperons 
and K mesons, there will be an asymmetry in the 
distribution of the K mesons relative to the plane 
(in the center-of-mass system) containing the di- 
rections of the incident 7 meson and the = par- 
ticle. It must be pointed out that this reaction is 
a very convenient one from the point of view of the 
processing of the experimental data. The advan- 


ON THE EMISSION MECHANISM OF 
PROMPT FISSION NEUTRONS 


V. S. STAVINSKII 
Submitted to JETP editor October 30, 1958 


J. Exptl. Theoret. Phys, (U.S.S.R.) 36, 629-630 
(February, 1959) 


Recentrry the energy and angular distributions 
of fission neutrons have been determined with re- 
spect to a system in which a fission fragment is at 
rest.! They are in disagreement with the mechan- 
ism hitherto usually considered for the emission 
of prompt fission neutrons, namely the analog of 
the evaporation of molecules from the surface of 
hot materials. The measurements show that the 
neutron angular distributions are strongly aniso- 
tropic with respect to the direction of motion of the 
fission fragment in the system of coordinates in 
which the fission fragment is at rest, and the en- 
ergy distribution of the neutrons shows a sharp 
maximum at an energy of the order 0.1 to 0.2 Mev, 
with a width of the same order. As is well known 
the evaporation mechanism leads to an isotropic 
distribution with a Maxwellian energy spectrum. 

A possibility of an anisotropic neutron angular 
distribution can be understood from the point of 
view of Hill and Wheeler.? However, the motion 


tage of this and analogous reactions (K7 +d — A + 
ptm; m +p—+yY?+kK*t +77) lies in the fact that 
the asymmetry does not depend on the properties of 
the longitudinal polarization, so that one can obtain 
better statistics by totalling the experimental data 
for all angles of production of the hyperons. 


*The writer is grateful to Professor Drell for sending a 
preprint and an account of his work on the problem of PC 
conservation. 


iba Solov’ev, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 33, 796 (1957), Soviet Phys. JETP 6, 
613 (1958). 

2V. G. Solov’ev, Nucl. Phys. 6, 618 (1958). 

7S. Gupta, Canadian J. of Phys. 35, 1309 (1957). 

eG. Solov’ev, A Possible Test of Parity Con- 
servation in the Production of K Mesons and Hy- 
perons. Preprint P-147 (R-147), Joint Institute 
for Nuclear Research, February, 1958. 

*Drell, Frautschi, and Lockett, preprint. 
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of the nuclear surface can modulate the neutron 
evaporation spectrum only weakly and essentially 
cannot explain the sharp peak observed in refer- 
encerl: 

The foregoing characteristics of the spectra of 
prompt fission neutrons can be explained by assum- 
ing that the surface energy, contained in the out- 
growths which remain after the “neck” breaks at 
the instant of fission, is liberated in the form of a 
shock wave, which then propagates in the direction 
of motion of the fragment. Such a shock wave can 
lead to emission of almost monoenergetic neutrons 
along the direction of motion of the fission fragment. 

To estimate the effect one has to know the form 
of the deformed fragments at the instant at which 
the “neck” breaks. At present there does not exist 
any experimental indications concerning this form. 
We therefore shall utilize the results of Hill,? which 
were derived within the framework of the liquid 
drop model. These computations show that right 
after the instant of fission each fragment has an 
outgrowth with linear dimensions exceeding the 
nuclear radius by a factor 1.5 to 2. Utilizing the 
commonly accepted value for the surface energy 
one can estimate that each outgrowth contains a 
deformation energy of the order 20 to 30 Mev. 
Knowing the number of nucleons in the outgrowth 
one can easily calculate the velocity of contraction 
of the outgrowths. This turns out to be of the order 
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0.1c, where c is the velocity of light. The sound 
velocity in nuclear matter can be calculated from 
the estimates of the nuclear compressibility .4 It 
also turns out to be of order 0.1c. The mean free 
path of the nucleons is evidently shorter within the 
outgrowth than within usual undeformed nuclei, 
which is ~ 5 x 1073 cm if one takes the imaginary 
part of the optical potential to be approximately 0.2 
of the real part. 

These considerations evidently show that the 
conditions for the appearance and the propagation 
of shock waves in the fission fragments are ful- 
filled. Concerning the damping of the shock wave, 
one would have first to determine its emergence 
from the outgrowth. However, the damping is 
clearly rather large and the energy contained in 
the shock wave will suffice on the average just for 
the emission of one neutron of very low energy. 
Part of the energy contained originally in the de- 
formation of the outgrowth will be used up in 
achieving the equilibrium shape of the fragment, 
and in its heating. The latter will lead to a back- 
ground in the observed neutron spectrum, which 
is not in disagreement with the evaporation mech- 
anism. 

If the proposed fission neutron emission mech- 


LINE WIDTH OF THE CHLORINE QUAD- 
RUPOLE RESONANCE IN CHLORATES 
OF BARIUM, SODIUM, AND POTASSIUM 


V. S. GRECHISHKIN 
Leningrad State University 
Submitted to JETP editor November 1, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 630-632 
(February, 1959) 


Ts large number of factors that tend to broaden 
the nuclear quadrupole resonance line make diffi- 
cult the interpretation of absorption line shapes in 
crystals. However, in a number of cases it is pos- 
sible to obtain information because mechanical 
stresses do not play an important role in powders 
if there are no temperature gradients. In the pres- 
ent work we have studied the width of the quadru- 
pole resonance line in chlorates of barium, sodium, 
and potassium. The quadrupole resonances in so- 
dium chlorate and potassium chlorate have been 
reported earlier;}? however, in this work no pre- 
cise measurements or interpretations of the line 
width were made. 


anism actually occurs, then a more accurate meas- 
urement of the fission neutron spectrum and angu- 
lar distribution will be able to provide information 
on the deformation of the fragments at a time just 
prior to the fission. It further could improve our 
knowledge on the compressibility of nuclear matter, 
which plays an important part in the mecnanism of 
nuclear fission. 

The author is deeply grateful to A. I. Leipunskif 
for his critique of this paper and I. P. Stakhanov 
and A. A. Rukhadze for valuable suggestions and 
discussions. 
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These observations have been carried out using 
frequency or Zeeman modulation? a superregenera- 
tive circuit, a narrow-band, low-frequency ampli- 
fier, and a phase-sensitive detector. The reference 
voltage at the phase-sensitive detector was applied 
through a reference voltage amplifier which was 
provided with a phase shifter. The frequency mod- 
ulation was obtained by means of a vibrating con- 
denser and the Zeeman modulation was produced 
by means of a coil which was driven by rectangular 
pulses. All the measurements were carried out at 
room temperature. In the frequency-modulation 
measurements the second derivative of the absorp- 
tion line was recorded since by this means it is 
possible to suppress spurious amplitude modula- 
tion. The correction to the second moment for the 
second derivative was obtained by the method pro- 
posed by Andrew 


Sie Sinae Eyer (1) 


where S* is the second moment of the absorption 
line observed in the experiment, So is the true 
second moment, and vy, is the amplitude of the 
frequency modulation. Equation (1) applies in the 
case in which the amplitude of the frequency modu- 
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lation is much smaller than the line width. Starting 
from the Duhamel formula it can be shown that dis- 
tortions due to rapid passage through the resonance 
region and the time constant of the phase detector 
are given by the following when frequency or Zee- 
man modulation are used: 


S* = So + 2(0t)?, (2) 


where v is the rate of passage through the reso- 
nance region and 7 is the time constant of the de- 
tector. The final measurements were made with 
Zeeman modulation. The use of a superregenera- 
tive system makes it possible to use a convenient 
frequency scale since the signals follow the quench- 
ing frequency. The quadrupole resonance signals 
of Cl® and Cl*” were observed in Ba(ClO3)p, 
NaClO3, and KClO3 powders. At the present time 
we have also observed the quadrupole resonance in 
calcium chlorate. The observed signal amplitudes 
are in good agreement with the natural abundances 
of the chlorine isotopes. The amplitude of the rf 
field was rather small in order to avoid the addi- 
tional broadening, which exceeds the nuclear mag- 
netic resonance broadening by a factor of 4. In 
spite of the low level of the rf field the signal-to- 
noise ratio in potassium chlorate was of the order 
of 60 for Cl®*. The total width of the lines were 
measured at half heights. 

The results of the experiment are shown in the 
table; it is apparent that in these chlorates the line 
width is determined basically by nuclear dipole- 
dipole interactions since the ratio of magnetic mo- 
ments of the chlorine isotopes is 1.2. An estimate 
of relaxation-time broadening shows that this quan- 
tity is less than 0.03 kes.4- Because NaClO; is a 
cubic crystal, a simple expression can be used for 
the second moment? 


h2 Av?) ay = 60q'84d-S, (3) 


where h is Planck’s constant, g is the gyromag- 
netic ratio, B is the nuclear magneton and d is 
the size of an elementary cell. 

It should be noted that Eq. (2) applies in the case 
in which the center of the line is not shifted. When 
making corrections, however, one must take a¢count 
of the displacement of the center. With the intro- 
ductions of corrections for broadening due to the 
magnetic field of the earth, the rate of passage 
through the resonance region, and effects due to 
sodium atoms, the second moment for Cl? an 
NaClO; is found to be 


CAV ay = 0.42-108 cs?. 


Whence we find that d=6.9A. This result is in 
good agreement with the x-ray data,® according to 
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which d=6.5A in NaClO3. The calculation which 
has been carried out on the basis of well-known 
crystal structures shows that the line shapes in 
chlorates are amenable to straight-forward inter- 
pretation. 

In conclusion we wish to thank F. I. Skripov for 
discussions and his interest in this work. 
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CROSS SECTION OF Te’ PRODUCTION 
VIA THE (n, y) REACTION 


V.S. GVOZDEV and Yu. L. KHAZOV 


Leningrad Physico-technical Institute, 
Academy of Sciences, U.S.S.R. 


Submitted to JETP editor November 6, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 86, 632-633 
(February, 1959) 


Waen an isomer pair is produced via the (n, y) 
reaction, the more probable of the two isomers is 
the one whose spin is closest to that of the initial 
nucleus.! It has been established that for isotopes 
of tin, tellurium, and zenon the production cross 
section of an isomer state with spin 11/7, amounts 
to several dozens of millibarns. Exceptions are 
the isotopes of tellurium 122 and 124, for which 
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Hughes and Harvey” lists cross sections of 1.0 + 
0.3 and 5 + 3 barns. 

In the present investigation we measured the 
eross section for the production of the isomer 
state of Te!® with spin 1% via the (n, y) reac- 
tion. The cross section was determined by com- 
parison with the cross section of the Hf!®9(n, y) He!®t 
reaction, which were taken to be 10 + 3 barns, as 
in reference 2. Separated Te!*4 and Hf!® sources 
were prepared for the measurements and irradi- 
ated simultaneously in the neutron beam. 

The internal-conversion electron spectrum of 
Te!M and Ta!*!, produced in the B~ decay of 
Hf!*!| was investigated with a beta spectrometer. 
The figure shows the internal-conversion electron 
K lines of the gamma transitions of energies 
133.02, 136.25, and 136.85 kev (Ta'®) and 
109.1 kev (Te!#®™) for which the ordinate scale 


THE REACTION T(p, n) He? AT 7—12 Mev 
PROTON ENERGY 


G. F. BOGDANOV, N. A. VLASOV, C. P. KALININ, 
B. V. RYBAKOV, L. N. SAMOILOV, and V. A. 
SIDOROV 


Submitted to JETP editor November 17, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 633-636 
(February, 1959) 


lie reaction T(p, n) He® is a convenient source 
of monochromatic neutrons and is widely used in 
many laboratories. From the results of the study 
of the reaction in the proton energy range from 
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is magnified ten times). By determining the in- 
tensity ratio of the 109.1 and 133.02 kev K lines, 
it is possible to calculate the cross section for the 
production of Te!®™ via the (n, y) reaction; it 
was found to be 40 + 25 millibarns. 

According to reference 1, the cross section for 
the production of the ground state of Te!” via the 
(n, y) reaction is 6.5 +1.2 barns. The ratio of 
the Te!®™ (spin 4%) and Te! (spin /,) cross 
sections is 0.006. 


ieee 7, I5 Hp,08 cm 


1E. Segré and A. Helmholz, Rev. Modern Phys. 
21, 274 (1949). 

2D. J. Hughes and J. A. Harvey, Neutron Cross 
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the reaction threshold (1.019 Mev) to 7 Mev,! it 
was possible to deduce the existence of excited 
levels of the qa particle at 22 Mev and 24— 25 
Mev.!»3 Several experimental works have been 
published recently* confirming the existence of 
excited states of the a particle. 

The cross section and the angular distribution 
of neutrons in the reaction T (p, n) He® in the pro- 
ton energy range 7 —12 Mev were measured in the 
course of the present experiment. It was also at- 
tempted to measure the polarization of the neutrons. 

A solid tritium-zirconium target of 20 thick- 
ness was bombarded by 12 Mev protons from a 
cyclotron. The neutron flux was measured by a 
telescope consiting of four proportional counters,° 
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FIG. 1. The cross section of the reaction T (p, n) He® at 
the angle 0°, e — telescope of proportional counters, a — time- 
of-flight spectrometer, O — data of reference 2, 0 — data of 


reference 1, X — data of reference 8. 
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FIG. 2. Angular distribution of neutrons 
from the reaction T (p, n) He®. a — in the 
laboratory system of coordinates, b — in the 
c.m.s., @ — Ep = 6.8 Mev, X — Ep = 8.9 Mev, 
O — Ep = 12 Mev. 


and was also analyzed by a time-of-flight spectrom- 
eter.*»’ The accuracy of the cross section meas- 
urements amounted to 10%. 

The reaction cross section measured at 0° and 
those measured in the energy range 1 —7 Mev 
(published earlier!**) are shown in Fig. 1. In the 
energy range under investigation, the cross section 
is approximately constant and increases slightly at 
11—12 Mev. Three experimental points taken from 
the work of Steward et al.’ are also shown in Fig. 1. 
The discrepancy between the results of that work 
and our results lies outside the limits of errors. 

The angular distributions of neutrons of 6.8, 

8.9, and 12 Mev are shown in Fig. 2a. The same 
angular distributions in the center-of-mass system 
are shown in Fig. 2b. The forward-backward anis- 
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otropy indicates a strong interference of states with 
different parity. The curves in the figures corre- 
spond to expressions of the form 


(6) = A + Bcos8 +-Ccos?6 + D cos? 6 + E cos* 6 


in the c.m.s. The coefficients in these expressions 
have been obtained by the least-squares method and 
are given in the table. The values of the total cross 
section for the reaction T(p, n) He® obtained by 
the integration of these equations are also given in 
the table. 

The dependence of the total reaction cross sec- 
tion on energy is shown in Fig. 3. 

The study of the polarization of neutrons pro- 
duced in the reaction T(p, n)He® is of great im- 
portance for the study of the excited states of the 


442 


200 
al 

FIG. 3. Dependence of the total cross section for the reac- 
tion T (p, n) He® on proton energy. 


jh Te ER EE TR Gh 


ip EF itl 11 £,,Mev 


@ particle. The method of inverse reactions pro- 
posed by Barshall? was used for the measurement 
of the polarization. In our case, the inverse reac- 
tion is the reaction He*(n, p)T. A chamber filled 
with He® to a pressure of 10 atmospheres was 
placed at an angle 0, to the beam of neutrons 
originating from the reaction T (n, P) He?®, and 
the right-left asymmetry of the proton yield from 
the reaction He’(n, p) T was measured by the 
proportional-counter telescope® at an angle @,. In 
the c.m.s., a single angle 9am. corresponds to 
the angles 0, and 05. The angle 9; was chosen 
from the condition of equality of the excitation en- 
ergy of the intermediate nucleus He‘ in the direct 
and inverse reactions. This angle is uniquely de- 
termined by the energy of the reaction Q = —0.764 
Mev and by the energy Ep of protons bombarding 
the tritium target: 


cos 0, = (6E, — 5.348) / V 126) (BE, — 3.056). 


Such a method makes it possible to measure the 
absolute values of the polarization without an ana- 
lyzer of known properties. 

Polarization measurements require a very exact 
geometry, since the measured azimuthal asymme- 
try may be due to the inequality of the right and left 
deviation angles with respect to the neutron beam. 
To check the geometry of our experimental setup, 
we measured the scattering of neutrons on hydro- 
gen by means of recoil protons under the same geo- 
metrical conditions. In order to increase the angle 
sensitivity, the detection of recoil protons was car- 
ried out on the falling portion of the spectrum, 
where the counting rate decreases with the angle, 
both owing to the decrease in intensity and owing 
to the decrease in energy. 

The measurements showed that, for Ep © 10 
Mev, the asymmetry at angles corresponding to 
the condition of Barshall is not larger than 5%. 

For the angle 6; = 0, = 40°, large asymmetry has 
been found indicating that the neutrons are polar- 
ized. 
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ISOTOPIC SHIFT OF THE CURIE POINT 
IN URANIUM HYDRIDE AND DEUTERIDE 


A. I. KARCHEVSKI]I, E. V. ARTYUSHKOV, and 
L. I. KIKOIN 


Submitted to JETP editor November 18, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 636-637 
(February, 1959) 


Tae observed ferromagnetism of uranium hydride 
and deuteride!~? makes possible an investigation of 
the isotopic shift of the Curie temperature. 

One possible cause of such a shift is the differ- 
ence in distance between the uranium ions in these 
two compounds. Actually, crystallographic inves- 
tigations have shown that the constants a of the 
cubic lattices of uranium hydride and deuteride 
are equal to 6.6310 and 6.625A respectively. So 
noticeable a distance between the lattice constants 
of the two compounds should undoubtedly influence 
the value of the volume integral with which the 
value of the Curie temperature is directly con- 
nected. 

There exist several methods capable of deter- 
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mining the Curie temperature in a ferromagnet 
with sufficient accuracy. In the present investi- 
gation, aiming to obtain preliminary data on the 
shifts of the Curie points, we investigated the 
temperature variation of the residual magnetism 
of samples of uranium hydride and deuteride. It 
is known that as the Curie point (close to 180° for 
the compounds of interest to us) is approached 
from the low-temperature side, the residual mag- 
netism experiences a rapid decrease, linear over 
a sufficiently wide temperature interval. The in- 
tercept of the magnetization vs. temperature curve 
with the temperature axis can be assumed to be 
the Curie temperature of the specimen only in the 
first approximation. However, the difference in 
the so obtained “extrapolated” temperatures of 
the two specimens is apparently equal, with suf- 
ficient accuracy, to the true difference of the 
Curie temperatures of these specimens. 

The residual magnetism of the specimens was 
measured with an astatic magnetometer. The tem- 
peratures of the specimens were determined in the 
various experiments either with a copper-constan- 
tan thermocouple, or with a platinum resistance 
thermometer. Approximately 20 specimens of 
uranium hydride and deuteride were prepared. 

The impurities in the initial uranium fluctuated 
from 0.4 to 0.12 percent. All the hydride and 
deuteride specimens were obtained through a 
direct reaction between the uranium and hydrogen 
or deuterium at approximately 250°C. The hydro- 
gen and deuterium were produced by decomposi- 
tion of a suitable amount of uranium hydride or 
deuteride at a temperature near 400°C. 

In all the specimens investigated, an isotopic 
shift of the Curie temperature was observed in 
going from the hydride to the deuteride. This 
shift is practically independent of the purity of 
the initial uranium and consequently is not due to 
chemical impurities. Typical curves of the tem- 
perature dependence of the residual magnetism 
Jp of the hydride and deuteride samples are shown 
in the figure. It is seen from these curves that the 
difference in the Curie temperatures of uranium 
hydride and deuteride is 4°. The average error, 
obtained in the measurement of 10 pairs of speci- 
mens, is 0.5°. The Curie-temperature shift A® 
in going from the hydride to the deuteride of ura- 
nium is thus 

Bun, — 9up, = AB = + (4.0 + 0.5)°K. 


The method described is not suitable for the de- 
termination of the absolute Curie temperature. The 
Curie temperature obtained by the extrapolation 
method depends on the magnetic “prior history” 
of the specimen. In our experiments, residual 
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magnetism was produced by slowly cooling (for 
one hour) the specimens, placed in a magnetic 
field of approximately 200 oersteds, from room 
temperature to that of liquid nitrogen, after which 
the magnetic field was turned off and the specimen 
remained magnetized. The value of the residual 
magnetism depends, naturally, on the intensity of 
the magnetic field in which the specimen is cooled 
and on the lowest cooling temperature. 

The extrapolated Curie point, obtained from the 
residual magnetism vs. temperature curve for the 
given specimen, remained constant within 0.1 or 
0.2° under considerable variations of the external 
conditions (magnetizing field and temperature). 

We are planning an investigation of the absolute 
value of the Curie temperature of uranium hydride 
and deuteride. 

In conclusion, we thank Academician I. K. Kikoin 
for suggesting the problem and for great help in the 
investigation. 


! Trzebiatowski, Stalinski, and Sliwa, Roczniki 
Chem. 26, 110 (1952), 28, 12 (1954). 

2S. T. Lin and A. R. Kaufman, Phys. Rev. 102, 
640 (1956). 

3w. E. Henry, Phys. Rev. 109, 1976 (1958). 

43. J. Katz and E. Rabinowitch, The Chemistry 
of Uranium, (Russ. Transl.) M. IIL, 1954, p 174 
[McGraw-Hill, N. Y., 1951]. 
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MAGNETOCALORIC EFFECT IN URANIUM 
HYDRIDE AND DEUTERIDE 


A. I. KARCHEVSKII 
Submitted to JETP editor November 18, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 638-639 
_ (February, 1959) 


Tue investigation of the magnetic properties of 
the ferromagnets uranium hydride and uranium 
deuteride is of great interest, because it discloses 
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how replacement of one element by its isotope af- 
fects the properties of the ferromagnet. It was 
shown, in particular,' that uranium hydride had a 
Curie temperature noticeably different from that 
of the deuteride (by approximately 4°). 

Henry” has shown that even the saturation mag- 
netizations of uranium hydride and deuteride are 
different. His value of the Curie temperature of 
uranium hydride (168°K) differs substantially 
from the value given by Lin and Kaufman (1eick),. 

The procedure used in reference 1 made it pos- 
sible to observe only the shift in the Curie temper- 
ature in going from the hydride to the deuteride of 
uranium; the absolute values of the Curie tempera- 
tures were determined in these experiments quite 
roughly. 

One of the most reliable methods of determining 
the Curie temperature is to investigate the temper- 
ature dependence of the magnetocaloric effect, in 
which the temperature of a body is changed by adi- 
abatic magnetization. This temperature change is 
equal to where J is the magnetization of the spe- 
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cimen, T the temperature, Cy, the heat capacity, 
and H the intensity of the magnetic field. Since 
(dJ/dT)}, of ferromagnetic bodies has its maxi- 
mum at the Curie point, the temperature variation 
at this point has a clearly pronounced maximum, 
which permits an accurate determination of the 
Curie temperature. 

An investigation of the magnetocaloric effect 
has additional interest in that its value, together 
with the temperature dependence of the magneti- 
zation, permits a determination of the constant of 
the molecular field of the investigated ferromagnet. 

Uranium hydride, like uranium deuteride, is ob- 
tainable only in finely-powdered form. A method 
was therefore developed of measuring the magneto- 
caloric effect in powdered specimens. To check 
this method, we measured the magnetocaloric ef- 
fect in ferromagnetic chromium-tellurium (CrTe) 
and manganese-antimony (MnSb) alloys. The data 
obtained were found to agree well with measure- 
ments made by others on monolithic samples of 
these substances. We compared our results with 
the data of Weiss and Forrer‘ for nickel, with the 
data of A. K. Kikoin® for CrTe, and with the data 
of O. A. Shakalis (private communication) for 
MnSb. The method of obtaining specimens of ura- 
nium hydride and deuteride was analogous to that 
described in references 1, 3, and 6. The amount 
of impurities in the initial uranium did not exceed 
0.12%. The magnetocaloric effect was measured 
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at various values of magnetic field intensity, up 
to 17,000 oersteds. 

The diagram shows curves for the dependence 
of the magnetocaloric effect on the temperature, 
plotted in a magnetic field of 17,000 oersteds. The 
maxima of the curves correspond to the ferromag- 
netic Curie temperatures @ jy, = 182.0°K and 
®uD, = 178.4°K. The difference in the Curie tem- 
peratures, A@ = 3.6 + 0.4°, is in good agreement 
with the results of reference 1. The absolute Curie 
temperature for uranium hydride is nearly the same 
as obtained by Lin and Kaufman,? but differs con- 
siderably from the value of 168°K given by Henry 
for uranium hydride,” a value that must be con- 
sidered erroneous. 

It follows from the curves that uranium hydride 
and deuteride have not only different Curie temper-- 
atures, but also different magnetocaloric effects. 

In particular, the maximum temperature change 
AT in adiabatic magnetization (at the Curie 
point) is 1.6 times greater in uranium hydride 
than in deuteride. 

Whether this difference in the magnetocaloric 
effects is due only to the difference in the satura- 
tion magnetisms of these compounds? or partly to 
the difference in the molecular-field constants can 
be ascertained only by detailed magnetic investiga- 
tions, which are now in progress. In any case, the 
measurements of the magnetocaloric effect make 
it possible to determine the magnitude of the spon- 
taneous magnetization for these new ferromagnetic 
substances. 

A. G. Orlov, a student at the Moscow Engineer- 
ing-Physics Institute, participated in the prelimi- 
nary experiments on the magnetocaloric effect. 

In conclusion, I thank the supervisor of this proj- 
ect, Academician I. K. Kikoin, for continuous inter- 
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est in the problem and for much valuable advice. 


i Karchevskii, Artyushkov, and Kikoin, J. Exptl. 
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°J. J. Katz and E. Rabinowitch, The Chemistry 
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POLARIZATION OF THE + MESON CUR- 
RENT AT SEA LEVEL 


B. A. DOLGOSHEIN and B. I. LUCHKOV 
Moscow Engineering-Physics Institute 
Submitted to JETP editor July 31, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 640-641 
(February, 1959) 


Tae violation of the law of parity conservation in 
weak interactions is known to lead to the longitudi- 
nal polarization of the 4 mesonin the t—yp de- 
cay in the center-of-mass system. The yp mesons 
observed at sea level are produced in the decay of 
m™ mesons in flight. A current of ~ mesons with 
energy E, is generated by m mesons in a certain 
energy interval AE,. Since the energy spectrum 
of the a mesons in the atmosphere decreases fast 
with the energy (~E!~Y7), there will be an excess 
of » mesons flying, in the center-of-mass system, 
into the forward hemisphere relative to the direc- 
tion of motion of the 7 mesons, i.e., the »-meson 
current will be polarized. The degree of polariza- 
tion of the the » mesons was theoretically deter- 
mined by Gol’dman (reference 1).* It is given by 
the expression 


where v is the velocity of the » meson in the 
center-of-mass system, measured in units of c; 
y is a parameter characterizing the energy spec- 
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trum of the particles which generate the pf me- 
sons. It was further shown!)? that the depolariza- 
tion due to scattering of the y meson before it 
comes to rest is negligibly small. The polariza- 
tion of the ~ mesons can be determined by study- 
ing the asymmetry in the electron emission in the 
te decay. 7 

In the two-component theory of the neutrino, 
this asymmetry is determined by the formula of 
Lee, Yang, and Landau: 

W (¢, 6) de dQ = £ [(3 — Qe) +. 84 (2e — 1) cos 8) dedQ, (2) 
where € is the energy of the positron in units of 
the maximal energy, é is a theoretical parameter 
which is close to unity and depends on the coupling 
constants, 7 is the degree of polarization, and 6 
is the angle between the polarization vector of the 
. meson and the direction of emission of the elec- 
tron. 

The present note is devoted to the experimental 
determination of the degree of polarization of the 
cosmic Vs mesons at sea level. The measured 
quantity is the relative yield of decay positrons 
emitted into the upper hemisphere in the decay 
of the »* meson as it comes to rest. The p—e 
decays were observed in a large rectangular Wil- 
son chamber containing 9 copper plates each 4 mm 
thick. The presence of 550 g/cm? of material on 
top of the chamber determined the momentum of 
the mesons decaying in the chamber as py & 
1.2 Bev/c. In total, 202 meson decays were ob- 
served. In 122 events the positron was emitted 
into the upper hemisphere and in 80 events, into 
the lower hemisphere. The relative number of 
decays in which the positron was emitted into the 
upper hemisphere is thus Boy = 0.604 + 0.034,f 
which corresponds to a degree of polarization 
n= 0.9878 -93 . To ascertain that no coarse syste- 
matic errors were incurred which might lead to 
an asymmetry, a control experiment was run in 
which the copper plates in the chamber were re- 
placed by iron plates, which were so magnetized 
in the horizontal direction as to depolarize the pu 
mesons completely. In this experiment the rela- 
tive number of decays with the positron emitted 
into the upper hemisphere was PRre = 0.516 + 0.052, 
which is in good agreement with an isotropic dis- 
tribution $8 = 0.5. 

Theoretical calculations! of the degree of polar- 
ization of the 4 mesons produced by 7 mesons 
give the value 7 = 0.3. The experimental result 
is therefore not in agreement with the theoretical 
value. It also contradicts the experimental value 
n= 0.19 + 0.06 of Clark and Hersil.* 
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This discrepancy may be due to statistical fluc- 
tuations, which have a probability of ~1%. If fur- 
ther investigations confirm the results of our ex- 
periment, one may be led to the assumption that 
the » mesons within the considered range of mo- 
menta are produced in the atmosphere not only on 
account of the —y decay. In our experiment 
we studied the polarization of » mesons with mo- 
menta 21.2 Bev/c at sea level. Muons with these . 
momenta are mainly produced at heights of several 
kilometers and have momenta of 4—5 Bev/c at the 
moment of their creation. The Ky, decay, which 
makes up 60% of all K decays, may play an essen- 
tial role in the production of 4 mesons with such 
momenta. The » mesons in the Ky. decay are 
practically completely polarized, if the energy spec- 
trum of the K mesons in the atmosphere falls off 
with the energy corresponding to a parameter value 
y=2 (reference 1). For satisfactory agreement 
with experiment it is sufficient to assume that, at 
energies of ~10 Bev, the number of K mesons 
amounts to 20% of that of the mesons. The dis- 
agreement with the results of reference 4 is then 
explained by submitting that the ~ mesons whose 
polarization was measured in reference 4 had sig- 
nificantly lower momenta (~ 2 Bev/c at the mo- 


THERMODYNAMIC PROPERTIES OF A 
DEGENERATE PLASMA 


A. A. BEDENOV 
Moscow State University 
Submitted to JETP editor November 13, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 641-642 
(February, 1959) 


Dine the diagram technique developed by Mat- 
subara! for statistical Green’s functions in quan- 
tum statistical mechanics, we have calculated the 
interaction correction for the thermodynamic po- 
tential of a completely ionized degenerate plasma 
in the case in which the electron plasma is a Fermi 
gas while the nuclei form a Boltzmann gas. 

The calculation is carried out under the assump- 
tion that the mean scattering amplitude in the Cou- 
lomb field e?/E is small, compared to the mean 
distance between particles R: e*/RE=a <1. 

We consider the case in which the chemical poten- 
tial of the electrons ww andthe temperature T 
are of the same order of magnitude; in this case 
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ment of creation), to which the contribution from 
the Ky, decay is small. 

In this way it is possible to obtain information 
about the mechanism of the production of » me- 
sons of high energy by investigating the dependence 
of the degree of polarization on the meson en- 
ergy. 

The authors are grateful to A. I. Alikhanyan for 
his constant interest in this work and valuable ad- 
vice. | 


*Hayakawa made a similar calculation. 2 

tIn the calculation of the transmission coefficient of the 
positrons in the plates and of the number of positrons exiting | 
into the upper hemisphere, we used the Wilson’s3 theoretical | 
energy-range and scattering-range relations. 


17, I. Gol’dman, J. Exptl. Theoret. Phys. 


(U.S.S.R.) 34, 1017 (1958), Soviet Phys. JETP 7, 
702 (1958). 
2S, Hayakawa, Phys. Rev. 108, 1533 (1957). 
3R. R. Wilson, Phys. Rev. 84, 100 (1951). 
4G. W. Clark and J. Hersil, Phys. Rev. 108, 
1538 (1957). 
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the mean energy E is of the same order of mag- 
nitude as the temperature T. We may note that 
under these conditions the plasma is highly com- 
pressed; from the inequality 


2/T ~ e®/u~ 2] (h?/mR)<R 
it follows that R, the mean distance between par- 
ticles is much smaller than the Bohr radius: 
R < fi?/me?. 

If these conditions are satisfied the thermody- 
namic potential @ is expanded in terms of the 
small parameter qa and with accuracy to terms 


of order a%/? is given by the expression: 
Mit o See Dy Sp on, On, \ */2 
Oy gO Wari nsededa — 3 Vet (2 Fe 4 2) ‘ 


Mp = [1 + exp(p2m—w)/T}*, n=\npdp. (1) 


Here {) is the thermodynamic potential of an 
ideal gas of electrons and nuclei, Vq = 47e*/q? 
is the Fourier component of the potential of the 
Coulomb interaction e”/|x|, ue and pj are the 
chemical potentials for the electrons and for the 
nuclei. 


The second term in Eq. (1) represents the ex- 
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change energy of the electrons which, since it re- 
fers to a single particle, is e?/R in magnitude. 
The third term in Eq. (1) is the result of the self- 
consistent interaction between the particles; its 
order of magnitude is (e2/R)(e?/RT)¥? (for a 
single particle). 

We may note that the result given in reference 
2 is not correct: this result does not take account 
of the exchange energy of the electrons and the 


self-consistent term has been computed incorrectly. 


This term was computed by means of the Debye- 
Htickel method; however, this approach cannot be 
used because the mean wavelength of an electron 
in a compressed plasma is comparable to the mean 
distance between particles R. 

We are indebted to Academician L. D. Landau 
for discussion of this problem. 


1T, Matsubara, Progr. Theoret. Phys. 14, 351 
(1955). 

21, D. Landau and E. M. Lifshitz, 
Crarucruyeckaa dbusuKa (Statistical Physics ) 
GTTI, 1951, §74 [Addison Wesley Cambridge, 
1958.] 
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INTERACTION BETWEEN K AND 17 
MESONS 


V. I. OGIEVETSKII 
Joint Institute for Nuclear Research 
Submitted to JETP editor November 20, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 642-643 
(February, 1959) 


‘Lite question of the existence of a direct interac- 
tion between K and 7 mesons has been discussed 
in several papers.!~® Because of the pseudoscalar 
nature of 7 mesons, a direct three-boson coupling 
of the type KK7 is possible only if the K mesons 
do not have a definite parity? or if only combined 
parity IC is conserved in this interaction. 

In a recent paper, Pais® discussed the original 
hypothesis that the parity of charged and neutral 
K mesons is different. In this case, the demand 
of charge independence in the pion-nucleon system 
places strong restrictions on the Lagrangian for 
strong interactions. Many reactions, for example, 
the charge exchange one Kt +n—K° +p, turn 
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out to be forbidden. In order to avoid this difficulty, 
the parity-conserving [Kz] -interaction 


[Kz] = f (2mx) [K*Kt + K°K*e], (1) 


is introduced. Here mx is the mass of the K 
meson. This coupling violates, of course, the 
symmetry property of strong interactions.>»** 

Pais considers that the coupling of Eq. (1) makes 
the main contribution to the “forbidden” reaction 
noted above. The coupling constant f evaluated 
from the charge-exchange reaction, turns out to 

be of the order of the electromagnetic constant e 
(the real expansion parameter is (f*/47)(mg/m,)* 
~ 0.3). 

In discussing the consequences of his hypothesis, 
Pais finds it necessary not only to resort to pertur- 
bation theory for the [Km]- and [NKY]-coup- 
lings, but also to make assumptions about the be- 
havior of the S matrix far from the energy shell. 

The pair production of K mesons 


DG eT ee (2) 


seems to us to be of interest in verifying the ex- 
istence of the [Kz]-interaction (1). This reaction 
is, according to Pais,® forbidden by the symmetry 
properties of the baryon-meson interactions, and 
would occur only as a result of the interaction (1). 
Therefore, the pair production (2) can be repre- 
sented by the graph (see the figure): after virtual 


m--p scattering; the m~ turns into K~ and K°. 
If we go over into the system A in which the mo- 
mentum of the final proton is equal to the sum of 
momenta of the mt meson and the initial proton, 
then the momenta of the K mesons will be equal 
in magnitude and opposite in direction. 

If, in fact, a pair of K mesons is produced as 
a result of the reaction (1), in the system A the 
angular distribution of K mesons should be iso- 
tropic. Such a reference system always exists. 
Its velocity relative to the laboratory system is 


v =c?(l—p)/(w + Mc? — E), (3) 


where J, w, and p, E are the momenta and total 
energy of the m meson and final proton, respec- 
tively, in the laboratory system; M is the mass of 
the proton. 

There will not, of course, be complete isotropy, 
since the final state interaction has not been taken 
into account, and the [Kz] -coupling was calculated 
only to first order. However, here it is not neces~ 
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sary to resort to assumptions about the behavior of 
the S matrix off the energy shell. 

Such assumptions can lead to more detailed pre- 
dictions. For example, if the virtual ™ meson 
goes off mainly in the direction of the initial 1” 
meson, just as a real m meson resulting from 
shadow scattering at high energies, then in the 
center-of-mass system, the summed K-meson 
momentum is directed mainly forward. Similar 
assumptions have been used widely by Pais® in 
describing the reaction + N-—Y+K and others. 

The author is deeply grateful to Chou Kuang- 
Chao for valuable discussion. 


*If the K*t and K° have the same parity, then only the 
combined parity IC is conserved in the interaction of Eq. (1). 

tIf the K* and K®°-mesons have the same parity and strong 
baryon-meson couplings are symmetrical according to Pais,® 
then one might introduce a 4-boson coupling to avoid the diffi- 
culties. Then for non-derivative couplings, for example, 
K(*, )Kr’°, considerations about the isotropy of K™ and K° 
in the system A remain valid. 


1 ft. Goldhaber, Phys. Rev. 101, 433 (1956). 

2 J. Schwinger, Phys. Rev. 104, 1164 (1956). 

3V. G. Solov’ev, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 33, 796 (1957), Soviet Phys. JETP 6, 
613 (1958). 

4S. Barshay, Phys. Rev. 109, 2160 (1958); 
Phys. Rev. 110, 743 (1958). 

5A, Pais, Preprint, 1958. 

6A. Pais, Phys. Rev. 110, 574 (1958). 
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POLARIZATION OF Au’ NUCLEI IN A 
SOLUTION OF GOLD IN IRON 


B. N. SAMOILOV, V. V. SKLYAREVSKII, and 
E. P. STEPANOV 


Submitted to JETP editor November 25, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 644 
(February, 1959) 


eorssaviri! proposed a method for the polar - 
ization of ferromagnetic nuclei. We undertook to 
apply this method to nuclei of non-ferromagnetic 
elements introduced into a ferromagnet. In this 
communication we report the results of experi- 
ments on the polarization of nuclei of Au! in a 
gold-iron alloy. A specimen (with 0.3% gold by 
weight), made into a disk 0.3 cm in diameter and 
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0.01 cm thick, was exposed to thermal neutrons in 
a reactor. The activity of the Au!®8 nuclei formed 
in the specimen was approximately 4 microcurie 
during the time of the experiment. After irradia- 
tion, the specimen was annealed in vacuo and sol- 
dered to the end of a copper “cold pipe,” joined to 
copper plates pressed into a potassium -chrome- 
alum block. The salt was adiabatically demagne- 
tized at initial field and temperature values of 
20000 gauss and 1.05°K. The gamma rays were 
registered by two scintillation counters with CsI 
crystals (diameter 40 mm, height 40 mm). 

The Au!%® disintegrates via B decay ( 2- — at 
transition), followed by emission of 411-kev gam- 
ma rays (2*—0* transition). At a temperature 
near 0.015°K the anisotropy of this gamma radia- 
tionis € =1—N(0)/N(7/2) (where N(0) and 
N(7/2) are the readings of the counters placed 
parallel and perpendicular to the direction of the 
polarizing field of the permanent magnet) was 
found to be 3.3%. The magnetization of the speci- 
men in the field of the permanent magnet was 
~ 0.6 of saturation. The true value of the aniso- 
tropy, corresponding to 100%magnetization of the 
specimen, was therefore ¢€ = 3.3/0.6 = 5.5%. It 
follows from this value of ¢€ that the quantity 
B=pH/kTI (p is the magnetic moment of Au 
I the spin of Au!®*, and H the magnetic field on 
the Au'®® nucleus) ranges from 0.3 to 0.4, while 
the polarization f; of Au!*® ranges from 0.25 to 
0.35. The values of 6 and f, were computed 
from the values of € by the Tolhoek and Cox for- 
mulas.? The indeterminacy in 6 and f; is caused 
by the fact that the parameter A, which depends 
on the matrix elements of the forbidden Au!®® tran- 
sition (2- — 2+), is unknown. 

The magnetic moment of Au! is 0.5 + 0.04 
nuclear magnetons.’ This, together with a value 
6 = 0.3 to 0.4 measured at T = 0.015°, makes 
H = (0.5-4010.7) x 10° oe, 

So strong a field can be apparently explained 
only by the presence of a magnetic moment at the 
electron shells of the gold atoms in the gold-iron 
alloy (unlike the gold atoms in the metallic gold, 
which are diamagnetic). This magnetic moment 
may be due to an exchange interaction between the 
electron shells of the gold and iron.atoms in the 
alloy, similar to the interaction between the elec- 
trons of the iron atoms. However, it is not im- 
possible for the gold atoms in the alloy to be para- 
magnetic ions having no exchange bonds with the 
iron atoms. 

It is hoped that the method of introducing nuclei . 
into ferromagnetic alloys will increase consider- _ 
ably the number of elements capable of polariza- 
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tion. In addition, an investigation of the polariza- 
tion of nuclei in various alloys may yield informa- 
tion on the magnetic properties of the atoms in 
these alloys. 

The authors express their deep gratitude to 
E. K. Zavoiskif for interest in the work and for 
much valuable advice, and to L. V. Groshev for 
a review of the results. 
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lke the formation of 4 -mesic atoms, the 7 me- 
sons initially fall into highly excited states. There- 
fore, during the cascade transitions into the ground 
state, the mesic atom, on the average, passes through 
a large number of intermediate states. At lower 
levels, the inequality 


Ani a bows (1) 


is valid, where Ay] is the distance between fine- 
structure levels with the quantum numbers n and 
1, but different j (j=1+%), and I,, is the 
width of the corresponding level and is equal to the 
sum of the radiative width and the width with re- 
spect to Auger transitions (the greater Z, the 
greater the values of n for which condition 1 is 
satisfied). Physically, inequality (1) signifies that 
the time during which the » -mesic atom remains 
at a given level is considerably greater than the 
time required for a change of the » -meson spin 
under the action of the field of the nucleus. This 
leads to depolarization of the y~ mesons, if they 
were initially polarized. Below, we will estimate 
the degree of polarization of the ~~ mesons fall- 
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ing into the K shell of the mesic atom. In order 
not to complicate the question by the necessity of 
taking hyperfine structure into account, we limit 
ourselves to the considerations of  -mesic atoms 
formed with nuclei of zero spin. 

Considering radiative or Auger transitions be- 
tween levels for which Eq. (1) is satisfied, and re- 
membering that these transitions are essentially 
dipole transitions, we obtain the following relation 
between the average values of o = 2s (s is the 
spin operator of the ~~ -meson), 0; and @», in 
the initial and final states: 


op = Boy, (2) 
where 


@ a Lelie + 1)— (a + 1) + S/a] Lis (ix + 1) +f (is + 1) — 2] . (3) 
[in (fa + 1) — An (ti + 1) + 9/4 )2j2 (fs + 1) 


The bar over go signifies that the average is 
taken firstly over states with given nlj and yu 
(u is the projection of j), and secondly over all 
w for given nij. 

Let us now consider some excited level of the 
.-mesic atom with sufficiently large quantum num- 
bers Nolojg, for which condition (1) is still satis- 
fied. Let @ be the average value of o at this 
level. The successive application of Eqs. (2) and 
(3) to the cascade transition from the given level 
to the K shell leads to a relation between the 
average values of the spin in the K shell and a 
with a definite set of intermediate states passed 
through by the »-mesic atom. Averaging over 
the various possible cascades by using the formu- 
las for the probabilities of radiative’ and Auger 


transitions ,?»? we obtain 
OK = = Bx Bp. ; (4) 


for Oj, the average value of o inthe K shell. 

Analysis of the result thus obtained indicates 
that if no and J) are large and jy=1)+3, then 
for all practical purposes, Bx ~1. But if under 
the same conditions j)=1)— 4%, then BK = 0.4 

Initially, in the formation of a mesic atom, the 
yw. mesons fall into states with large n (n= 14, 
15) and large J. In these excited states, the sign 
of inequality (1) is reversed, owing to Auger tran- 
sitions. Therefore, depolarization does not occur 
in these states. It does not begin until the u~ me- 
son falls to a level at which Eq. (1) holds. This 
makes it possible to evaluate @) in the following 
way: at the instant at which the polarized y~ me- 
son drops into the level with the quantum numbers 
Nol, . the wave function has the form 


=> am Gy ma a2 D Nol of tm +*/2° (5) 


mio 


Y= 2 Om Y/2 Priolym = 
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where Pn olym is the wave function of the mesic 


atom without taking spin into account, Xxj/2 is the 
spin function of the ~~ meson polarized along the 


Zz axis, Pn lpjom +3 is the wave function of the 


mesic atom with the quantum numbers Nolpjp, and 
finally; =m +s. For t> 0, 


Y= >) One foe tpl afom-+-1/2 EXP (— LE pif, t/t). (6) 
mj, 

In view of Eq. (1), the states with jy) =1)+% and 
jo = 9) — = must be considered independently. Con- 
sidering that all values of m are equally probable, 
it is not hard to find that for given ny and J) > 1, 
the probability of falling into states with jy =1) +3 
and jy)=1) —% is equal to 3. Here, the average 
value G7 in each of these states (for 1) >1) is 
equal to %. From states with jp=2)+ 3, the pu 
mesons reach the K shell, retaining the value of 
T, (BK ¥1) equal to ¥%. But from states with 
jo = 1) — 3, the p~ mesons, in dropping into the K 
shell, are almost completely depolarized (8 ~ 0). 
Consequently, the average value of oz, i.e., the 
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By analogy with ete~ annihilation (see refer- 
ence 1), it can be expected that the utu- “atom” 
will yield two quanta in the para-state and three 
quanta in the ortho-state. 

Berestetskii and Pomeranchuk? have pointed out 
the possibility of the direct transformation of an 
ete~ pair into uwtu- through one virtual quantum.* 
Considering the inverse process, we come to the 
conclusion that in addition to w*y~ annihilation 
with emission of quanta, the transformation of 
utu- into an ete- pair is also possible. This 
process is of the same order with respect to 
e*/fic as two-quantum annihilation. 

It is easy to convince oneself that the transfor- 
mation of w"u- into e‘e~ in this order cannot 
occur in the para-state. On the other hand, in the 
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degree of polarization of the »~ mesons in the K 
shell, must be equal to % ~ 17%. This agrees ap- 
proximately with the experimentally-observed 
value.°»® 

I would like to express my sincere thanks to 
S. S. Gershtein, V. N. Gribov, and A. Z. Dolginov 
for their interest in the work and for useful dis- 
cussions. 
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ortho-state of wtu7, the transformation into ete7 
proceeds with a probability three times smaller 
than the probability of two-quantum annihilation of 
the para-state. Thus, the probability of the trans- 
formation of ortho- rea into ete~ is approxi- 
mately 400 times greater than the probability of 
the three-quantum annihilation of ortho-yty7. 

The pseudoscalar neutral meson 7° is similar 
(see reference 3) to the para-state of wtu- or 
ete-; the decay of 7° into two quanta conforms 
to this analogy. The ortho-state of uwtu~ would 
be similar to a neutral odd-parity meson with spin 
1. As is clear from what has been presented above, 
such a meson would decay not into three quanta, 
but directly into an e*te- pair, with a lifetime of 
the order of the lifetime of the 7° (compare ref- 
erence 4). 

Careful measurements of e‘e™ pairs during 
energetic collisions of cosmic particles with nuclei 


5 : ° . 
were performed”*® in connection with measurements 


of the lifetime of the 7’. The results of these meas- 


urements apparently rule out the existence of a nu- 
clearly-active neutral meson with spin 1, because 
the number of ete~ pairs produced in the vicinity 


of the collision agrees with Dalitz’s calculation’ of. 


the relative probability of the process w (7° = yt 
et +e) namely w(m? = 2y) = 1/80. 


Pet tae LO THE: bE DiLLOR 451 


Clearly, no electromagnetic processes, includ- 
ing production of an ete~ pair, can be observed 
in the atr- “atom,” because the transformation of 
mn into 2m’ will occur with overwhelming prob- 
ability. 

I would like to thank I. Ya. Pomeranchuk for 
opportunely calling my attention to reference 2. 


*As noted by the authors, the expressions for the cross 
section, given in reference 2, must be multiplied by 4. 
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Lanes of electron paramagnetic resonance of the 
cobalt ion were observed at frequencies of 9800 and 
37500 Mes at T = 4.2°K in a monocrystal of corun- 
dum containing cobalt as an impurity. All the lines 
have a superfine structure of eight components in 
accordance with the value of the spin of the Co? 
nucleus, I= %. 

When the magnetic field is parallel to the tri- 
gonal axis of the crystal, an intense line is ob- 
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served; the components of this line are strongly 
non-equidistant at the frequency 9800 Mcs. When 
the magnetic field is perpendicular to the trigonal 
axis, the components of the superfine structure of 
this line are equidistant at both frequencies. 

The observed spectrum can be ascribed to Co** 
with an effective spin of S’ = 4. The superfine 
structure was not studied in detail; the g-factors, 
measured with respect to the center of the line, 
are gj) = 2.27 and g) =4.95. 

In addition to the intense line, several weak 
lines with a superfine structure characteristic of 
cobalt are observed. 

As compared with the ions Cr**, Fe**, and 
v3*, the ion Co2* in corundum has a consider- 
ably longer relaxation time, so that at T = 4.2°K 
the saturation effect occurs at powers ~ 107° w. 
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